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Abstract. This study investigates the nonlinear second-order differential equation ẍ + f (x)ẋn +
g(x)w(x) = 0, n = 1, 2, 3, ... and ẍ + g(t)ẋm + k(t)W(x) = 0, m = 1, 2, 3, ... which model a class
of dynamical systems characterized by velocity-dependent nonlinearities and nontrivial oscilla-
tory behavior. By employing the method of nonstandard Lagrangians, we derive a systematic
variational framework for such equations, enabling the identification of a number of properties
that are not accessible through traditional Lagrangian formulations. The resulting first inte-
grals and implicit solutions provide insight into the complex dynamics of the system, including
amplitude-dependent oscillations and stability properties. This approach highlights the relevance
of nonstandard Lagrangians in capturing the behavior of nonlinear, dissipative, or nonconservative
systems, offering both theoretical and practical tools for the analysis of advanced mechanical,
physical, and engineering models. Our approach may be used also, after a suitable change of
coordinate, to describe complex biological systems such as the Susceptible–Infectious–Recovered
model. An analogy with a position-dependent mass system is also addressed.

Keywords: non-standard Lagrangians, nonlinear oscillations.

1. INTRODUCTION

The huge development of computer-aided techniques used for solving nonlinear dynamical
systems has naturally pushed many researchers in different fields of science to extend diverse
non-standard calculus of variations in many dissimilar contexts. During the last decades, there
has been more attention paid to studying nonlinear oscillators with quadratic damping (NOQD)
because of the enormous series of applications in applied sciences and mainly in hydrological
drag and aerodynamics problems (Madison, 2012; Yamamoto & Nath, 1976) among others
(Fay, 2012; Smith, 2012). Quadratic damping arises in general in fluid flows subject to high
velocity. In general, the drag force is the sum of linear and quadratic terms. The linear term
dominates the dynamics for slow fluid flows, whereas for high flow velocity the quadratic
term is dominant. This behavior is useful to explore isenthalpic oscillations in a saturated
two-phase fluid as done in Madison (2012) and to study the oscillatory flows around a cylinder
as done in Yamamoto and Nath (1976). To model the phenomenon of damping, in particular
at higher velocities one needs to introduce by hand a quadratic nonlinearity in the dynamical
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equation of motion mainly in the form −sign(ẋ)ẋ2, ẋ = dx
/

dt being the velocity of the body
(Pandey et al., 2016). Usually, the equation of motion with quadratic damping is tricky to solve,
and most of these equations require numerical approaches. In general, nonlinear dynamical
sciences arise in several fields of science and engineering, e.g., in mechanics, astrophysics,
hydrodynamics, and so on (Epstein & Pojman, 1998; Miwadinou, Monwanou, Hinvi, & Orou,
2018; Miwadinou, Monwanou, Koukpemedji, et al., 2018; Nayfey & Mook, 1979; Olabodé et al.,
2019; Poston & Stewart, 1978). The Helmholtz oscillator is one typical example of a nonlinear
oscillator that arises in acoustics and naval engineering (Spyrou et al., 2002; Thompson, 1997)
and is used to analyze the dynamics of the Lotka–Volterra system (Fangnon et al., 2020), where
a generalized Helmholtz oscillator containing linear, impure quadratic, and pure quadratic
damping coefficients was introduced. One of the original features of the nonlinear damping
model introduced in Fangnon et al. (2020) is the new model of the Helmholtz equation obtained
by reducing the number of variables of the prey-predator Lotka–Volterra system. The main aim
of the present work is to prove that the generalized Helmholtz equation, or NOQD, may be
obtained from the fundamental problem of the calculus of variations through different types
of Lagrangian functionals motivated from geometrical setup. The Lagrangian function serves
as a central element in describing dynamical systems and offers an amalgamated frame for
addressing a large band of complex physical problems. Lagrangian functions are required to
describe real-world dynamical problems, mainly when using the variational approach.

