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Abstract. The paper analyses the forced vibration of cracked continuous multi-span functionally
graded nanobeams based on the nonlocal elasticity theory (NET), Euler-Bernoulli beam theory
(EBT), and the dynamic stiffness method (DSM). The NET accounts for the nanoscale size effect
of the structure. A crack model using three springs with stiffness dependent on the crack depth
is proposed. The equations of motion are derived using Hamilton’s principle, NET, and EBT.
Various boundary conditions are formulated from the weak form of the equations of motion,
thereby overcoming the nonlocal paradox. The reliability of the proposed method is verified
through comparison with published results. The effects of geometric, material, nonlocal, and crack
parameters on the forced vibration behaviour of continuous multi-span nanobeams are analysed
in detail.
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1. INTRODUCTION

Functionally graded materials (FGMs) are a new generation of composite materials whose
constituents vary continuously in one or more directions to reduce stress concentration and
enhance the bonding strength between different material layers. At present, FGMs are widely
used in beam and plate structures of NEMS/MEMS devices and in various high-tech engineering
applications.

In nanostructures, damage or cracks may occur due to atomic vacancies (Ghadiri et al.,
2016) or thermal expansion during fabrication (Kirkham et al., 2008). The complexity of fracture
mechanics problems in FGM materials (Erdogan & Wu, 1997; Jin & Batra, 1996), as well as the
dynamic analysis of cracked FGM nanostructures, are the main reasons why studies on the
vibration behaviour of damaged structures remain limited.

Using Eringen’s nonlocal elasticity theory (NET) (Eringen, 2002), several studies have
investigated cracked homogeneous nanobeams under various boundary conditions (Loya et al.,
2009; Roostai & Haghpanahi, 2014; Torabi & Dastgerdi, 2012), stepped nanobeams with multiple
cracks (M. Hossain & Lellep, 2020; Lellep & Lenbaum, 2016, 2018; Lellep & Lenbaum, 2019;
Loghmani & Yazdi, 2018), and the effects of elastic foundations (M. M. Hossain & Lellep, 2021) or
environmental temperature (Abdullah et al., 2021; Aria et al., 2019; Ebrahimi & Mahmoodi, 2018;
Karlici¢ et al., 2015). However, very few studies have focused on the free and forced vibration of
cracked FGM nanobeams. Soltanpour et al. (2017) analysed the free vibration of cracked FGM
nanobeams resting on a polymer elastic foundation. Ghadiri et al. (2016) examined the effect
of surface energy on the free vibration of cracked Timoshenko FGM nanobeams on an elastic
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foundation. Esen et al. (2021) investigated the vibration of cracked microbeams on an elastic
foundation under magnetic and thermal fields. All of these studies mainly considered simply
supported or cantilever FGM nanobeams with a single crack.

Due to inconsistencies in formulating nonlocal boundary conditions, the NET has led to
the so-called nonlocal paradox (Ghavanloo et al., 2019; Li & Wang, 2009). To address this issue,
Challamel et al. (2014) proposed a beam discretization model, while Khodabakhshi and Reddy
(2015) introduced a unified integro-differential nonlocal model to replace the continuous one.
Xu et al. (2016) employed the weighted residual method for homogeneous beams, and Aria and
Friswell (2019) combined it with the finite element method. Meanwhile, Lien et al. (2024) and
Tran et al. (2023) proposed applying the weighted residual method together with the dynamic
stiffness method (DSM) to obtain accurate boundary conditions for FGM nanobeams.

This paper presents the forced vibration analysis of cracked continuous multi-span FGM
nanobeams based on the NET, EBT, and the DSM. The remainder of the paper is organized
as follows: Section 2 presents the solution for the forced vibration of intact FGM nanobeams.
Section 3 introduces the cracked nanobeam element model, in which each crack is represented by
three equivalent springs derived from fracture mechanics. Section 4 provides the exact solution
for multi-cracked FGM nanobeams subjected to external loads using the DSM. Section 5 presents
numerical studies and discussions. Finally, the conclusions summarize the main findings and
offer recommendations drawn from this study.

