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Nonlinear free vibration analysis of ultra-thin organic solar plates
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®Faculty of Mechanical Engineering, Industrial University of Ho Chi Minh City, Ho Chi Minh City, Viet
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YCIRTech Institute, HUTECH University, Ho Chi Minh City, Viet Nam

Abstract

Organic photovoltaic devices have gained significant attention as promising solutions to
global energy challenges, owing to their unique advantages, including lightweight construc-
tion, optical transparency, mechanical flexibility, and low production cost. In this context,
the present work aims to introduce an efficient computational approach to investigate the
nonlinear free vibration characteristics of ultra-thin organic solar panels. To this end, the
solar panel structure is modeled as a multilayered plate, in which each functional layer is
assumed to be isotropic. The fundamental displacements are formulated using a refined
higher-order shear deformation theory with four independent variables, combined with the
von Karman nonlinear strain assumption to capture large-amplitude effects. The nonlinear
natural frequencies are subsequently determined using the non-uniform rational B-splines
(NURBS)-based isogeometric analysis (IGA) in conjunction with an iterative displacement-
control scheme. Several benchmark investigations are performed to validate the accuracy
and robustness of the present formulation. Furthermore, the effect of some key factors,
including boundary conditions, length-to-thickness ratios, and aspect dimensions, on the
nonlinear vibration characteristics is comprehensively investigated in this work. Several sig-
nificant remarks can be drawn in order to support the design and optimization of ultra-thin
organic solar plate structures in practical engineering applications.

Keywords: Nonlinear free vibration; Ultra-thin organic solar cells; Refined higher-order
shear deformation theory; Isogeometric analysis.

1. Introduction

Over the past decade, renewable energy resources have emerged as promising solutions
to addressing the global challenges, such as climate change, greenhouse gas emissions, as
well as environmental pollution. Among these, solar energy based on organic materials has
garnered considerable attention owing to notable advantages, such as simple fabrication,
low cost, light weight, mechanical flexibility, and excellent material compatibility [1, 2]. Tt
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is important to note that one of the major challenges facing organic solar cells (OSCs) is
their limited operational stability and efficiency, primarily due to the inherently low charge
mobility of organic materials [3]. Nevertheless, significant research efforts have been devoted
to enhancing the power conversion efficiency (PCE) of organic photovoltaic devices. For in-
stance, using a semi-empirical model combined with a tandem cell strategy, the PCE has
been recorded to exceed 17%, as reported in [4]. This significant success can be attributed
to advancements in device architecture, the development of active layer materials, as well
as optimized fabrication processes [5]. Consequently, OSCs are increasingly being adopted
in a wide range of applications, including architecture, automotive engineering, aerospace,
and defense technologies [6]. On the other hand, both experimental and numerical studies
have been extensively conducted to further advance their performance and practical imple-
mentation [7, 8.

In general, solar plates are ultra-thin structures that are highly susceptible to severe
mechanical deformations under operational conditions, including bending, folding, twisting,
and stretching. Consequently, understanding the fundamental mechanical behavior of so-
lar plates, particularly their vibration characteristics, is of great importance. In the open
literature, numerous numerical investigations have been conducted to examine the vibra-
tional behavior of such structures. For example, Li and Liu [9] presented a vibration control
study including low-frequency and large-amplitude vibrations of solar panels. Subsequently,
dynamic modeling techniques, vibration control theories, and technologies for in-orbit vibra-
tion controller design are comprehensively investigated. In addition, the nonlinear dynamic
characteristics and vibrational behavior of multilayer organic solar plates are thoroughly
investigated by Duc et al. [10] using the analytical solutions. Meanwhile, by applying a
Navier-type solution derived from classical plate theory combined with the modified couple
stress theory, the size-dependent deflections and natural frequencies of OSC are examined
in detail by Li et al. [11]. In another research, Anh et al. [12] introduced analytical solu-
tions to evaluate the nonlinear vibrational behavior of OSCs subjected to wind loads and
uniform temperature variations. Furthermore, optimization algorithms are subsequently
utilized to determine the maximum natural frequencies in various conditions. In the context
of isogeometric analysis, Do et al. [13] investigated the static bending, free vibration, and
buckling features of both organic and perovskite solar cells. Several numerical studies on
such structures were reported [14-16].

