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Abstract. In this study, a new optimal control scheme with two proposed theorems is presented.
Two optimal control theorems are developed: (i) the first scheme uses the conventional adaptive
gain with a new proposed saturation function, and (ii) the second scheme utilizes a new adaptive
switching saturation function based on the first model (i). In the first model, the derivative result
is derived in a new form of exponential function of the saturation function. The adaptive gain
for this model includes system states with a chosen matrix of the Hamiltonian equation. In the
second model, a new switching saturation is adopted. The constraints related to the system
states and the chosen matrix are then applied. Unlike the first control scheme, the second scheme
uses the required boundary of the system state for choosing the adaptive gain. The properties
of the saturation function used in the first model are still applied in the second model. The
main advantage of this second model is to provide flexibility in computing the gain under severe
disturbance through the initial boundaries and adjusting the energy consumption of the control
system. After the formulation, the proposed controllers with the new adaptive gains are applied
to a vehicle seat suspension system with non-smooth vibrations. Two existing controllers are also
chosen for this simulation to compare with the proposed models. The simulation results show that
the proposed control schemes can provide better control performances in terms of the PSD index
(power spectral density), displacement, and control input signal.

Keywords: switching saturation function, switching optimal control, non-smooth vibration, seat
suspension system, severe disturbance.

NOMENCLATURE
x∇ (t) ∈ Rn The state vector.
u∇ (t) ∈ Rl The control input.
B∇ (t) A time-varying function.
a1∇ The matrix of size n × n.
ap∇ The (p + 1)-dimensional tensor of n × ...(p+1)times... × n.
x × ...p times... × x The p-dimensional tensor of n × ...p times... × n obtained by p-times

spatial multiplication of x∇ (t).
R∇ (t) The positive-definite symmetric matrix function.
ψ∇, L∇ (t) Symmetric positive-definite matrices.
α A positive constant.
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q∇ (t) Defined with the new saturation function as q∇ (t) =
αQ∇ (t) funsat [x∇ (t)].

ue∇ (t) The input control.
ν A constant.
k1 and k2 Constants associated with the setup boundary and the order of the

signum function.
δ The setup boundary.
r The order of the signum function in the first case.
β The order of the signum function in the second case.

1. INTRODUCTION

Modern devices require modern controllers to obtain good performances. This statement
holds true at any time, especially with the rapid development of new actuators with advanced
technologies. Optimal controllers have been frequently used as a priority choice for many
dynamic control systems because of their simple structure, robustness of the stability, and
easy facilitation in the applications. Hence, many new types of optimal controllers have been
continuously developed based on new theories, models, and applications. An adaptive opti-
mal controller, which combines neural networks and the Bellman equation, was presented in
Modares et al. (2013). The Bellman equation in Modares et al. (2013) was applied as the policy
iteration in the optimization process, which was simplified from the Hamilton-Jacobi-Bellman
function. The tanh function was embedded into the Bellman equation to facilitate the calculation.
It is remarked that the tanh function is applied in Modares et al. (2013) with its role as the
pre-boundary for the Bellman equation. The application of game theory based on the Nash
strategy for adaptive optimal control was proposed in Karg et al. (2023). The Nash strategy in
Karg et al. (2023) helps to improve the efficiency in choosing the optimized parameters. The
policy iteration method in Karg et al. (2023) differs from the iteration in Modares et al. (2013) by
defining a new optimal control law based on the gradient descent method. The gradient descent
method is a classical approach with the advantage of saving computation time. The Nash
model can be seen as the replacement for neural networks as shown in Modares et al. (2013).
The barrier function has been used as a policy iteration scheme in Xiao et al. (2022) under the
supervision of the Lyapunov function. The optimal controller in Kikuuwe et al. (2022) is similar
to the proposed controller in Modares et al. (2013). The same method using neural networks in
the optimal controller developed in Modares et al. (2013) and Song et al. (2016) was presented
in Vamvoudakis et al. (2016) with the modification of the iteration using Kleiman’s algorithm.
The gradient descent method can be replaced by the Polak-Ribiere-Polyak conjugate gradient
method, as shown in P. Liu et al. (2022). The Hermite-Simpson direct collocation method can
be used for designing the iteration method of the optimal control law, as shown in Soler et al.
(2016). The methods proposed in (P. Liu et al., 2022; Soler et al., 2016) are good solutions for
the optimization process, but their disadvantage is the complex calculation, which reduces the
efficiency of the controller. Therefore, the modification based on the conventional model of the
Riccati differential equation was proposed in Deng and Shen (2021). In fact, the model in Deng
and Shen (2021) is a kind of Hurwitz model with a jump function. The jump function in Deng
and Shen (2021) adapts its values according to the system states. As aforementioned, the game
theory with the Nash strategy can improve its performance with the multivariate probabilistic
collocation method, as shown in M. Liu et al. (2020). The complicated calculation of the Nash
strategy can be simplified by using a sliding-mode-like function as in Basin et al. (2012). In
this model, the Hamiltonian function was still the main form in the control design, and the
sliding-like function was added to reduce the complexity, as shown in Basin et al. (2012). The
model developed in Basin et al. (2012) is a good reference, which shows how to incorporate other
control forms into the optimal controllers to increase the flexibility and applicability of the new
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controllers to real systems. Another form of the Riccati-like equation was studied in Zhang et al.
(2018) based on the Hamiltonian function. The adaptive gain function for the optimal control
with the sliding-like model was improved in Phu et al. (2020). The gain in Phu et al. (2020) was
proposed with the state variable in the form, and the exponential order was not larger than
the second order. The gain function in Phu et al. (2020) can also provide a feasible solution for
the gains of both the optimal controller and other controllers. The adaptive optimal controller
using both the fuzzy model and neural networks for the dead-zone band and time delay was
presented in Phu and Mien (2020). Normally, the dead-zone band is defined in a simplified
form, which affects the system errors. The dead-zone model was designed in the nonlinear form
with two branches of forward and feed-forward types. The unified model of hybrid control
combining the dead-zone model and time delay was studied in Phu and Mien (2020). The
combination method consisting of the conventional optimal control, H-infinity technique, the
classical sliding mode control, and prescribed performance has been developed for systems with
severe disturbances in Phu Do et al. (2019). Another choice of neural network and prescribed
sliding surface can be used with the optimal control law as in Phu et al. (2018).