2. THE SOLUTION OF THE FORCED VIBRATION PROBLEM
OF AN INTACT FGM NANOBEAM

z E G/.p v Neutral axis

Fig. 1. A nanobeam on a Winkler-Pasternak elastic foundation

Consider an FGM nanobeam with material properties varying along its height as fol-
lows (Shen, 2016):

{E(z), p(2)}" = {Es, 05} +{E: —Ey,00 — oo} (2/h+05)", ©)
where E and p are the elastic modulus and mass density, respectively; the subscripts t and b

denote the top and bottom layers, and # is the volume fraction index (Fig. 1). The displacement
of the beam according to the EBT is expressed as follows:

u(x,z,t) = uo(x,t) — (z — ho) wox(x,t), w(x,zt)=wo(x,t), ()
where u(x, t) is the axial displacement; w(x, t) is the deflection of a point on the neutral axis; ho
is the distance from the neutral axis to the x axis. Following Eltaher et al. (2014), the position of
the neutral axis was determined under the assumption that the axial displacement and nonlocal
effects are neglected
nh(Rg —1) _E 3)
2(n+2)(n+Rg) ° Ey
In the frequency domain, the vibration equation of an intact FGM nanobeam based on the
EBT (Hung et al., 2023) is given as follows:

A { S}l {2 ma {2 el {E g = -t @

ho =
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The boundary conditions are derived from the weak form of the equation of motion

(N M Q)" =[bel{z} - n{Q}, (5)
where [Ao], [A1], [A2], [As], [A4],{z},{q}, {Q} are the matrices
. 0 0 o 0 — (A12 — y112w2)>
(Aol = (0 Agp — pt (Ipw® — kp)> o Al= <— (A12 — plpw?) 0 '
_ (An —p (Inw® —ky) 0 >
[A2] N ( 0 122602 - kp + U (111602 - kw) ’
. 0 —112602 . 111602 — ku 0
[A3] - (—112a12 0 > ! [A4] - < 0 — (111(4]2 — kw)> !
3 (6)
_fu Plx,w) | _ [* [p(x, t)} ot
G ={w} o) =G e
dZIS dilnj
p— ‘uﬁ ) de
{a} =9 ;ZQ , {Qt=1| 0|,
-Q+ ey dQ
dx
[br] is the boundary condition operator
(A — p (Inw® — ku)] 0x — (Ap — plpw?) 3%
[br] = (A1p — plpw?) 0y —p (lw? — ko) — [An — p (Inw?* —kp)] 93
I1r + (A12 - yluwz) 832( — [122602 +u (Illwz - kw>] dy — [Azz — U (Izzwz - kp)] ai

)
Ky, Ky and K}, are the Winkler-Pasternak foundation coefficients corresponding to the axial
and transverse displacements, respectively; A11, Az, and Ay, are the stiffness coefficients,
respectively; I11, I12, and I, are the mass moments, respectively

(An1, Ap, Az) = / E(z) 1,2~ ho, (z — ho)?] 4,
A (8)
(111, 112, 122) = /p(Z) [1,2 — ho, (Z — ho)z] dA.
A

The general solution for the free vibration problem of an EBT FGM nanobeam is given as

follows:
{Zo(x,w)} = {UW,W, W'} =[G]{C}, 9)

where {C} = (Cy, ..., Cs)" is the constant vector determined from the boundary conditions; G is
the matrix as follows:

Dé1€k1x azekgx a36k3x _alefklx _azefbx _asefkg,x
[G] _ eklx ekzx ek3x e*klx eszx e*k3x (10)
kleklx kzekzx k3€k3x —kleiklx —kzeikzx —k3€7k3x !

k%eklx k%ekzx k%ekax k%e—kpc k%e—kzx k%e_k3x
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aj (j = 1,2,3) are the coefficients
(Alz — }lllza)z) k]2 + 112(,(12

o =k; , 11
J ] (A]l — ]/11116()2) k]2 + Illwz — kw ( )
ki = \/)T] and A; are the roots of the characteristic equation
det (A4 [Ao] + A3 [A1] + A2 [Ag] + A [As] + [A4]) —0. (12)
The solution of Eq. (4) under external loading {q} is expressed as follows:
{z(x@)} = [ Hx-7,0) {a(r,0)} dr, (13)
0

where [H(x, w)] is the transfer function matrix that satisfies the equation

ad S il (S5 {5 i (B il = 01, a0

and the boundary conditions at the left node
[H(0))=1[0], [H'(0)] =0, [H"(0)]=10], [H"(0)]=I[Ad " (15)
3. THE MULTIPLE CRACKED FGM NANOBEAM ELEMENT