The first type of Lagrangian is standard and has the mathematical form L1 = eβxL where
β is a real constant and L is the conventional Lagrangian. In geometrical field theories, the
factor eβx is identified to a dilaton field. The second type has the mathematical non-standard
Lagrangian (NSL) structure L2 = eβxL1+ε, ε is another real constant. The third type is L3 = eβxeεL

which extends the exponential NSL. We would like also to prove that NOQD may be also
obtained from these special forms of Lagrangians and also from their higher-order derivative
structures, i.e., higher-order non-standard Lagrangians (HONSL). In general, higher-order
Lagrangian equations containing the higher-order time derivative of generalized coordinates
play a crucial role in different branches of applied sciences and theoretical physics (Gràcia
et al., 1991; Hong-Xia et al., 2008; Mei et al., 1991). Besides, recent advances in the geometric
formulation of the higher-derivative Hamilton and Lagrangian dynamics show that the latter
can give a precise and natural formulation of many aspects of field theories (Román-Roy, 2009;
Skinner, 1983; Vitagliano, 2010). Such a formulation is familiar and is based on a generalization
to higher derivative Lagrangian field theory of the mixed Lagrangian–Hamiltonian formalism,
i.e., including higher-order derivatives of the generalized coordinates with respect to time
(Andrianov et al., 1996; Bender & Mannheim, 2008; Borges et al., 2019; Crampin et al., 2010;
T. Kamalov, 2013; T. F. Kamalov, 2009, 2020; Leon & Rodrigues, 1985; Simon, 1990a, 1990b;
Skinner & Rusk, 1983a, 1983b; Suykens, 2009). Higher-order derivatives in classical mechanics
date back to 1848 since Ostrogradsky and Jacobi introduced the basis of “generalized classical
mechanics” (Crampin et al., 2010). The topic was chiefly explored in theoretical physics and
applied mathematics ranging from electromagnetic theory with second-order derivatives to field
theories and modern geometric methods (Aldaya & Azcarraga, 1992; Simon, 1990a; Vitagliano,
2011; Vitagliano, 2010; Yong-Fen et al., 2002). From the other side, the theory of NSL, which is
characterized by ”deformed kinetic energy and potential energy terms,” has recently gained
particular awareness due to its motivating implications in applied mathematics and theoretical
physics, mainly dissipative dynamical systems and the theory of nonlinear differential equations
(Cariñena & Núñez, 2016a, 2016b; Cariñena & Guha, 2019; Cariñena et al., 2005; Cieśliński &
Nikiciuk, 2010; Davachi & Musielak, 2019; El-Nabulsi, 2012, 2013a, 2013b, 2013c, 2014, 2015a,
2020b; El-Nabulsi et al., 2013; El-Nabulsi, 2013d; El-Nabulsi, 2015b; Jiang et al., 2019; Musielak,
2008, 2009; Musielak et al., 2008, 2020a; Musielak et al., 2020b; Saha & Talukdar, 2014; Song &
Zhang, 2018; Zhang & Wang, 2019; Zhang & Zhou, 2016; Zhou & Zhang, 2016). NSL are just
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the generating functions for the basic equations, as pointed out by Arnold (1978). As proved by
Musielak et al. (2020a) and Musielak et al. (2020b), NSL should be regarded as new generating
functionals for dynamical equations. A large number of conventional equations of motion may
be derived from both standard and NSL if supplementary constraints connected to the Lie group
were used, which leads to a novel phenomenon in the calculus of variations.

The paper is organized as follows: In Section 2, we introduce three types of Lagrangians,
we set up their corresponding Euler–Lagrange equations, and we discuss several illustrations;
in Section 3, we discuss their associated higher-order derivative Lagrangians; a discussion is
done in Section 4, and conclusions are given in Section 5.

2. STANDARD AND NON-STANDARD LAGRANGIANS

To start with the first standard Lagrangian L1 = eβxL, we consider a one-dimensional
dynamical system. Let x ∈ C1[a, b], L(ẋ, x, t) be a smooth extended Lagrangian function where
(ẋ, x, t) → L1(ẋ, x, t) ≡ L1 (for convenience) is assumed to be a C2 function with respect
to its arguments and satisfying fixed boundary conditions x(a) = xa and x(b) = xb with

corresponding action functional defined by: S =
∫ b

a
L1(ẋ, x, t)dt =

∫ b

a
eβxLdt. It should be

stressed that the idea of introducing an exponential global factor in a Lagrangian was addressed
in the literature by Caldirola (1941) and Kanai (1948). In their approach, an oscillator of mass m
and subject to a damping term η ∝ m−1 and a frequency ω0 is characterized by the Lagrangian
L = 1

2 eηt(ẋ2 − ω2
0x2). The conventional lemma of the calculus of variations yields the following