From the above literature analysis, the optimal control method has been proven to be a good
candidate for handling external disturbances and severe uncertainties for many challenging
control systems such as smart material-based vehicle suspension systems. However, there
are still many opportunities for improving its efficiency, especially when it is integrated with
other controllers. In this study, two new optimal controllers are developed based on two newly
suggested saturation functions. Consequently, the main technical contributions of this study can
be highlighted as follows: (1) A new modified saturation function is proposed for the formulation
of a new optimal control system. This model overcomes the disadvantages of the conventional
saturation function, which cannot use the derivative form of the saturation function when
designing the controller. (2) A new adaptive gain equation is proposed for the new modified
saturation function when designing the optimal control scheme. (3) A new switching saturation-
like gain function is proposed in combination with an exponential function and a signum
function. This controller possesses an outstanding property in terms of computational flexibility.
In addition, a new adaptive switching saturation-like gain equation is derived for the optimal
controller. (4) Simulations are carried out to validate the superior control performances of the
proposed optimal schemes over the traditional optimal controller by applying the controllers to
a vehicle seat damper system.

The rest of this paper is organized as follows: Section 2 presents the design of new optimal
control laws, Section 3 shows the simulation results of the proposed controllers compared with
two existing controllers, and Section 4 provides the conclusions with a summary of the main
findings of the proposed control in both development and simulation results.

2. DESIGN OF NEW OPTIMAL CONTROL LAWS

2.1. Proposed model 1: Adaptive gain with new saturation function
The proposed control is designed following a linear-like equation given by

ẋ∇ (t) = f∇ (x∇, t) + B∇ (t) u∇ (t) , (1)

where x∇ (t) ∈ Rn is the state vector, u∇ (t) ∈ Rl is the control input vector, and B∇ (t) is a
time-varying function. The function f∇ (x∇, t) is defined as follows

f∇ (x∇, t) = a0∇ (t) + a1∇ (t) x∇ (t) + a2∇ (t) x∇ (t) xT
∇ + . . . + ap∇ (t) x∇ (t) . . .p times . . . x∇ (t) ,

where a0∇ is the vector of dimension n, a1∇ is the matrix of size n × n, ap∇ is the (p + 1)-
dimensional tensor of size n × ...(p+1)times... × n, and x × ...p times... × x is the p-dimensional
tensor of size n × ...p times... × n obtained by p-times spatial multiplication of x∇ (t). The cost
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function of the first proposed control is applied as follows

J1 =
n

∑
i=1

ψ∇ii |x∇i (T)|
α

+
1
2

T∫
t0

(
uT
∇ (s) R∇ (s) u∇ (s) + xT

∇ (s) L∇ (s) x∇ (s)
)

ds, (2)

where R∇ (t) is the positive-definite symmetric matrix function; ψ∇, L∇ (t) are symmetric-
positive-definite matrices; ψ∇ ≥ 0, L∇ (t) ≥ 0, and α is a positive constant. The optimal control
law is described as follows

u∗
∇ (t) = −R−1

∇ (t) B∇
T (t) q∇ (t) , (3)

where q∇ (t) is the gain function which is defined with the new saturation function as

q∇ (t) = αQ∇ (t) funsat [x∇ (t)] , (4)

where x∇ = [x1∇, . . . , xn∇] ∈ Rn, funsat [x∇ (t)] = [funsat (x1∇) , . . . , funsat (xn∇)] ∈ Rn, and
Q∇ (t) is the symmetric gain matrix of size n × n. The ‘funsat’ function is proposed as follows

funsat [x∇ (t)] =
2

1 + e−2x∇(t)
− 1. (5)