In terms of modern computational frameworks, the isogeometric analysis (IGA) based on
NURBS rational functions, pioneered by Hughes et al. [17], has gained significant attention
from the scientific community in the past two decades due to computational efficiency as well
as seamless integration between computer-aided designing and analysis. The NURBS-based
IGA has been extensively applied to investigate the mechanical behavior of a wide range
of engineering problems such as structural analysis, thermal responses, contact mechan-
ics, fluid-structure interaction, fracture mechanics, and structural optimization [18, 19].
However, the reviewed literature indicates that the application of IGA to investigate the
nonlinear free vibration responses of ultra-thin organic solar plates remains highly limited.
Motivated by these findings, the present study aims to present an efficient numerical ap-
proach for analyzing the nonlinear free vibration characteristics of ultra-thin organic solar
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panels. The fundamental displacements of ultra-thin plates are formulated using a refined
higher-order shear deformation theory including four unknowns and the von Karméan nonlin-
ear strain assumption. The nonlinear natural frequencies are subsequently determined using
a NURBS-based isogeometric approach combined with a displacement-controlled iterative
scheme. This study concentrates on explaining how significant factors such as boundary
conditions, length-to-thickness ratios, and aspect dimensions affect the nonlinear vibration
characteristics of the organic solar panels. The findings of this work contribute to advancing
the understanding and expanding the potential industrial applications of ultra-thin organic
solar plate structures.

2. Modeling of organic solar plates

In the current study, the nonlinear free vibration characteristics of ultra-thin organic
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Fig. 1. Schematic representation of the ultra-thin organic solar plates [13].

3. Mathematical expressions

3.1. Refined higher-order shear deformation theory

In the open literature, numerous plate theories have been developed to predict the me-
chanical behavior of plate structures. Among them, building upon Reddy’s higher-order
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Table 1. The material properties and thicknesses of ultra-thin organic solar cell [21, 22].

Material Thickness Young’s modulus Poisson ratio Mass density
(pm) (GPa) (kg/m®)
Glass 550 69 0.23 2400
ITO 0.120 116 0.35 7120
PEDOT:PSS 0.050 2.3 0.40 1000
P3HT:PCBM 0.170 6 0.23 1200
Aluminum 0.100 70 0.35 2601

shear deformation theory [25], Senthilnathan et al. [26] introduced a refined higher-order
shear deformation theory involving four independent variables. This theoretical model ex-
hibits several notable computational efficiencies, especially when applied to nonlinear prob-
lems. Let uy and vg denote the in-plane displacements along the x and y directions, respec-
tively, while w® and w® represent, respectively, the bending and shear parts of transverse
displacement. The displacement field of the plate for z € [=h/2; —h/2] can then be written
as follows [26, 27]

u (ZL’, Y, Z) = Uo — wa):v + f(z)w,sm

v(z,y,2) =vy — zwf’y + f(2)ws,, (1)

w(x,y) = w’ + w?,

In the above formulation, the function of f(z) characterizes the distribution of trans-
verse shear strains and stresses through the thickness direction. In the present work, this

s

distribution function is defined as f(z) = arctan (sin (¥z)), as presented in [28].
The strain—displacement relations derived under the von Karman assumptions are sub-
sequently formulated as follows
T
€= {excwsyy?ﬂ}/xy} = €9+ 2K +f(Z)I"¢'/2,

¥ = {Vezs vz} = [+ F1(2)]es,

in which the in-plane, bending and shear strains can be presented as follows

(2)

w,xm w,x:t s
Al nl _ b _ s _ w,x 3
E)=¢€)t €&y, K1 =—4 Wy, o, Ke=14 Wy, ?,€&=19 %, (3)
2w’ 2w? Wy
7a:y 7my

In Eq. (3), the linear and nonlinear strains are written as follows

U,

1
&y = Vo,y ,Egl = 5@]:‘, (4)
U07y + 0o,z
herein,
b s

W +w T 0 b s

_ ’ ' b s _ w,:}c + w,m
0= 0 w, + w, ’F_{wf’y+wfy}' (5)

b s b s
wvy + wvy wax + wax
4



By applying Hamilton’s principle in conjunction with the weak formulation, the governing
weak form for the free vibration analysis of ultra-thin organic solar panels is expressed as
follows [28]

