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Abstract. We investigate the spatio-temporal organization of a two-phase Kelvin-Helmholtz (K-
H) instability using singular value decomposition (SVD) of the solid-phase vertical velocity field
ws. The analysis quantifies modal energy and reveals that the dominant coherent dynamics are
governed by a principal rotating pair. To mitigate coarse snapshot sampling, we introduce an
extrema-based harmonic fitting that preserves amplitude and phase while smoothing jitter, enabling
clear phase portraits and robust interpretation of modal interactions. We focus on temporal modes
a1—ag, report their periods, amplitudes, and phase shifts, and relate these to the emergence and
saturation of K-H billows. The results support a low-dimensional, reduced-order description for
two-phase shear flows.

Keywords: Kelvin—-Helmholtz instability, singular value decomposition, temporal modes, extrema-
based harmonic fitting, two-phase flow, coherent structures.

1. INTRODUCTION

Two-phase flow instabilities, particularly those induced by the Kelvin—-Helmholtz (K-H)
mechanism, are fundamental to many environmental and engineering processes, such as sed-
iment transport in open channels and slurry conveyance in industrial systems. The ability
to predict and control these instabilities depends on a clear understanding of their coherent
structures and the associated temporal dynamics, since they regulate transport, mixing, and
momentum exchange.

Singular value decomposition (SVD) has been widely applied in fluid mechanics as a
robust mathematical tool to identify dominant flow structures from large-scale numerical and
experimental datasets (Brunton et al., 2016; Rowley et al., 2004; Schmid, 2010). In two-phase and
multiphase flows, SVD facilitates the extraction of spatio-temporal modes that represent coherent
motions and instability mechanisms, thereby advancing physical understanding (Elghobashi,
1994; Ferrante & Elghobashi, 2004; Guala et al., 2006; He et al., 2009; Sujudi & Haimes, 1995).

More recently, extensions of SVD have been introduced to address complex multiphase
phenomena. For example, Pagano et al. (2022) combined SVD with recurrence quantification
analysis to characterize nonlinear features in two-phase flows, while Xu et al. (2024) proposed
SVD-based reconstructions enhanced by deep generative networks for fast physical field predic-
tion. Hybrid frameworks integrating SVD with stochastic or state-based approaches have also
been explored for cavitating and multiscale flows (Wang et al., 2023). Furthermore, SVD-driven
reduced-order models have been used for forecasting instabilities in two-phase jets (Zhang
et al., 2023). Methodological advances in spectral and modal analysis continue to reinforce the
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role of SVD in reduced-order modeling and flow diagnostics (Blanco et al., 2022; Cavagna &
Razzak, 2012; Lohse, 2010; Popinet, 2018; Shin & Juric, 2017; Taira et al., 2017; Towne et al., 2018;
Tryggvason et al., 2011; Yeo & Lee, 2010).

In this study, we apply SVD to the solid-phase vertical velocity field ws in a simulated
two-phase K-H instability. The analysis focuses on extracting energetic modes, studying
their temporal dynamics, and interpreting their phase relationships in connection with vortex
development. Special attention is devoted to the leading temporal modes, which capture
the essential rotational and oscillatory behavior of the instability. By relating these results to
sediment-laden flow phenomena, the work bridges fundamental two-phase instability research
with practical sediment transport applications.

2. DATA PREPARATION

The dataset analyzed in this study originates from a high-resolution two-phase flow simula-
tion designed to investigate the onset and evolution of interfacial instabilities. The simulation
employs an Euler-Euler two-phase model, where both the liquid and solid phases are treated as
interpenetrating continua, following the approach of Nguyen et al. (2012). Separate mass and
momentum conservation equations are solved for each phase, including interphase momentum
exchange terms that account for drag forces.

In the present setup, the solid phase represents fine sediment particles suspended in water.
The vertical component of the solid-phase velocity, denoted ws, is of particular interest due to its
role in characterizing interfacial shear instability and sediment transport dynamics. All fields
are two-dimensional (x—z) throughout. The flow configuration consists of a stratified layer,
where a denser sediment-laden fluid lies above a lighter clear fluid, leading to the development
of Kelvin—-Helmholtz (K-H) instability as the system evolves.