The properties of the funsat function include
∣∣∣∣d (funsat [x∇ (t)])

dt

∣∣∣∣ ≤ 1, funsat′ [0] = 1, and

|funsat [x∇ (t)]| ≤ 1.
From Eq. (4), Eq. (3) is rewritten as follows

u∗
∇ (t) = −R−1

∇ (t) B∇
T (t) (αQ∇ (t) funsat [x∇ (t)]) . (6)

Using Eq. (6), the system (1) can be written as follows

ẋ∇ (t) = f∇ (x, t)− B∇ (t) R−1
∇ (t) B∇

T (t) (αQ∇ (t) funsat [x∇ (t)]) . (7)

The value Q∇ (t) is obtained based on the result of the first derivative equation as follows

Q̇∇ (t) = L∇x∇(t)
2 − αx∇ (t) Q∇ (t) . (8)

The derivation of Q∇ (t) is shown in Appendix A. By solving Eq. (8), a new optimal value
Q∗

∇ (t) can be found and then substituted into Eq. (6) as follows

u∗
∇ (t) = −R−1

∇ (t) B∇
T (t) Q∗

∇ (t) . (9)

Hence, Eq. (7) can be rewritten as follows

ẋ∇ (t) = f∇ (x, t)− B∇ (t) R−1
∇ (t) B∇

T (t) Q∗
∇ (t) . (10)

Remark 2.1. The newly proposed saturation function (5) can be differentiated with respect to time. This
property does not exist in the conventional saturation form. The adaptive gain function (8) is solved with
respect to the second order of the system state x∇ (t) to obtain the target optimized gain value for the
control input. The differences between the proposed models (5, 8) and the model in Phu et al. (2020) will
be pointed out and compared in the simulation section.

Remark 2.2. The optimal controls (Basin et al., 2011, 2012) were developed based on the conventional
signum function in the input control function. These models (Basin et al., 2011, 2012) could not be
applied to a system in the presence of severe disturbances. However, the proposed optimal control (6)
with the application of the newly proposed saturation function (5) can overcome the disadvantage of the
conventional signum function. In addition, the control (Basin et al., 2012) had been chosen to compare
with the research in (Phu et al., 2020). Hence, the choice of (Phu et al., 2020) in comparison with the
proposed model expressed in Theorem 1 is a good choice for evaluating the properties instead of using the
method in (Basin et al., 2011, 2012).
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Theorem 2.1. The control system (1) with the cost function (3) is integrated with the control law (9)
and the derivative of the gain matrix function (8). Then, the optimal control state of the linear system (1)
is re-written by the system (10).

Proof. The candidate Hamiltonian function for the optimal control is established as

H (x∇, u∇, q∇, t) =
1
2

(
uT
∇R∇ (t) u∇ + xT

∇L∇ (t) x∇
)
+ qT

∇ ẋ∇ (t) . (11)

The optimal control law u∇ is then obtained by using the maximum principle
∂H
∂u∇

= 0 as

follows
u∗
∇ (t) = −R−1

∇ (t) BT
∇ (t) q∇ (t) . (12)

Now, substituting Eq. (4) into Eq. (12) yields the following main control input

u∗
∇ (t) = R−1

∇ (t) BT
∇ (t) (αQ∇ (t) funsat [x∇ (t)]) . (13)

Applying the co-state equation given by
dq∇ (t)

dt
= − ∂H

∂x∇
, the following equation is

obtained.

−dq∇ (t)
dt

= L∇ (t) x∇ (t) +
[

∂ f∇ (x∇, t)
∂x∇

]T

q∇ (t) . (14)

From Eq. (5) and the definition of f∇ (x, t), Eq. (14) can be rewritten as follows

− αQ̇∇ (t) funsat [x∇ (t)]− αQ∇ (t)
d (funsat [x∇ (t)])

dt

= L∇ (t) x (t) + α

[
∂ f∇ (x, t)

∂x∇

]T

Q∇ (t) funsat [x∇ (t)] .
(15)

Now, the derivative of f∇ (x, t) is obtained by

∂ f∇ (x, t)
∂x∇

= a1∇ + 2a2∇x∇ + 3a3∇x∇xT
∇ + ... + pap∇x∇...(p−1)times...x∇. (16)

Using Eqs. (15) and (16), the following equation is obtained

− αQ̇∇ (t) funsat [x∇ (t)]− αQ∇ (t)
d (funsat [x∇ (t)])

dt
= L∇ (t) x∇ (t)

+ α

[
a1∇ + 2a2∇x∇ + 3a3∇x∇xT

∇ + ...
+ pap∇x∇...(p−1)times...x∇

]T

Q∇ (t) funsat [x∇ (t)] .
(17)

Using the property of
∣∣∣∣d (funsat [x∇ (t)])

dt

∣∣∣∣ ≤ 1, Eq. (17) is re-expressed as follows

αQ̇∇ (t) funsat [x∇ (t)] = −L∇ (t) x∇ (t)

− α

[
a1∇ + 2a2∇x + 3a3∇x∇xT

∇ + ...
+ pap∇x∇...(p−1)times...x∇

]T

Q∇ (t) funsat [x∇ (t)]− αQ∇ (t) .
(18)

Thus, if x∇ (t) = 0, then u∇ (t) = 0. The value of Q∇ (t) is not required. If Q∇ (t) is the
solution of Eq. (8), then, the result of Eq. (10) is satisfied. On the other hand, Eq. (4) can be
written at time t = T as follows

q∇ (T) = αQ∇ (T) funsat [x∇ (T)] . =
∂J

∂x∇ (T)
=

ψ∇
α

funsat [x∇ (T)] . (19)
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Hence, the value Q∇ (T) is found from the following equation.