2nd-order differential equation ẍ + ηẋ + ω2
0x = 0 satisfying the Euler–Lagrange equation and

which is characterized by a linear damping term. A comparable approach has been introduced by
Bateman (1931) who introduced the Lagrangian L = mẋẏ + γ

2 (xẏ − ẋy)− kxy (m is the mass of
the body, γ is the damping constant, and k is the spring constant), The Euler–Lagrange equation
gives mẍ + γẋ + kx = 0 for the damped oscillator, and mÿ − γẏ + ky = 0 for the amplified
oscillator (emergence of a negative friction) (Vestal & Musielak, 2021). The transformation
(x, y, γ) → (y, x,−γ) relates the two equations. The resulting Hamiltonian gives irrelevant
solutions that must be eliminated. For the case of damped oscillators, the Lagrangian is time-
dependent. The construction of time-independent Lagrangian functions for dissipative systems
has been discussed largely in the literature, and one typical example is the work of Bateman. In
our approach, the exponential global factor is position-dependent and not time-dependent. In
Bateman and Caldirola–Kanai approaches, quadratic nonlinearity in the dynamical equation of
motion is not obtained. In general, the Lagrangian L1 = eβxL has not been considered in the
literature to the best of our knowledge. Therefore, it will be interesting to study the effects of

∂L
∂x

− d
dt

(
∂L
∂ẋ

)
+ βL − βẋ

∂L
∂ẋ

= 0. (1)

The proof of Eq. (1) is straightforward and is a consequence of the principle of the calculus
of variations (Cline, 2018). On the other hand, for L2 = eβxL1+ε the following Euler–Lagrange
equation holds:

∂L
∂x

− d
dt

(
∂L
∂ẋ

)
− βẋ

∂L
∂ẋ

− ε

L
∂L
∂ẋ

(
ẋ

∂L
∂x

+ ẍ
∂L
∂ẋ

)
+

β

1 + ε
L = 0. (2)

Eq. (2) is reduced to Eq. (1) for ε = 0. In the following subsections, a number of illustrations
will be presented for each type of Lagrangians:

2.1. The case of the standard Lagrangian L1 = eβxL
We start by the following Lagrangian

L = 1
2 ẋ2 − m2x, (3)
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where m is a real constant. Eq. (1) gives the following NOQD:

ẍ +
β

2
ẋ2 + βm2x + m2 = 0. (4)

Eq. (4) corresponds in fact to an oscillator with strong quadratic damping force (Cveticanin,
2009) (Helmholtz equation) and the solution is given in terms of the Jacobi elliptic function cn
by:

x(t) = − 1
β
+ A + Bcn2(±ωt + C, K2), (5)

where cn is the Jacobi elliptic function, ω is the frequency, K is the modulus of the function and
A, B, C are real constants. In fact, deriving Eq. (5) with respect to time and after replacing into
Eq. (4) gives:

ω2 =
3 + 2βB

2
(

β2B2 + 4
3 βB + 6

) , (6)

K2 =
βB

2βB + 3
, (7)

A + m2 =
−3B + βB2

6 + 2βB + β2B2 , (8)

whereas the constants B and C are obtained from the initial conditions: x(t0) = q(0) and
ẋ(t = t0) = ẋ(0) where

ẋ = −2Bωcn
(
±ωt + C, K2) sn

(
±ωt + C, K2)dn

(
±ωt + C, K2) . (9)

Here sn and dn are the Jacobi elliptic functions (Byrd & Friedman, 1954). It is obvious from
Eqs. (6) and (7) that ω2 > 0 and K2 > 0 if B < 0 and β < 0 or B > 0 and β > 0. We plot in Fig. 1
the variations of Eq. (5) after fixing the parameters for suitable values. The following MATLAB
program 1 is used:

1 clear all

2 clc

3 A = 1;

4 B = 1;

5 C = 0;

6 K = sqrt (5);

7 beta = -15/9;

8 omega = [1 5];

9 t = linspace(0, 3, 500);

10 m = K^2;

11 fig1 = figure(’Color ’, ’w’);

12 hold on;

13 for i = 1: length(omega)

14 u = omega(i) .* t + C;

15 x = (-1/beta) + A + B .* jacobiCN(u, m).^2;

16 plot(t, x, ’LineWidth ’, 2, ’DisplayName ’, [’\omega␣=␣’ num2str(omega

(i))]);

17 end

18 xlabel(’t’);

19 ylabel(’x(t)’);