The computational domain is a square region of 3m x 3m, discretized using a structured
mesh of 301 x 301 grid points, giving m = 90,601 spatial degrees of freedom. The simulation is
performed using a finite volume method with a time step of At = 10~ s, and output snapshots
are recorded every second, from t = 1s to t = 525, yielding n = 52 snapshots.

Fig. 1. Solid-phase vertical velocity field w; at the onset of the Kelvin-Helmholtz instability.
The two-phase simulation reveals a counter-rotating vortex pair as a hallmark of the instability

Each output file is stored in Tecplot format (. tec) and contains spatial coordinates along
with several flow variables. For each time step, the field w; is extracted, flattened into a column
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vector w; € R™, and stacked to construct the snapshot matrix
X = [Wl Wy - - W52] e R™*",

This matrix X captures the temporal evolution of the solid-phase vertical velocity field and
serves as the input for the Singular Value Decomposition (S§VD) analysis described in the next
section.

Fig. 1 shows w; at the time when K-H instability first becomes apparent. The formation
of counter-rotating vortices marks the onset of large-scale coherent structures, which will be
further investigated through modal decomposition.

3. SINGULAR VALUE DECOMPOSITION (SVD)

The temporal evolution of w; is stored in the snapshot matrix X € R™*", with m = 90,601
spatial points and n = 52 temporal snapshots. Applying SVD gives

X=UzV',
where U € R™*" contains the spatial modes (orthonormal, U'U=1I),Z e R""is diagonal,
with singular values oy sorted in descending order, V € R"*" contains the temporal modes

(orthonormal, V'V = I), with columns v describing the evolution of each spatial mode.
The temporal coefficient of mode k is defined as

a; = vy € RY, ar(t;) = ox ve(t),
where ¢; is the time of snapshot j. The relative energy of mode k is
2
0]
Ep=—F .
2;'1:1 ‘7]2

This metric allows the modes to be ranked by their contribution to the total fluctuation energy.

The leading modes typically capture the dominant coherent structures of the flow. In this
study, we show that the first two modes form a rotating pair that represents the large-scale
Kelvin-Helmholtz vortices, while higher modes describe smaller-scale features and residual
noise. These findings form the basis for the detailed temporal and phase-space analysis in
Section 4.

4. RESULTS AND DISCUSSION

This section presents the modal decomposition results obtained from the SVD of the w;
field, with a focus on identifying the dominant coherent structures governing the two-phase
Kelvin-Helmholtz flow. We begin by examining the distribution of modal energy to determine
how many modes are required to represent the essential flow dynamics. We then analyze the
temporal coefficients of the leading modes to characterize their oscillatory behavior, phase
relationships, and contributions to the large-scale structures. Finally, we apply an extrema-
based harmonic fitting to refine the temporal signals and construct clearer phase-space portraits,
providing deeper insight into the underlying instability mechanisms.

4.1. Energy distribution of singular modes

The leading singular value 07 dominates the spectrum, accounting for approximately
50.36% of the total energy. The second mode also contributes significantly (45.94%), bringing the
cumulative energy of the first two modes to about 96.30%. This overwhelming concentration of
energy in just two modes indicates that the flow is governed by a small number of dominant
coherent structures. The normalized energy distribution among the first ten modes is shown in
Fig. 2, and the corresponding values are listed in Table 1. Such a rapid decay in modal energy
indicates that the system dynamics can be accurately represented using a low-dimensional
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model, where the first two modes capture the large-scale structures associated with the Kelvin—
Helmholtz instability, while higher modes account for only minor contributions.

Normalized Singular Values (first 10 modes)
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Fig. 2. Normalized energy distribution of the first ten singular modes obtained from the SVD of the w;
field. The first two modes account for more than 96% of the total energy, indicating the dominance of
large-scale coherent structures

Table 1. Modal energy content for the first ten singular modes

Mode k o Ei (%) Cumulative Ej (%)
1 7.051 50.36 50.36
2 6.894 45.94 96.30
3 0.302 0.92 97.22
4 0.257 0.69 97.91
5 0.241 0.62 98.53
6 0.210 0.54 99.07
7 0.189 0.49 99.56
8 0.171 0.42 99.98
9 0.161 0.02 99.99
10 0.150 0.01 100.00

4.2. Temporal modes a; () to ae(t)

We first examine the raw temporal coefficients ay(t) for the first six modes obtained from
the SVD of the w; field, in order to identify their dominant patterns and relative contributions to
the flow dynamics.