Q∇ (T) =
ψ∇
α2 . (20)

Now, the proof of Theorem 2.1 is completed. The flowchart of the proposed controller stated
in Theorem 2.1 is shown in Fig. 1. □

Remark 2.3. The result (20) shows that the result of the gain function is always positive. This result is
similar to the result in Phu et al. (2020).

Fig. 1. The computational flowchart of the first proposed controller scheme

2.2. Proposed model 2: Adaptive switching saturation-like gain function
In this design, the proposed gain function is described as follows

qe∇ (t) =

{
αeQe∇

(
k1sigr (xe∇) + k2δ|xe∇|xe∇

)
if |xe∇| < δ,

αeQe∇sigβ (xe∇) if |xe∇| > δ,
(21)

where k1 =
−1 − ln δ

β − δ ln δ
and k2 =

δ2β−2

β − δ ln δ
are constants associated with the setup boundary and

the order of the signum function, δ ∈
(

0, e−1
)

is the setup boundary, r = 2 − δ is the order of
the signum function in the first case, β = 1 − δ is the order of the signum function in the second
case.

Remark 2.4. The function sigr (xe∇) is defined as follows (Sai et al., 2022)

sigr (xe∇) = |xe∇|rsign (xe∇) , r > 0. (22)

Remark 2.5. The relation between the saturation and signum functions can be expressed as follows

sat (xe∇) =

{
sign (xe∇) if |xe∇| ≥ xmax

xe∇ if |xe∇| < xmax
. (23)
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Hence, the defined function (22) is a part of the saturation function, as shown in (23). The
input control ue∇ (t) is determined as follows

u∗
e∇ (t) =

{
−αeR−1

e∇Be∇
TQe∇

(
k1sigr (xe∇) + k2δ|xe∇|xe∇

)
if |xe∇| < δ,

−αeR−1
e∇Be∇

TQe∇sigβ (xe∇) if |xe∇| > δ,
(24)

where, the optimized gain function Qe∇ is found as follows

Q̇e∇ =

{
−αeLe∇x2

e∇ − ν
(
a1e∇ − αek1rx2

e∇
)

Qe∇ if |xe∇| < δ,
−αeLe∇x2

e∇ − ν
(
a1e∇ − αeβx2

e∇
)

Qe∇ if |xe∇| > δ,
(25)

where, ν is a constant. The proof of Eq. (25) is shown in Appendix B. In this case, the cost
function is defined based on (2) as follows (Phu et al., 2020)

J2 =
n

∑
i=1

ψ∇ii |xe∇ (T)|
αe

+
1
2

T∫
to

(
uT

e∇ (s) Re∇ (s) ue∇ (s) + xT
e∇ (s) Le∇ (s) xe∇ (s)

)
ds. (26)

Remark 2.6. The adaptive gain function (25) is a new contribution to developing the adaptive gain for
the optimal controllers, which preserves the main properties of the system. This modification is the main
difference compared with the gain function (8) and represents the key novelty of this investigation. This
result will help to reduce the control energy when controlling a system.

Theorem 2.2. The control system (1) with the cost function (26) is integrated with the control law (24)
and the adaptive gain matrix function (25). Then, the optimal control state of the linear system (1) is
re-written as

ẋe∇ (t) = fe∇ (xe∇, t)−
(

αeR−1
e∇ (t) Be∇

T (t) Qe∇

{(
k1sigr (xe∇) + k2δ|xe∇|xe∇

)
sigβ (xe∇)

if |xe∇| < δ
if |xe∇| > δ

})
.

(27)

Proof. The candidate of Hamiltonian function of optimal control is established by

H (xe∇, ue∇, qe∇, t) =
1
2

(
uT

e∇Re∇ (t) ue∇ + xT
e∇Le∇ (t) xe∇

)
+ qT

e∇ ẋe∇ (t) . (28)

The optimal control law ue∇ is then found by using maximum principle
∂H

∂ue∇
= 0 as follows

u∗
e∇ (t) = −R−1

e∇ (t) Be∇
T (t) qe∇ (t) . (29)

This result is identified as Eq. (24). Applying the co-state equation given by
dqe∇ (t)

dt
=

− ∂H
∂xe∇

, the following equation is obtained.

−dqe∇ (t)
dt

= Le∇ (t) xe∇ (t) +
[

∂ fe∇ (xe∇, t)
∂xe∇

]T

qe∇ (t) . (30)

Using Eq. (16), the derivative of fe∇ (xe∇, t) is written according to the state variable
xe∇ (t) as

∂ fe∇ (xe∇, t)
∂xe∇

= a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT
e∇ + ... + pape∇xe∇...(p−1)times...xe∇. (31)

Case 1. |xe∇| < δ
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Using Eqs. (21), (30), (31), the following equation is obtained

− αeQ̇e∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)
− αQe∇

d
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)

dt

= Le∇xe∇ + αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...+
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)

.