/ 6’ DbedQ + / S D ydQ = / su’mudQ, (6)
Q Q Q
in which
€p A B E
g€ =494 K1 ,Db =|B D F )
Ko E F G (7)
h
s __ 2 / 2 C'55 0
D —/_; O A L
with
A Cn Ci O
[A,B,D.E,F,G] = [2, (1,2,2% f(2),2f(2), f*(2)) | C1 Cz 0 | dz, (8)
: 0 0 Cgs
in this context, C;;, with 4,7 = 1,...,6, represents the stiffness coefficients associated with
the five functional layers (k = 1,...,5) of the organic solar cell, which can be evaluated as
follows i .
k k E k k v\WE
O =0 = ———.0% =) = ———,
1— [v®)] 1 — [v)]
) (9)
(k) _ (k) _ ~(k) _
Cuy = Crs’ = Cgs' = 2[1 + v®]°
In Eq. (6), the quantities t and m are formulated, respectively, as follows [29]
ug I, 0 0O L I Iy
u= u; ,m = 0 IQ 0 ,IQ = 12 ]3 I5 (10)
u, 0 0 I, Iy Iy Is
herein,
h/2
(Ilv 127 I37 [47 [57 [6) = / p(k) [17 Z, ’227 f(2>7 Zf(z)7 fz(z)} dZ?
—h/2
U Vo w (11)
uy = —wf’x , Uy = —wf’y , Uy = 0
wh, w, 0

3.2. Approzimation formulations based on NURBS
In general, the primary displacements of ultra-thin organic solar plates can be approxi-
mated using the isogeometric approach based on NURBS shape functions as follows [30, 31]

u (I)j 0 0 0 U()j
5 v |0 @ 0 o0 Vo ~
W (T2 0 0w wy 2 ®id; (12)
w) Lo o0 0 @ || w =

b}



in this expression, ®; represents the NURBS basis functions, and d; = { Upj  Voj w;? wj }T
is the vector of nodal degrees of freedom associated with the j-th control point.

By applying the approximation expression given in Eq. (12), the strain field described
in Eq. (3) are then reformulated in a compact form as follows [32]

nxm nxXm
T 1 T S
e=e+e'=)" (B§.+§le)dj, e.= Yy Bid, (13)
j=1 j=1
where
66 nxm €8l 1 nxm
el=q k1 p=) Bide"=q 0 3= 5 > B, (14)
Ko j=1 0 j=1
with
BT C)]
l nl
B,=| B} | ,B'=| 0 | B (15)
B2 0

herein, the strain—displacement matrices involved in the formulation are defined as follows

®, 0 00 00 —®;,, 0
B'=|0 &, 00,B'=1]00 —®;, 0,
|®;, P, 0 0 00 —2®;,, 0 (16)
00 0 @,
’ 000 @ 00 &,
B2=10 0 0 & BS:{ ”} Bg.:{ G
j Jyy | o N B )
0 0 0 Zq)mj 000 &, 00 &, 9,

By introducing the linear stiffness matrix K; and two nonlinear stiffness matrices K},

and K?,, the nonlinear governing equation of motion describing the free vibration behavior

of ultra-thin organic solar panels is formulated as follows
Md + [K; + K. (d) + K2,(d)] d = 0, (17)
where the related matrices can be expressed as follows
K, = /Q (B")" DB,
K., (d) = % /Q (B") " DB™dQ + / (B™)" DB,

) . (18)
K2, (d) = - / (B")' DB™dQ,
2/

M:/RTmf{dQ,
Q



) N D, O
in WthhD:|: Ob Ds:| andR—{Rl R, Rg} with
® 0 0 0 00 -0, 0 000 &,
Ri=[0 & 0 0|,Ry={0 0 —®,, 0| Rs=10 0 0 &,,|.  (19)
0 0 & O 00 0 0 000 0

Considering the harmonic vibration problem and employing the Galerkin weighted resid-
ual technique to remove the time-dependent component, the eigenvalue equation describing
the nonlinear free vibrational characteristics of ultra-thin organic solar plates can be formu-
lated in matrix form as follows [33]

(—sz + K + EK;I + §de> d=0, (20)
3T 4

in which w represents the vibration frequency. It is worth noting that Eq. (20) represents
a nonlinear eigenvalue problem, which is typically solved using the displacement control
approach, as described in [34, 35]. Accordingly, the linear fundamental frequencies as well
as associated vibration modes can be first obtained by neglecting the two nonlinear stiff-
ness matrices, K!, and K?,. Subsequently, for a prescribed transverse displacement, the
vibration mode is scaled, and the nonlinear stiffness matrices are calculated. The updated
eigenvalue problem is then solved to determine the nonlinear frequency and the associated
mode shape. This iterative process is repeated until the relative discrepancy between consec-
utive eigenvalue vectors becomes smaller than the predetermined tolerance of 10™° applied
in the present investigation. A detailed flowchart summarizing the solution procedure for
the nonlinear free vibration problem can be found in [36].