20 title(’x(t)␣depending␣on␣\omega␣(positive␣frequency)’);

21 legend(’Location ’, ’best’);

22 hold off;

23 exportgraphics(fig1 , ’signe_de_omega_positive.png’, ’BackgroundColor ’, ’

white’);

24
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25 fig2 = figure(’Color ’, ’w’);

26 hold on;

27 for i = 1: length(omega)

28 v = -omega(i) .* t + C;

29 y = (-1/beta) + A + B .* jacobiCN(v, m).^2;

30 plot(t, y, ’LineWidth ’, 2, ’DisplayName ’, [’\omega␣=␣’ num2str(omega

(i))]);

31 end

32 xlabel(’t’);

33 ylabel(’x(t)’);

34 title(’x(t)␣depending␣on␣ -\omega␣(negative␣frequency)’);

35 legend(’Location ’, ’best’);

36 hold off;

37 exportgraphics(fig2 , ’signe_de_omega_negative.png’, ’BackgroundColor ’, ’

white’);

Fig. 1. Variations of Eq. (5) for two different ω

Surprisingly, we have obtained a quadratic damping oscillator starting from a linear po-
tential and not by the conventional quadratic potential. In fact, a linear potential is widely
explored in quantum mechanics, e.g., quantum motion of a particle in a gravitational field
(Berberan-Santos et al., 2005). For small K, we may use the following rules (Milne-Thomson,
1950):

sn
(
ωt, K2) = sin (ωt)− 1

4
K2 cos (ωt)

(
ωt − 1

2
sin (2 (ωt))

)
, (10)

cn
(
ωt, K2) = cos (ωt) +

1
4

K2 sin (ωt)
(

ωt − 1
2

sin (2 (ωt))
)

, (11)

dn
(
ωt, K2) = 1 − 1

2
K2 sin2 (ωt) , (12)

and the graphical solution is represented accordingly by Fig. 2.



6 Rami Ahmad El-Nabulsi, Waranont Anukool

Fig. 2. Approximate solutions by the design scheme for different values of the frequency. We observe
that the frequencies of oscillations are slower than those illustrated in Fig. 1, which is expected due to the

mathematical nature of the Jacobi elliptic functions

We plot in Fig. 3, the variations of the phase space for three different values of the frequency
based on MATLAB program 2:

1 clear all

2 clc

3 A = 1;

4 B = 1;

5 C = 0;

6 K = sqrt (5);

7 beta = -15/9;

8 omega = [1 5 10];

9 t = linspace(0, 5, 150);

10 m = K^2;

11 fig1 = figure(’Color ’, ’w’);

12 hold on;

13 for i = 1: length(omega)

14 u = omega(i) .* t + C;

15 cn = jacobiCN(u, m);

16 sn = jacobiSN(u, m);

17 dn = jacobiDN(u, m);

18 x = (-1/beta) + A + B .* cn.^2;

19 dxdt = -2 * B * omega(i)^2 .* cn .* sn .* dn;

20 plot(x, dxdt , ’LineWidth ’, 1, ’DisplayName ’, [’\omega␣=␣’ num2str(

omega(i))]);

21 end

22 xlabel(’x’);

23 ylabel(’dx/dt’);

24 title(’Phase␣Portrait:␣dx/dt␣vs.␣x␣for␣positive␣\omega ’);

25 legend(’Location ’, ’best’);

26 hold off;

27 exportgraphics(fig1 , ’signe_de_omega_positive.png’, ’BackgroundColor ’, ’

white’);

28

29 fig2 = figure(’Color ’, ’w’);

30 hold on;
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31 for i = 1: length(omega)

32 u = -omega(i) .* t + C;

33 cn = jacobiCN(u, m);

34 sn = jacobiSN(u, m);

35 dn = jacobiDN(u, m);

36 x = (-1/beta) + A + B .* cn.^2;

37 dxdt = -2 * B * omega(i)^2 .* cn .* sn .* dn;

38 plot(x, dxdt , ’LineWidth ’, 1, ’DisplayName ’, [’-\omega␣=␣’ num2str(-

omega(i))]);

39 end

40 xlabel(’x’);

41 ylabel(’dx/dt’);

42 title(’Phase␣Portrait:␣dx/dt␣vs.␣x␣for␣negative␣\omega ’);

43 legend(’Location ’, ’best’);

44 hold off;