(32)
The result of (32) can be expanded as

− αeQ̇e∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)
− αQe∇

(
k1r|xe∇|r−1 + k2 (|xe∇| ln δ + 1) δ|xe∇|

)
= Le∇xe∇ + αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...+
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)

.

(33)
Thus, if xe∇ (t) = 0, then ue∇ (t) = 0. And, the value of Qe∇ (t) is not required. If Qe∇ (t)is

the solution of Eq. (33), then, the result of Eq. (25) is satisfied. On the other hand, Eq. (21) is
written at time t = T as follows

qe∇ (T) = αeQe∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)
=

∂J2

∂xe∇ (T)
=

ψ∇
αe

sat [xe∇ (T)] . (34)

Hence, the boundary value Qe∇ (T) is found from the following equation

Qe∇ (T) ≤ ψe∇
α2

e
. (35)

Case 2. |xe∇| > δ
Using Eqs. (21), (30), (31), the following equation is obtained

− αeQ̇e∇sigβ (xe∇)− αQe∇
d
(
sigβ (xe∇)

)
dt

= Le∇xe∇ + αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇sigβ (xe∇) .
(36)

The equivalent result (36) can be rewritten by

− αeQ̇e∇sigβ (xe∇)− αβQe∇|xe∇|β−1

= Le∇xe∇ + αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇sigβ (xe∇) .
(37)

Thus, if xe∇ (t) = 0, then ue∇ (t) = 0. And, the value of Qe∇ (t) is not required. If Qe∇ (t)
is the solution of Eq. (33), then, the result of Eq. (25) is satisfied. On the other hand, Eq. (21) is
written at time t = T as follows

qe∇ (T) = αeQe∇sigβ (xe∇) =
∂J2

∂xe∇ (T)
=

ψ∇
αe

sig [xe∇ (T)] . (38)

Hence, the boundary value Qe∇ (T) is found from the following equation.

Qe∇ (T) ≤ ψe∇
α2

e
. (39)

Now, the proof of Theorem 2.2 is completed. The computational procedure of Theorem 2.2
is summarized in Fig. 2. □
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Remark 2.7. The composite controls (Li, Liu, & Tong, 2022; Li, Wang, et al., 2022; Sui et al., 2016;
Tong et al., 2018) are the combinations of the optimal control with the fuzzy logic control (Sui et al., 2016;
Tong et al., 2018) or the neural networks (Li, Liu, & Tong, 2022; Li, Wang, et al., 2022).

Fig. 2. The computational flowchart of the second proposed controller scheme

3. SIMULATION EXAMPLE AND DISCUSSIONS

In this section, a simulation study is carried out to demonstrate the properties of the
proposed controllers. In addition, the proposed controllers are compared with two other state-of-
the-art controllers to demonstrate the outstanding performance of the proposed controllers. It is
noteworthy that the proposed control can be applied to any system to evaluate its performance.
Hence, a complex model of a vehicle seat suspension system treated in Phu and Mien (2020) is
used for evaluating the performance of the proposed controllers. The vehicle seat damper is
operated with magnetorheological (MR) fluid instead of conventional viscous oil. This system
belongs to the semi-active category, which can be controlled by applying the controller according
to the variation of the vibration amplitude. The dynamic model of the seat suspension with an
MR damper was adopted from the same model used in Phu and Mien (2020), and the proposed
controller 1 (Theorem 2.1), the proposed controller 2 (Theorem 2.2), the compared controller 1 in
Phu and Mien (2020), and the compared controller 2 in Kikuuwe et al. (2022) are simulated. The
governing equations of the system are derived as follows

ms ẍs = −ks (xs − x0)− cs (ẋs − ẋ0) + k1 (x1 − xs) + c1 (ẋ1 − ẋs) + FMR, (40)

m1 ẍ1 = −k1 (x1 − xs) + c1 (ẋ1 − ẋs) , (41)

The above equations are then rewritten using the state variables as follows.

ẋ11 = ẋs = x22, ẋ22 = f11 (x11, x22, x33, x44) + g11 (x11, x22, x33, x44) u,

ẋ33 = ẋ1 = x44, ẋ44 = f22 (x11, x22, x33, x44) ,
(42)
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where,

f11 (x11, x22, x33, x44) = − ks

ms
(x11 − x0)−

cs

ms
(x22 − ẋ0) +

k1

ms
(x33 − x11) +

c1

ms
(x44 − x22) ,

g11 (x11, x22, x33, x44) =
1

ms
, u = FMR, f22 (x11, x22, x33, x44) = − k1

m1
(x33 − x11)−

c1

m1
(x44 − x22) .