4. Numerical results

In the following subsection, the nonlinear free vibration responses of thin organic solar
plates are examined in detail. The thickness and mechanical properties of the functional layer
of the organic solar cells are summarized in Table 1. Unless otherwise specified, all numerical
analyses are performed on square solar structures with aspect dimensions of a = b = 0.05
m. In addition, the nonlinear-to-linear frequency parameter, expressed as wyy/wy, is then
evaluated with respect to various amplitude ratios, @ = Wy,q./h, which serves as an output
parameter in this study. Regarding discretization in the NURBS-based IGA framework, a
mesh consisting of 11 x 11 cubic elements is employed to describe the thin organic solar
panels. On the other hand, the boundary conditions at the edges are denoted by S, F, and
C, corresponding to simply supported, free, and clamped edges, respectively.

4.1. Validation investigation

Due to the scarcity of reference results on the nonlinear free vibrations of ultra-thin
organic solar plates, the following two numerical studies are performed to validate the re-
liability and accuracy of the present approach. In the first investigation, the nonlinear
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free vibration characteristics of isotropic square plates with a length-to-thickness ratio of
a/h = 100 are considered. The material properties of the isotropic plates are specified as
Young’s modulus £ = 70 GPa and Poisson ratio v = 0.3. The results for the nonlinear-to-
linear frequency parameter w are summarized in Table 2 and compared with those reported
in previous studies, namely the analytical solution [37] and the finite element approach [38].
As shown in the Table, a good agreement is achieved between the present findings and the
reference results.

Table 2. Nonlinear-to-linear frequency parameter of isotropic plates under SSSS case.

Source W = Winaz /D

0.2 0.4 0.6 0.8 1.0
Analytical [37] 1.0168 1.0655 1.1421 1.2415 1.3586
FEM [38] 1.0170 1.0680 1.1490 1.2540 1.3790
Present 1.0143 1.0570 1.1279 1.2267 1.3528

The second validation example concerns the comparison of the linear natural frequency
of thin organic solar structures. It is assumed that the ultra-thin organic solar panels are
subjected to two types of boundary conditions, specifically SSSS and CCCC cases. In this
investigation, the linear natural frequencies are performed in normalized form as follows

_ a’ [pa
—w— | = 21
w wh” — (21)

in which pg and Eg denote, respectively, the mass density and Young’s modulus of the
glass layer. The first three normalized natural frequencies of thin organic solar structures
corresponding to two a/h ratios are summarized in Table 3. The present findings are com-
pared to those obtained using the HSDT-IGA model, including five variables, reported by
Do et al. [13]. As expected, a very close agreement is observed, confirming the accuracy and
reliability of the current approach.

Table 3. The first three normalized natural frequencies of thin organic solar plates.

a/h Source SSSS CCCC
1 2 3 1 2 3
10 IGA-HSDT [13] 5.6643 13.5100 13.5489 9.7560 18.6533 18.7541
Present 5.6724 13.5922 13.5922 9.8783 19.1857 19.1857
100 IGA-HSDT [13] 5.8510 14.6208 14.6208 10.6597 21.7266 21.7266
Present 5.8511 14.6212 14.6212 10.6616 21.7343 21.7343

4.2. Parametric investigation

This subsection is devoted to evaluating the influence of several significant factors, such
as boundary conditions, length-to-thickness ratio, and aspect dimensions, on the nonlinear
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free vibrational characteristics of thin solar cell structures. In order to evaluate the influence
of the boundary constraints at the edges, three representative types of boundary conditions
are selected for consideration in this example, specifically SSSS, CSCS, and CCCC. Table
4 summarizes the linear natural frequencies as well as the corresponding nonlinear-to-linear
frequency parameters of a thin organic solar plate under various boundary condition cases.
This Table reveals that, for all boundary conditions, a gradual increase in the frequency
ratio wyy /wy is observed as the amplitude-to-thickness ratio w increases. On the other
hand, higher natural frequencies are obtained as additional constraints are imposed along
the plate edges, increasing from the SSSS to the CSCS and finally to the CCCC case.

Table 4. Linear frequency and nonlinear frequency ratio of solar plates under various
boundary conditions.