¥ @lﬁz
% h VTa % % X i %
a) ! b)

Fig. 2. An FGM nanobeam with an open crack and an equivalent three-spring model

For an FGM nanobeam, a crack located at z = e is modelled by an axial spring with stiffness
kX, a rotational spring with stiffness kZ, and a shear spring with stiffness k! which connect the

two intact segments at the crack section (Fig. 2). The continuity conditions at the cracked section
are given (Khiem & Huyen, 2017; Yokoyama & Chen, 1998)

U(e +0) —U(e—0) =nU'e), W(e+0)—W(e—0)=—1 W'"(e),

W'(e+0) —W'(e—0) = —12W"(e), U'(e+0)=U'(e—0)=1U'e), (16)
W/,(€—|—O) :W”(E—O) :WH(E), W/l/(e+0) W/l/<e ) W//l( )’
with
’71=A11/k§, ’YzzAzz/keZ, ’YaZAzz/kz- (17)

Crack parameters 71, 72, 73 depend on the elastic modulus, Poisson’s ratio, the volume
fraction index, the beam height, the crack depth, etc., similar to the case of a beam made of homo-
geneous material. Crack parameters are calculated from the crack depth as follows (Chondros
et al., 1998a, 1998b; Yokoyama & Chen, 1998):

Y1 = 27‘[(1 — 1/2)]/10'1f1 (S), Y2 = 67‘[(1 — Vz)ho’zfz(s), Y3 = 27‘((1 — Vz)ha'zfg(s), (18)
where s = a/h; 01 and 0, are functions of FGM material parameters (Khiem & Huyen, 2017)
2(R, +n) E; 24 3R.+n 2R,+n Re+n ,
; Re=—, = — o+ o
(Re+1)(1+n) E, Re+1|3(3+n) 2+n 1+n

o = , (19)
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and fi, f», and f3 are experimental functions obtained from classical fracture mechanics (Chon-
dros et al., 1998a, 1998b; Yokoyama & Chen, 1998)
f1(s) = 0.62725> — 0.17248s° + 5.92134s* — 10.7054s° 4 31.5685s°

— 67.47s” 4+139.123s% — 146.6825° + 92.35525°,

f2 (s) = 0.62725> — 1.04533s> + 4.5948s* — 9.97365° + 20.2948s°
— 33.0351s” + 47.1063s% — 40.75565° 4 19.65'°,

f3(s) = —2.166810g(1 — s) — 2.1668s — 1.0834s* + 0.6018s>

+4.9485s* + 0.44615° — 10.9659s° + 9.3162s” — 2.5110s®.
The solution of Eq. (4) without the right-hand side can be expressed as follows:

{Ze(x,w0)} = [Gel(x, w)[{Z'o(e) }, (21)

where {Z'o(e)} = (Uy(e) Wy(e) Wy'(e) W()”(e))T and [G.(x,w)] is a particular solution that
satisfies the initial condition (16). Therefore, the solution of Eq. (4) without the right-hand side
for a nanobeam with a single crack is

{zc(x,w)} = {zo(x,w)} + [Ge(x — e, w)] {Zo(e) }, (22)
in which the first term is the solution of an intact FGM nanobeam, and the second term is the

solution of a nanobeam with a crack located at a distance e. Using the recurrence relation, the
solution of Eq. (4) for a nanobeam with multiple cracks can be expressed as follows:

(20)

n

{ze(x,w)} = ([G(x/w)] + ) [Gelx —¢)] [Xj]) {C} =¥ (x,w)]{C}, (23)

j=1
where [X]} is a constant matrix
j-1
[X]] = [G'(e])] + Z [Glc(ej' — Ek)] [Xk] , 1=1,23,..,n (24)
k=1