Fig. 3 shows the time coefficients a,(t) for the first six modes. The first two modes, a;(t)
and a,(t), exhibit dominant oscillatory behavior and together capture more than 96% of the
total energy (see Table 1). These two modes form a principal rotating pair, representing the
large-scale coherent vortical structures driven by the Kelvin-Helmholtz instability.

Modes a3(t) and a4(t) have significantly lower energy but still display quasi-periodic
oscillations, suggesting their role in capturing secondary wave interactions and finer-scale
flow features. Finally, modes a5(t) and a¢(t) contain only minor energy and exhibit irregular
fluctuations, which can be interpreted as higher-order interactions and small-scale noise in the
flow.
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Fig. 3. Temporal coefficients ai(t) for k = 1 to 6 from the SVD of the w; field. The first two modes
dominate the dynamics and form a principal rotating pair, while higher modes capture secondary
structures and fine-scale variations

Detailed analysis of the first six temporal modes

a1(t) and ay(t) — principal rotating pair. These two modes contain 96% of the total energy
(Table 1) and display nearly harmonic oscillations with comparable amplitudes. They are
approximately in quadrature (phase difference ~ +7/2), forming a rotating pair that represents
a traveling-wave-like motion of the dominant Kelvin-Helmholtz structures. This pair controls
the large-scale dynamics; its smooth, nearly periodic behavior explains why a low-dimensional
description is effective.
a3(t). This mode carries a small fraction of energy but still exhibits a quasi-periodic signal. Its
phase drifts slowly relative to the principal pair, and the amplitude shows mild modulation.
Together with a,(t) it produces a slightly warped ellipse in the (a3, a3) phase portrait, indicating
weak nonlinear coupling and the emergence of secondary features in the shear layer.
a4(t). Energy is further reduced and higher-frequency ripples become visible. The waveform
presents amplitude modulation superposed on a faster carrier, consistent with finer-scale undu-
lations of the billows and intermittent strain of the shear layer.
as(t) and a¢(t). These modes contribute marginal energy and are activated mainly in the late-
time window. Their signals are less regular and more broadband, which we interpret as signa-
tures of higher-order interactions and small-scale disturbances riding on top of the dominant
pattern.

These interpretations are based on the raw temporal coefficients from SVD. In the following
section, we refine these observations using an extrema-based fitting procedure.

4.3. Temporal modes analysis

The sharp drop in modal energy after the first two modes (see Fig. 2 and Table 1) indicates
that the large-scale Kelvin—-Helmholtz dynamics are almost entirely captured by a single domi-
nant mode pair. To better understand the underlying unsteady behavior and phase relationships
that drive these coherent structures, we now turn to a detailed analysis of their temporal evo-
lution. Higher-order modes, although energetically weak, are also examined to assess their
possible role in secondary instabilities and small-scale flow features.

Extrema-based fitting of temporal modes

The temporal coefficients ay(f) are available only at the discrete snapshot times of the
simulation (n = 52). To reduce high-frequency jitter while preserving the main oscillatory
behavior, we employ an extrema-based harmonic fitting:

(1) Local maxima and minima are detected in the discrete data series.
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(2) Each pair of consecutive extrema defines a half-period of oscillation.

(3) The amplitude envelope Ax(t) is interpolated linearly between the absolute values at
successive extrema.

(4) The half-period duration gives the local oscillation frequency w; ~ 7t/ (ti11 — t;).

(5) A cosine wave is phased to match the sign and position of the first extremum:

ﬁk(t) = 5; Ak(t) cos[wi(t — t,‘)] ’
where s; = sign(ax(t;)).
This method ensures that the fitted curves 4,(t) pass exactly through the extrema of the

original data, preserving both amplitude and phase information while removing jaggedness
from coarse temporal sampling.
Fitted dominant pair (a1, az)