It is noted that x11, x22, x33, x44 are variables according to xs and x1 of the system. The
calculated result of u = FMR must be converted into the input signal to generate the required
magnetic field for MR damper. It is noted that the damping force of the MR damper is established
from the piston – rod of the damper when supporting the electric energy into the model. This
work is done by applying the relationship given as follows

FMR = (ca + cbϑ) (x44 − x22) + k0 (x33 − x11) + (αa + αbϑ) ϕ, (43)

where ϕ̇ = −κ |x44 − x22|+ λd (x44 − x22) |ϕ|+ φd (x44 − x22). Using Eq. (36), the voltage of ϑ
to be applied to MR damper is found as follows

ϑ =
FMR − [ca (x44 − x22) + k0 (x33 − x11) + αaϕ]

cb (x44 − x22) + αbϕ
. (44)

It is noted that the voltage ϑ will be converted into the input current related to the damping
force of the MR damper in real applications. The selected parameters of the suspension system
are listed in Tables 1–3.

Table 1. Parameters of the seat suspension system (Phu et al., 2020)

Parameter Value

Mass of seat ms 27 kg
Mass of driver m1 77 kg
Stiffness coefficient of seat ks 17830 N/m
Stiffness coefficient of torso k1 49340 N/m
Damping coefficient of seat cs 1500 Ns/m
Damping coefficient of torso c1 2475 Ns/m

Table 2. Parameters of MR damper (Phu et al., 2020)

Parameter Value

Stiffness of gas chamber ke 94.6166 N/m
Damping coefficient ce 794.4681 Ns/m
Piston area Ap 0.00113354 m2

Piston rod area Ar 0.0000785 m2

Gap of magnetic pole h 0.01 m
Length of magnetic pole L 0.05 m
MR inherent coefficient α1 26.77185
MR inherent coefficient α2 0.60444
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Table 3. Parameters to calculate control current for MR damper (Phu et al., 2020)

Parameter Value

Linear spring stiffness k0 0 N/m
Viscous damping coefficient ca 990 Ns/m
Viscous damping coefficient influenced by v cb 3095 Ns/m V
Stiffness of φd αa 545 N/m
Stiffness of φd influenced by v αb 620 N/mV
Positive parameter of hysteresis loop φ 4
Positive parameter of hysteresis loop κ 48
Positive parameter of hysteresis loop λ 48

Fig. 3. Power spectral density index (PSD) of four controllers

(a) Large scale 1 (b) Large scale 2

Fig. 4. Large scale of power spectral density (PSD) of four controllers

The simulation results are depicted in Figs. 3–9. Figs. 3 and 4 present a general view of
the four compared controllers, displaying the power spectral density of the displacement. All
four controllers demonstrate efficiency in controlling the severe disturbance, as shown in Fig. 3.
However, the proposed controller 1 (Theorem 2.1) and proposed controller 2 (Theorem 2.2)
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Fig. 5. Displacement response of the proposed controller 2

outperform the compared controllers, as shown in Fig. 4(a). Fig. 4(b) provides a clearer view of
the proposed controller 1 and proposed controller 2, demonstrating that proposed controller 2
performs better than the other controllers. The reduction of the vibration amplitude achieved by
proposed controller 2 can be observed in Fig. 5. It is noted that the large reduction in Fig. 5 is only
obtained in simulation because of the properties of software with a fixed model of disturbance
or data. This result may differ when applied in real applications with continuous disturbances
from the unmodeled vibration of the machine. In the following analysis, the gain responses
are reviewed. It is noteworthy that the adaptive gain function model is designed in proposed
controller 1, proposed controller 2, and compared controller 1. The adaptive gain value in
proposed controller 2 is stable and nearly zero, as shown in Fig. 6(b). This result differs from the
adaptive gain of proposed controller 1 in Fig. 6(a) and compared controller 1 in Fig. 7. It is also
important to point out that proposed controller 2 is the outstanding model for compensating
the severe disturbance. After analyzing the gain values, the input control signals representing
the power consumption of the four controllers are shown in Figs. 8 and 9. In these figures, the
input force control of proposed controller 2 is stable and optimized, which is better than the
other controllers. It is worth noting that the fluctuation in the input force control of proposed

(a) Proposed controller 1 (b) Proposed controller 2

Fig. 6. Gain response
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Fig. 7. Gain response of the compared controller 1 (Phu et al., 2020)

(a) Proposed controller 1 (b) Proposed controller 2

Fig. 8. Main input control

model 1 is also better than compared control 1, as shown in Figs. 8(a) and 9(a). Although the
input force control of compared control 2 is stable, and its energy consumption is less than that
of the other controls, its performance is not as good as shown in Fig. 4. It is clearly seen that the
control forces of the proposed controllers 1 and 2 applied to the suspension system to suppress
unwanted vibration are lower than those of the two compared controllers. This result directly
indicates the lower power consumption to operate the vehicle seat suspension with MR damper.
Generally, the proposed controls and the comparison controls demonstrate good performance
under severe disturbances and uncertainties. The proposed control has significantly improved
the operation through the PSD index by 84.442%, compared with 83.696% for the compared
controls, as shown in Figs. 3 and 4. From the above results through the simulation with severe
disturbance at the input data, the proposed control also shows potential for application in real
systems, especially in devices with high amplitudes of vibration, and uncertainties. In addition,
the proposed control can be applied in the case of cyber-attack phenomena to stabilize the
operation of the system with the flexible mechanism in the state changes.