The general solution of Eq. (4) for a nanobeam with multiple cracks under external loading
is
{ze(x @)} = [¥ (x, @) {C} = {z(x, @)} (25)
4. THE EXACT SOLUTION FOR A CRACKED CONTINUOUS MULTI-SPAN FGM
NANOBEAM UNDER APPLIED LOADING

Consider an FGM nanobeam element (Fig. 3) with the following nodal displacements and
forces
{ﬁe} == {u1/®1/ Wl/ u2/®2/ WZ}T/ {Pe} == {NllMl/ Ql/ NZ/ MZ/ QZ}T/ (26)

where
U =U0,w), ©;= W’(O,w), Wy, =W(0,w),

UZ = U(L,w), @2 = W’(L,w), Wz = W(L,w),
(Ni M Q) =—[B] (U W W W//)T‘x:()*”{éo}' (27)
x=L —H {QL} ’

To satisfy the first three conditions of (27), the new matrices ¥, Zq are constructed by
removing the fourth row of the matrices ¥,z. and arranging them in the same order as in

(N2 M, Qz)TZ[BP] u w w W”)T
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expression (26). Substituting into Eq. (27) yields

(@)= [l5onl] © - { i)
o= ] - () o ()

By eliminating the vector {C} in Eq. (28), we obtain

(28)

A

[Ke(w)] {0} = {Pe(w)} + {F.}, (29)

where [K.] and {F,} are respectively the dynamic stiffness matrix and the nodal load vector of
the FGM nanobeam element with multiple cracks

&) - [t [ ®
w={ ) -[wnal eel]{at (8}
! y
Vi V2

\; & 5 | .............
M; M,
W W)

® f l_,Ul @:[ Uz

1

Fig. 3. Nodal displacements and nodal forces

For a beam or frame structure consisting of several FGM nanobeam elements as described
above, by enforcing the equilibrium of internal forces at the structural nodes, the global dynamic
stiffness matrix K(w) and the global nodal force vector P of the entire structure can be obtained.
Denoting U as the vector of nodal displacements of the structure, the equation of motion of the
structure according to the DSM is given by

[K(w)] - {0} = {E}. (32)
5. RESULTS AND DISCUSSION

In the following computations, the following dimensionless quantities are used

. (eoa\2 12L* 1217
= (7) ¢ ko =Koggps b =Kep s (33)
Table 1 presents a comparison of the nondimensional fundamental frequency of a fixed—
fixed nanobeam with the results of Reddy (2007) obtained using analytical solutions based
on the EBT, Timoshenko beam theory (TBT), Reddy beam theory (RBT), and Levinson beam
theory (LBT). The discrepancy is less than 0.1%, demonstrating the reliability of the proposed
computational model.
Consider a three-span continuous FGM nanobeam with clamped-fixed supported boundary
conditions (Fig. 4) with the following geometric parameters: b = h = 1nm, L = 20h. The
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constituent material consists of a metal with E,;, = 70 GPa, G, = 26 GPa, p,, = 2700kg/ m?, and
a ceramic with E; = 393 GPa, G, = 157 GPa, p. = 3960 kg/ m?3; Poisson’s ratio v, = v, = 0.3; the
volume fraction index n = 5. Each beam span contains two cracks with a depth of 0.2/ located
at positions 1h and 2h from the left end of each span. The beam is subjected to a uniformly
distributed load along its entire length with frequency w =1 x 10% rad/s.

Table 1. Comparison of the first nondimensional frequency of a clamped—clamped nanobeam

u* EBT (Reddy, 2007) TBT (Reddy, 2007) RBT (Reddy, 2007) LBT (Reddy, 2007) Present

0 9.8696 9.8381 9.8381 9.8433 9.8595
1.0 9.4159 9.3858 9.3858 9.3908 9.4062
2.0 9.0195 8.9907 8.9907 8.9955 9.0102
3.0 8.6693 8.6416 8.6416 8.6462 8.6604
4.0 8.3569 8.3302 8.3302 8.3347 8.3483
5.0 8.0761 8.0503 8.0503 8.0546 8.0678