Figs. 4 and 5 compare the original temporal coefficients (blue markers) with their extrema-
based harmonic fits (red lines) for the two dominant modes. The fitted signals exhibit nearly

harmonic oscillations of comparable amplitude with a stable 7t/2 phase shift, a hallmark of a
coherent rotating-mode pair representing the primary Kelvin-Helmholtz vortices.
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Fig. 4. Original temporal coefficient a1 () (blue dots) and its extrema-based harmonic fit (red line). The fit
passes through the extrema, smoothing sampling-induced jaggedness while preserving amplitude and
phase
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Fig. 5. Original temporal coefficient a,(t) (blue dots) and its extrema-based harmonic fit (red line).
Together with Fig. 4, the two modes form a nearly 71/2-shifted rotating-mode pair

Multi-mode comparison

Fig. 6 shows the fitted temporal coefficients dy(t) for k = 1 to 6. The dominance of a; ()
and a,(t) is evident, while higher modes (k > 3) have smaller amplitudes and less regular
oscillations, representing smaller-scale flow features and residual noise.
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Fig. 6. Fitted temporal coefficients dy(t) fork =1to 6

Phase-space representation

Figs. 7 and 8 present the phase portraits of the dominant pair (a1, a2) before and after fitting.
The fitted phase portrait reveals a smooth spiral trajectory, confirming the 77/2 phase relation
and the gradual amplitude growth before saturation. In contrast, the original data appear jagged
due to coarse temporal resolution, which obscures the continuous phase evolution.

Phase Portrait: a;(t) vs a,(t) (original)
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Fig. 7. Phase portrait of (a1,a;) from the original discrete data. The jagged appearance is due to coarse
temporal sampling, which obscures the smooth phase evolution

Summary. The extrema-based fitting clarifies the temporal dynamics of the dominant pair
(a1, az). By suppressing high-frequency jitter and mitigating coarse-sampling artifacts, the fitted
curves reveal a clear and stable 77/2 phase relationship, consistent with a coherent rotating pair
that accounts for ~ 96% of the total energy and the large-scale Kelvin—-Helmholtz dynamics.
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Phase Portrait: a;(t) vs a,(t) (fitted)
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Fig. 8. Phase portrait of (a1, a,) from the fitted curves obtained using the extrema-based harmonic fitting.
The smooth spiral confirms the 77/2 phase relation and reveals the gradual amplitude growth before
saturation

This refined representation enables more reliable multi-mode comparisons and phase-space
analysis, while indicating that higher modes contribute only minor, less regular fluctuations
associated with secondary interactions and small-scale noise.

5. CONCLUSIONS

This study applied singular value decomposition (SVD) to a two-phase Kelvin—-Helmholtz
instability simulation, focusing on the solid-phase vertical velocity field w;. The method ex-
tracted the dominant spatial modes and their temporal dynamics, linking modal interactions to
the formation and saturation of coherent vortices.

A key methodological contribution was the use of extrema-based harmonic fitting for the
temporal mode coefficients a,(t), with particular emphasis on the first two modes a1 (f) and
a>(t). These modes exhibit a distinct phase relationship that reflects the rotational structure and
periodic nature of the Kelvin-Helmholtz vortices. The fitting preserves amplitude and phase
while mitigating sampling-induced jitter, enabling precise estimates of oscillation periods and
phase shifts, and allowing the construction of clear phase portraits that reveal the dynamic
interplay between a; and a, throughout the instability development.

The results indicate that a small number of modes capture the primary coherent dynamics
of the system, providing a reduced-order representation that retains the essential physics.
These insights have direct implications for understanding multiphase mixing and interfacial
momentum exchange in sediment-laden flows, with particular relevance to sediment transport
in open-channel settings and slurry transport in engineering systems.

Future research can extend this framework in two directions. First, applying snapshot
Proper Orthogonal Decomposition (POD) alongside SVD would help assess the robustness of
the identified coherent structures and improve interpretability. Second, building a reduced-
order model (ROM) directly from the leading modes could enable efficient prediction of Kelvin—
Helmholtz instability dynamics in two-phase flows. The present findings also suggest clear
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targets for experimental validation by providing mode shapes, temporal patterns, and phase re-
lationships that can be compared with particle image velocimetry (PIV) or other high-resolution
measurements.

While the current study is limited to strictly two-dimensional simulations and a single flow
configuration, extending the analysis to three-dimensional or more varied cases would help
determine the generality of the conclusions and their applicability to sediment transport in
open-channel flows and slurry transport in engineering systems.
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