45 exportgraphics(fig2 , ’signe_de_omega_negative.png’, ’BackgroundColor ’, ’

white’);

Fig. 3. This figure illustrates the phase plane between velocity and displacement of the system for different
frequencies. Each point in the phase space represents a possible state of the system. The orbits are closed
and have constant energy. For large amplitudes, the tori broaden and begin to extend beyond and finally
merge to form a single identical enlarged torus. At this point, the oscillator undergoes quasiperiodic

motions

For small K, the following phase portrait in Fig. 4 holds.
As a 2nd illustration, we consider the following Lagrangians:

L = 1
2 ẋ2 − m2(x + ẋ), (13)

L = 1
2 ẋ2 − αxẋ − m2x, (14)

where α is a real parameter. Both Lagrangians result in the following NOQD:

ẍ +
1
2

βẋ2 + βm2x + m2 = 0. (15)
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Fig. 4. This figure illustrates the phase plane between velocity and displacement of the system for
different frequencies for small K. As we increase the amplitude, the torus does not largely broaden, yet it

begins to extend beyond to form a single identical enlarged torus

This equation is comparable to Eq. (4), and the solution is given by Eq. (5). Eq. (4) or (15)
belongs in general to the family of Helmholtz oscillators used in control mechanisms (Sanjuán,
1999). The Lagrangians (13) and (14) are gauge equivalent to the Lagrangian (3), therefore
leading to similar results; the only point is that when multiplied by the function eβx the added
gauge term is not a gauge term anymore.

Remark 1. It is notable that we have considered a standard, or mechanical type Lagrangian L, which
is defined by a Lagrangian defined by a conformally flat Riemann structure and a basic function (see
(Benenti, 2005; Cariñena et al., 2014; Crampin & Sarlet, 2001) and references therein), i.e., we only
consider as L one defined by a multiple of a Euclidean metric (the factor is the constant mass). Then,
L1 is an interesting example of natural Lagrangians, in the generalized sense, for which the Riemann
structure is conformally flat, i.e., a multiple by a function, which plays the role of a position-dependent
mass m(x) of a Euclidean metric. These systems are called position-dependent mass systems and have
received a lot of attention during the last years (Cruz y Cruz et al., 2008; Cruz y Cruz & Rosas-Ortiz,
2009; Dong et al., 2007; El-Nabulsi, 2020a, 2020c; Eshghi et al., 2018; Mustafa, 2015; Yu et al.,
2004). To prove this, one can consider the Lagrangian L = 1

2 m(x)ẋ2 − V(x). It is easy to verify that
its associated equation of motion is given by ẍ + 1

2
m′(x)
m(x) ẋ2 + 1

m V ′(x) = 0. By letting m(x) = eβx,

we obtain the quadratic Liénard type equation ẍ + 1
2 βẋ2 + 1

m V ′(x) = 0 which is well-known in the
literature (Gubbiotti & Nucci, 2015; Tiwari et al., 2013). Therefore a system with a quadratic in velocity
damping ẍ + f (x)ẋ2 + g(x) = 0 corresponds to the motion of a position-dependent mass system for a

mass function such that m(x) = exp(2
∫

x f (ζ)dζ) and a potential function V(x) =
∫

xg(ζ)dζ. For

V(x) = m2xeβx, we obtain equation (4).

2.2. The case of the standard Lagrangian L2 = eβxL1+ε

We start by considering the NSL:

L = ẋ + mx, (16)
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where m is a real parameter and i =
√
−1 ∈ C. It is easy to verify using Eq. (2) that the resulting

equation of motion takes the subsequent form:

εẍ − (1 − ε)mẋ︸ ︷︷ ︸
linear damping

− mβ
1 − ε

1 + ε
xẋ︸ ︷︷ ︸

hybrid damping

+
βε

1 + ε
ẋ2︸ ︷︷ ︸

pure quadratic damping

− β

1 + ε
m2x2 − m2x︸ ︷︷ ︸

terms generated from a quartic potential

= 0. (17)

This equation belongs to the modified Helmholtz equation introduced in Fangnon et al.
(2020), or the so-called Liénard-type second-order differential equation which takes the form
ẍ + f (x)ẋ2 + g(x)ẋ + w(x) = 0. In particular for ε = 1 and m → im with i =