N
¥ PAY yay pa [n
, 3h 4h 3 Ty

Fig. 4. A three-span continuous FGM nanobeam

Fig. 5 shows the variation of displacement, bending moment, and shear force of a three-
span continuous beam with respect to the nonlocal parameter yu* = 0, 2, 4. The black lines
correspond to the uncracked beam, while the red lines correspond to the cracked beam. The
solid line represents u* = 0, the dashed line y* = 2, and the dotted line y* = 4. As the nonlocal
parameter increases, the displacement in the first and last spans increases, while it decreases
in the middle span; at the same time, cracks cause significant changes in displacement across
the spans. The effects of cracks and the nonlocal parameter on displacement can be considered
roughly equivalent. However, the influence of the nonlocal parameter on bending moment and
shear force is more pronounced than that of the cracks.

Displacement
Shear force

A 3
0 01 02 03 0.4 05 06 0.7 08 0.9 1 0 01 0.2 03 0.4 05 06 0.7 08 0.9 1

XL a) 108 L b) 10 L C) 108

0 o1 02 03 04 05 06 07 08 09 1

Fig. 5. Variation of displacement (a), bending moment (b), and shear force (c) with p* =0,2,4

Fig. 6 illustrates the variation of displacement, bending moment, and shear force of the
continuous beam with respect to the volume fraction index n = 0, 1, 10. The solid line corre-
sponds to n = 0, the dashed line to n = 1, and the dotted line to n = 10. As the parameter n
increases, the displacements at all spans decrease, while the presence of cracks increases the
displacement in all three spans. The effects of the crack and the parameter n on displacement
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can be considered equivalent. However, when the beam contains cracks, the influence of the
parameter n on the bending moment becomes more pronounced than in the uncracked case.
The effects of the crack and the parameter n on the shear force are small and can be neglected.

n 12
5210 o 10

<108

Displacement
Shear force

0 01 02 03 04 05 06 07 08 09 1 "0 01 02 03 04 05 08 07 08 09 1 “J 01 02 03 04 05 06 07 08 09 1

XL a) x10°° XL b) %105 XL C) x10°%
Fig. 6. Variation of displacement (a), bending moment (b), and shear force (c) withn = 0,1,10

Fig. 7 illustrates the variations in displacement, bending moment, and shear force of the
continuous beam corresponding to different ratios of the elastic moduli of the upper and lower
layers, E./E,, = 0.5,393/70, and 20. The solid line represents E./E,, = 0.5, the dashed line
corresponds to E./E,, = 393/70, and the dotted line denotes E./E,, = 20. As the ratio E./E,,
increases, the displacement in all spans decreases, while the presence of cracks causes the
displacement to increase significantly in all three spans. The effects of the crack and the ratio
E./E; on the displacement can be considered comparable. However, when the nanobeam
contains a crack, the influence of the ratio E./E,, on the bending moment becomes more
pronounced than that in the uncracked case. The effects of the crack and the ratio E./E,, on the
shear force are minor and can be neglected.

. 12 10"
X %10
0.5 o X10

Displacement
Shear force

0 01 02 03 04 05 06 07 08 09 1 "0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 09 1

L a) 10° XL b) 10" XL C) 10°
Fig. 7. Variation of displacement (a), moment (b), and shear force (c) with E./E,, = 0.5,393/70, 20

Fig. 8 illustrates the variations in displacement, bending moment, and shear force of the
continuous beam corresponding to different crack depths of a/h = 0, 0.2, and 0.4. The solid
line represents a/h = 0, the dashed line corresponds to a/h = 0.2, and the dotted line denotes
a/h = 0.4. As the ratio a/h increases, the displacement in all spans increases, while the presence
of cracks causes the displacement to rise sharply across all three spans. The influence of crack
depth on displacement and bending moment is quite significant, whereas its effect on the shear
force is small in the outer spans and negligible in the middle span.

Fig. 9 illustrates the variations in displacement, bending moment, and shear force of the
continuous beam corresponding to different Winkler foundation stiffness coefficients of k,, = 0,
50, and 100. The solid line represents k,, = 0, the dashed line corresponds to k;,, = 50, and the
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dotted line denotes k,;, = 100. It is evident that the influence of the foundation coefficient on
the displacement and bending moment is minor compared with the effect of the crack. The
effects of the Winkler foundation coefficient and the crack on the shear force are small and can
be neglected.