36 Xuan Phu Do

(a) Compared controller 1 (Phu et al., 2020) (b) Compared controller 2 (Kikuuwe et al., 2022)

Fig. 9. Main input control

4. CONCLUSION

In this study, two new models of the optimal control method based on two newly suggested
adaptive gains are proposed and their performances are presented. The modified saturation
functions are designed and applied to the proposed controllers. These proposed saturation
functions are used to replace the conventional signum function in the control input to improve
the system performance in response to severe disturbance and non-smooth vibration. In the
first model, the saturation function with its differentiable property is described. A suggested
modification in the denominator of the first model allows the saturation function to be differ-
entiable with respect to time, while maintaining the conventional properties. In the second
model, a new saturation-like function using the exponential signum function is applied. This
model is divided into two cases depending on the boundary of the displacement. The applied
cases are considered for controlling the non-smooth vibration or for operation under severe
disturbance. The proposed models overcome the disadvantage of the conventional saturation
function and open new perspectives in the design of adaptive optimal control laws with adaptive
gain functions. After mathematically proving the stability of the system under the proposed
controllers, the simulation of the proposed controllers is carried out. In the simulation, an auto-
mobile suspension with non-smooth vibration is used for evaluating the proposed controllers
(Theorems 2.1 and 2.2). In addition, the simulation results are compared with the two existing
controllers (Kikuuwe et al., 2022; Phu et al., 2020). Both the proposed controllers show their
good performance in the non-smooth environment. It is clearly demonstrated that the second
proposed controller (Theorem 2.2) outperforms the first proposed controller (in non-smooth vi-
bration). These simulation results could serve as a basis for designing better optimal controllers
that can adapt well to the properties and operating environments of the control systems. The
results provide a foundation for application in real systems to overcome the limitations caused
by disturbances, and save energy in control.
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∇ (t) BT
∇ (t) Q∇ (t) x∇(t), (A.2)
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where, the gain matrix Q∇ (t) is found from
dq∇
dt

= − ∂H
∂x∇

, and the Hamilton function

H (x∇, u∇, q∇, t) =
1
2

(
uT
∇R∇ (t) u∇ + xT

∇L∇ (t) x∇
)
+ qT

∇ ẋ∇ (t) as follows

αQ̇∇ (t) x∇ (t) + αQ∇ (t) ẋ∇ (t) = −L∇ (t) x∇ (t)−
[

∂ f∇ (x∇, t)
∂x∇

]T

(αQ∇ (t) x∇ (t))

⇔ αQ̇∇x∇(t) = −L∇ (t) x∇ (t)− [a1∇(t) + 2a2∇(t)x∇(t) + 3a3∇(t)x∇(t)xT
∇(t)

+ ... + pap∇(t)x∇(t)...p−1 times...x∇(t)]
T (αQ∇(t)x∇(t))

− αQ∇(t)[a0∇(t) + a1∇(t)x∇(t) + a2∇(t)x∇(t)xT
∇(t) + ... + ap∇(t)x∇(t)...p−1 times . . . x∇(t)]

+ α2Q∇(t)B∇(t)R∇
−1(t)B∇

T(t)Q∇(t)x∇(t)

⇔ Q̇∇ (t) = −1
α

L∇ (t)− [a1∇(t) + 2a2∇(t)x∇(t) + 3a3∇(t)x∇(t)xT
∇(t)

+ ... + pap∇(t)x∇(t)...p−1 times...x∇(t)]
TQ∇(t)− Q∇(t)a0∇(t)x∇−1(t)

− Q∇(t)[a1∇(t) + a2∇(t)x(t) + a3∇(t)x∇(t)xT
∇ + · · ·+ ap∇(t)x∇(t). . .p−1 times, . . . x∇(t)]

+ αQ∇(t)B∇(t)R∇
−1(t)B∇

T(t)Q∇(t).
(A.3)

From Eq. (A.2), the new gain matrix αQ∇ (t) x∇ (t) can be rewritten by Q∆∆ = αQ∇ (t) |x∇ (t)|.
The derivative of the new modified gain matrix is derived as follows

Q̇∆∆ (t) =
d(αQ∇(t)x2

∇(t))
dt

= α
dQ∇(t)

dt
|x∇(t)|+ αQ∇(t)

d(|x∇(t)|)
dt

= −L∇(t) |x∇(t)| − α([a1∇(t) + 2a2∇(t)x∇(t) + 3a3∇(t)x∇(t)xT
∇ + ...