√
−1 ∈ C, Eq. (17)

is reduced to:
ẍ +

β

2
ẋ2 + m2x +

β

2
m2x2 = 0, (18)

where the solution is given by in general x = a cos(Ωt + φ) where a is the amplitude, Ω is the
frequency and φ is the phase of oscillations. These parameters are subject to several constraints
discussed in detail in Fangnon et al. (2020). It was observed the solution exhibits phenomena of
resonance, hysteresis, and chaos. Similar dynamics were detected also in Olabodé et al. (2019)
in the analysis of nonlinear dynamics of chemical oscillations governed by a forced modified
Van der Pol–Duffing oscillator subject to fluctuating hydrodynamic drag forces. In Hu (2006,
2007), Mickens (1995), Porwal and Vyas (2008), and Soliman and Thompson (1992), comparable
nonlinear oscillators having quadratic and mixed-parity types of nonlinearities in stiffness were
studied. It should be stressed that deriving the correct equation of motion from a complexified
action was discussed largely in literature ranging from classical to quantum dynamics (El-
Nabulsi, 2009, 2017; El-Nabulsi & Wu, 2012; Mandal & Mahajan, 2015; Sbitnev, 2009). Notably,
these complexified Lagrangian systems are also characterized by complex Hamiltonians. One
might ask what happens if solutions are not real-valued for physical observables. One naturally
expects the energy to be complex, which may deform the trajectories of the particle, i.e., complex
and chaotic trajectories as observed in quantum systems (Bender et al., 2007). However, the
association of classical mechanics with quantum systems having continuous spectra requires a
careful study.

A slight change in the NSL (16) in the form L = x + mẋ + a with a being a real parameter
will result in the following generalized Helmholtz equation:

εm2 ẍ −
(

1 − ε − aβ +
2aβ

1 + ε

)
mẋ︸ ︷︷ ︸

linear damping

−
(

2
1 + ε

− 1
)

βmxẋ︸ ︷︷ ︸
hybrid damping

− βm2
(

1
1 + ε

− 1
)

ẋ2︸ ︷︷ ︸
pure quadratic damping

− β

1 + ε
x2 −

(
2aβ

1 + ε
+ 1
)

x − a +
βa2

1 + ε︸ ︷︷ ︸
terms generated from quartic potential

= 0.
(19)

where the solution is presented also in Fangnon et al. (2020) and Olabodé et al. (2019). The
main difference between Eqs. (17) and (19) lies in the form of the quartic potential. In Eq. (14),
the quartic potential is V(x) = A1x4 + B1x2 + C1 whereas in (19) it takes the form V(x) =
A2x4 + B2x2 + C2x + D1 where A1, B1, ... are real parameters.

As a 2nd illustration, we consider the NSL:

L = (ẋ − mx)ecx, (20)
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where c is a real parameter. Eq. (20) gives the following generalized Helmholtz equation:

εẍ −
(

β

1 + ε
− β − εc

)
ẋ2︸ ︷︷ ︸

pure quadratic damping

−m
(

β − c − 2β

1 + ε
+ εc

)
xẋ︸ ︷︷ ︸

hybrid damping

− m(ε − 1)ẋ︸ ︷︷ ︸
linear damping

−m2
(

β

1 + ε
+ c
)

x2 − m2x︸ ︷︷ ︸
quartic potential

= 0.
(21)

One more time, for specific values of the parameter, this equation may be reduced to an
equation similar to Eq. (15) and its solution is also given by x = a cos(Ωt + φ)(Fangnon et al.,
2020; Olabodé et al., 2019). These illustrations prove the effect of NSL for producing the modified
or generalized Helmholtz equation suitable to describe nonlinear oscillations physics. Again,
Eq. (21) may describe, for suitable choices of the parameters, a quartic oscillator.

Remark 2. It is possible to eliminate the quadratic change in the Liénard-type differential second-
order differential equation by introducing the change of variables dy = e

∫
f (x)dxdx which converts

ẍ + f (x)ẋ2 + g(x)ẋ + w(x) = 0 to ÿ + g(y)ẏ + w̃(y) = 0 where w̃(y) = e
∫

f (t)dtw(t) (Paliathanasis
& Duffy, 2025). In case f (x) = f0 (a constant), then dy = e f0tdt and w̃(y) = e f0tw(t). These hold for
Eqs. (17) and (19). For specific forms of g(y) and w̃(y), e.g., g(y) = K (a constant) and w̃(y) = y, the
equation of a damped oscillator is obtained. Whereas, for g(y) = 3y and w̃(y) = y3, the Painlevé–Ince
equation is obtained (Llibre, 2023; Tshibase & Govinder, 2025). This equation is of particular interest
due to its attractive properties (Halder et al., 2019; Mahomed & Leach, 1985). Hence, for specific factors,
Eqs. (17) and (19) are maximally symmetric and could be linearized.