10 12 ©
x10
os 1 2510 25

Moment

Displacement
Shear force

0 o0t 02 03 04 05 06 07 08 09 1 "0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

XL a) x10° L b) «10°3 AL C) <10

Fig. 8. Variation of displacement (a), bending moment (b), and shear force (c) witha/h = 0,0.2,0.4

-1 -12 6
- 10 2 2 10 10

Displacement
Moment
Shear force

-7 -1 25
0 0.1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

XL a) <1078 XL b) <1078 XL C) «1078
Fig. 9. Variation of displacement (a), bending moment (b), and shear force (c) with k;,, = 0,50, 100

Fig. 10 illustrates the variations in displacement, bending moment, and shear force of the
continuous beam corresponding to different Pasternak foundation stiffness coefficients of k, = 0,
50, 100. The solid line represents k, = 0, the dashed line corresponds to k, = 50, and the dotted
line denotes k, = 100. As the Pasternak foundation coefficient increases, the displacements in
all spans decrease, while the presence of cracks causes the displacement to increase significantly
in all three spans. The effects of the crack and the foundation coefficient k,, on the displacement
can be considered comparable. However, when the beam contains a crack, its influence on the
bending moment becomes more pronounced than that of the foundation stiffness coefficient k.
The effects of the foundation coefficient and the crack on the shear force are minor and can be
neglected.

Fig. 11 illustrates the variations in displacement, bending moment, and shear force of the
continuous beam corresponding to the external excitation frequencies of w = 1 x 10%,5 x 108,
and 10 x 108 rad/s. The solid line represents w = 1 x 108 rad/s, the dashed line corresponds to
w =5 x 10® rad /s, and the dotted line denotes «w = 10 x 10® rad/s. As the excitation frequency
increases, the displacement at the midspan increases, whereas the displacements at the first and
last spans decrease. Moreover, the presence of cracks causes significant changes in displacement
across all three spans. The effects of the crack and excitation frequency on the displacement are
found to be comparable. However, when the beam contains a crack, the influence of the crack
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on the bending moment becomes more pronounced than that of the excitation frequency. The
effects of both the crack and the excitation frequency on the shear force are relatively minor.

al 12 -6
x %10 X 10
4 210 2

Displacement
& 3 EX °

IS

Moment
Shear force

&

&

-7 - -2.5
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

XL a) 10° XL b) 10° AL C)-m5

Fig. 10. Variation of displacement (a), bending moment (b), and shear force (c) with k,, = 0,50, 100

101 ©10°12 106
p 210 o 210 ‘

Displacement

i
B 2.5
0 01 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1

XL a) X108 XL b) %10 XL C) 10°

Fig. 11. Variation of displacement (a), bending moment (b), and shear force (c) with respect to the external
loading frequency

6. CONCLUSION

In this paper, the authors analysed the forced vibration of multiple cracked continuous
multi-span FGM nanobeams using the DSM based on the NET and the EBT. The crack model
consists of three springs (an axial spring, a bending spring, and a shear spring), whose stiffness
depends on the crack depth according to formulas proposed in fracture mechanics. Accordingly,
the effects of geometric, material, and crack parameters on the forced vibration of continuous
multi-span FGM nanobeams with multiple cracks are investigated.

The numerical results show that the displacement and bending moment of cracked multi-
span FGM nanobeams vary significantly with changes in nonlocal parameters, crack depth,
Pasternak foundation parameters, and material properties. The influence of cracks is found to
be comparable to that of these parameters in most of the considered cases.

At the crack locations, the displacement exhibits discontinuities, and the rotation angle
shows jumps. In the present study, a shear spring associated with the discontinuity of transverse
displacement at the cracked cross-section is additionally incorporated. As a result, it is observed
that the transverse displacements exhibit not only changes in slope but also displacement jumps.
This feature represents a key distinction of the proposed crack model.

All these observations contribute to a better understanding of deformation and displacement
in continuous cracked FGM nanobeams. This study can be further extended to other types of
FGM materials and more complex nanobeam structures.
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