+ pap∇(t)x∇(t)...p−1 times, . . . x∇(t)]TQ∇(t)) |x∇(t)| − αQ∇(t)a0∇(t)

− α(Q∇(t)[a1∇(t) + a2∇(t)x∇(t) + a3∇(t)x∇(t)xT
∇ + · · ·

+ ap∇(t)x∇(t). . .p−1 times, . . . x∇(t)] |x∇(t)|
+ α2Q∇(t)B∇(t)R∇

−1(t)B∇
T(t)Q∇(t)) |x∇(t)|

+ αQ∇(t)a0∇(t) + αQ∇(t)[a1∇(t) + a2∇(t)x∇(t) + a3∇(t)x∇(t)xT
∇ + · · ·

+ ap∇(t)x∇(t). . .p−1 times, . . . x∇(t)] |x∇(t)| − αR−1
∇ (t)B∇

T(t)Q∇(t) |x∇(t)|)
= −L∇(t) |x∇(t)| − α[a1∇(t) + 2a2∇(t)x∇(t) + 3a3∇(t)x∇(t)xT

∇ + . . .

+ pap∇(t)x∇(t). . .p−1 times, . . . x∇(t)]TQ∇(t)) |x∇(t)| .

(A.4)

APPENDIX B. DERIVATION OF EQ. (25)

Consider the optimal control problem for the system (1) with respect to the Bolza criterion
without a non-integral term

Je =
1
2

T∫
to

(
uT

e∇ (s) Re∇ (s) ue∇ (s) + xT
e∇ (s) Le∇ (s) xe∇ (s)

)
ds. (B.1)

Using Eq. (21), the optimal control law is found as follows

u∗
e∇ (t) = −R−1

e∇ (t) Be∇
T (t) qe∇ (t)

=

{
−αeR−1

e∇Be∇
TQe∇

(
k1sigr (xe∇) + k2δ|xe∇|xe∇

)
if |xe∇| < δ,

−αeR−1
e∇Be∇

TQe∇sigβ (xe∇) if |xe∇| > δ,

(B.2)
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where the gain matrix Qe∇ (t) is found from
dqe∇

dt
= − ∂H

∂xe∇
, and the Hamilton function

H (xe∇, ue∇, qe∇, t) =
1
2

(
uT

e∇Re∇ (t) ue∇ + xT
e∇Le∇ (t) xe∇

)
+ qT

e∇ ẋe∇ (t) as follows:

Case 1. |xe∇| < δ
Using Eqs. (21), (30), (31), the following equation is obtained

− αeQ̇e∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)
− αeQe∇

d
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)

dt

= Le∇xe∇ + αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)

⇔ −αeQ̇e∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)
− αeQe∇

(
k1r|xe∇|r−1 + k2 (|xe∇| ln δ + 1) δ|xe∇|

)
= Le∇xe∇ + αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇
(

k1sigr (xe∇) + k2δ|xe∇|xe∇
)

⇔ Q̇e∇ = − 1
αe
(
k1sigr (xe∇) + k2δ|xe∇|xe∇

)Le∇xe∇

−
[

a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT
e∇ + ...+

+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇

− Qe∇

(
k1r|xe∇|r−1 + k2 (|xe∇| ln δ + 1) δ|xe∇|

)
(
k1sigr (xe∇) + k2δ|xe∇|xe∇

) .

(B.3)

The result (B.3) can be analyzed following inequality method as follows

⇔ Q̇e∇ ≤ −αeLe∇ |xe∇| − a1e∇Qe∇ + αeQe∇k1r|xe∇|r−1

≤ −αeLe∇x2
e∇ − νa1e∇Qe∇ + αeνQe∇k1rx2

e∇.
(B.4)

From Eq. (B.4), the new gain matrix Qe∇ (t) can be found following the derivative of the
new modified gain matrix as follows

Q̇e∇ = −αeLe∇x2
e∇ − ν

(
a1e∇ + αek1rx2

e∇
)

Qe∇. (B.5)

Case 2. |xe∇| > δ
Using Eqs. (21), (30), (31), the following equation is obtained

− αeQ̇e∇sigβ (xe∇)− αeQe∇
d
(
sigβ (xe∇)

)
dt

= Le∇xe∇

+ αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇sigβ (xe∇)

⇔ Q̇e∇ = − 1
αesigβ (xe∇)

Le∇xe∇

−
[

a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT
e∇ + ...

+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇ − 1
sigβ (xe∇)

βQe∇|xe∇|β−1.

(B.6)
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The result (B.6) can be analyzed following inequality method as follows

⇔ −αeQ̇e∇sigβ (xe∇)− αeβQe∇|xe∇|β−1 = Le∇xe∇

+ αe

[
a1e∇ + 2a2e∇xe∇ + 3a3e∇xe∇xT

e∇ + ...
+ pape∇xe∇...(p−1)times...xe∇

]T

Qe∇sigβ (xe∇)

⇔ Q̇e∇ ≤ −αeLe∇ |xe∇| − a1e∇Qe∇ + αeQe∇β|xe∇|β−1

≤ −αeLe∇x2
e∇ − νa1e∇Qe∇ + αeνQe∇βx2

e∇.

(B.7)

From Eq. (B.7), the new gain matrix Qe∇ (t) can be found following the derivative of the
new modified gain matrix as follows

Q̇e∇ = −αeLe∇x2
e∇ − ν

(
a1e∇ + αeβx2

e∇
)

Qe∇. (B.8)
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