B.C wr, W = Wpnaz/h

0.2 0.4 0.6 0.8 1.0 1.2
SSSS 5.8507 1.0073 1.0290 1.0641 1.1110 1.1683 1.2339
CSCS 85783 1.0069 1.0273 1.0603 1.1047 1.1590 1.2218
CCCC 10.6597 1.0072 1.0286 1.0631 1.1096 1.1665 1.2323

In the following numerical study, the influence of the geometrical domain of thin organic
solar structures on the nonlinear-to-linear frequency parameter is thoroughly examined. In
this specific investigation, it is assumed that thin organic solar panels are subjected to SSSS
boundary conditions, while the amplitude-to-thickness ratio may vary from 0.1 to 1.2. Fig.
2 illustrates the variation of the frequency ratio wyy/wy with respect to different aspect
ratios a/b. It can be observed that the frequency ratio wyy /wy exhibits a decreasing trend
as the aspect ratio a/b increases from 1.0 to 2.0. Moreover, Fig. 2 also reveals that the
rise in the nonlinear-to-linear frequency ratio with increasing amplitude-to-thickness ratio
w is primarily governed by the nonlinear stiffness effect, which is a key characteristic of
nonlinear free vibration behavior. On the other hand, Figs. 3 and 4 illustrate the first four
linear mode shapes of thin organic solar plates with square (a/b = 1.0) and rectangular
(a/b = 2.0) geometries, respectively, under SSSS boundary conditions. It is worth noting
that the corresponding linear natural frequencies are also provided in these figures.

It is well known that the geometrical dimensions of thin organic solar plates have an
influence on vibrational behavior. In the final numerical study, the effect of plate length on
the nonlinear free vibration characteristics of the solar cell is examined in detail. Accord-
ingly, the square solar plates subjected to two boundary conditions (SSSS and CCCC) are
investigated. Three plate lengths, namely a = 0.02, 0.06, and 0.10 m, are considered in this
example. Table 5 indicates that the normalized linear natural frequencies increase slightly
as the plate length increases. In addition, the CCCC boundary condition yields vibrational
frequencies approximately twice those of the SSSS case. As expected, an increase in the
amplitude-to-thickness ratio w results in a corresponding increase in the nonlinear natural
frequency.
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Fig. 2. Variation of the nonlinear-to-linear frequency ratio with varying aspect ratios a/b.

(a) First mode shape, wy, = 5.8507 (b) Second mode shape, wy, = 14.6187

(c) Third mode shape, wy, = 14.6187 (d) Fourth mode shape, wy, = 23.3757

Fig. 3. First four linear mode shapes of square solar plates.

5. Conclusions

In this paper, an efficient and robust computational tool was presented in order to study
the nonlinear free vibration behavior of ultra-thin organic solar panels. Accordingly, the
fundamental mathematical formulations were derived within the NURBS-based isogeomet-
ric framework in conjunction with the refined higher-order shear deformation theory. To
accurately capture large-amplitude vibration effects, the von Karman nonlinear strain as-
sumptions are incorporated into the model. In addition, the nonlinear eigenvalue equation
was derived using the Galerkin weighted residual method and solved through an iterative
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(c) Third mode shape, wy, = 37.9470

(d) Fourth mode shape, wy, = 49.5869

Fig. 4. First four linear mode shapes of rectangular solar plates.

Table 5. Linear and nonlinear frequencies of square solar plates with different dimensions.

W = Wingz/h

a wr,

(m) 0.2 0.6 1.0 1.4 1.8
SSSS

0.02 5.8385 5.8815 6.2139 6.8221 7.6319 8.5719

0.06 5.8514  5.8943  6.2262 6.8361 7.6464  8.5891

0.10 5.8524 5.8954  6.2277 6.8372 7.6476  8.5895
CCCC

0.02 10.6027 10.6797 11.2764 12.3768 13.8578 15.6116

0.06 10.6631 10.7403 11.3367 12.4382 13.9189 15.6710

0.10 10.6679 10.7451 11.3410 12.4424 13.9249 15.6758

displacement-control scheme to obtain the nonlinear natural frequencies. Some verification
studies are carried out to confirm the robustness and accuracy of the present numerical
model. Based on the comprehensive parametric analysis, the following key conclusions are

drawn:

e Both linear and nonlinear natural frequencies of ultra-thin organic solar plates were
accurately and efficiently calculated via this numerical approach;

e The nonlinear natural frequency exhibited a strong dependence on vibration ampli-
tude, with both the nonlinear frequency and the nonlinear-to-linear frequency ratio

increasing as the vibration amplitude increased;
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e The boundary conditions applied along the edges, as well as the geometrical parame-
ters, had a significant influence on the nonlinear vibrational characteristics of ultra-thin
organic solar plates;

e Finally, to enhance the mechanical performance of ultra-thin solar panels, the inte-
gration of bio-inspired lightweight substrates, such as triply periodic minimal surface
(TPMS) architectures, represents a highly promising solution. Further investigations
into these high-performance structures are recommended for future research.
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