Observe that, by selecting the NSL L = ẋ + ex, we find the following dynamical equations:

εẍ +

(
β − 1 + ε − 2β

1 + ε

)
ẋex +

βε

1 + ε
ẋ2 −

(
β

1 + ε
+ 1
)

e2x = 0. (22)

By letting dy = e
∫

f (t)dtdt with f (x) = f0 = β
1+ε and fixing ε = 2β

1+ε + 1 − β, then Eq. (19) is
reduced to:

ÿ − 1
ε
( f0 + 1) e(2+ f0)t = 0. (23)

In particular, for f0 = −1, we obtain ÿ = 0 which corresponds to a free particle described
by the Lagrangian L = 1

2 y′2. By letting dy = e
∫

eFdT−αTdT, α ∈ R, equation ÿ = 0 is converted to
T̈ +(α− eT)Ṫ = 0 which is the same equation obtained in SIR model (the Susceptible–Infectious–
Recovered model) describing the dynamics of an infectious disease within a population (Magal
& Ruan, 2014) obtained after using by using point transformations (Paliathanasis & Duffy,
2025). We argue that our formalism may also be used to describe a number of biological and
chemical systems. In general, the equation ÿ = 0 arises from the variation of the Lagrangian
L = f (y′) = 1

2 y′2 ≡ T, where T is the kinetic energy of the body (assumed of mass unity). We
observe that, for special correlations between parameters and for suitable coordinates changes,
the same equation of motion is obtained. Thus, a dynamical system may have more than one
Lagrangian function, in agreement with the outcomes of Musielak et al. (2020a) and Musielak
et al. (2020b). It is notable that Eq. (19) may be reduced after the same change of coordinate to an
equation of the form y′ ′ + ay + by3 = 0, (a, b) ∈ R that describes quartic anharmonic oscillators
with quartic potential used in various fields of theoretical physics ranging from atomic to plasma
physics and quantum mechanics (Enjieu Kadji et al., 2008; Mickens, 1995; Porwal & Vyas, 2008;
Turbiner & Shruyak, 2023). Its solution may be obtained using the improved formulations of the
Lindstedt–Poincaré perturbation method (Srivastava & Vishwamittar, 2019).
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2.3. The case of the standard Lagrangian L3 = eβxeεL

For this type of NSL, the associated Euler–Lagrange equation is given by:

β + ε
∂L
∂x

− ε

(
βẋ

∂L
∂ẋ

+
d
dt

(
∂L
∂ẋ

)
+ ε2 ∂L

∂ẋ
dL
dt

)
= 0. (24)

To illustrate, we let L = ẋ + ex which gives the following equation of motion:

ε3 ẍ + ε3 ẋex + εβẋ − εex − β = 0. (25)

The change of variable z = x − ε−2 converts Eq. (25) to:

z̈ + żez+ε−2
+ ε−2βż + ε−3β

(
ε−1 − 1

)
+ ε−2 = 0, (26)

which for β(ε−1 − 1) + ε = 0 is comparable to the SIR equation obtained in the SIR model (Harko
et al., 2014; Yoshida, 2022). The NSL function serves as a vital element in describing biological
dynamical systems as well.

3. HIGHER-ORDER STANDARD AND NON-STANDARD LAGRANGIANS

In this section, we will show that modified Helmholtz equation and NOQD may be derived
from higher-order standard and NSL. The three previous types of Lagrangians L1 = eβxL,
L2 = eβxL1+ε and L3 = eβxeεL with higher-order Lagrangians L(ẍ, ẋ, x, t) will be discussed
accordingly. The following subsections will be analysed:

3.1. The case of the standard Lagrangian L1 = eβxL
Defining now the functional:

S =

b∫
a

eβxL(ẍ, ẋ, x, t)dt ≡
b∫

a

eβxLdt, (27)

it is easy to prove that the associated Euler–Lagrange equation takes the following form:

∂L
∂x

− d
dt

(
∂L
∂ẋ

)
+

d2

dt2

(
∂L
∂ẍ

)
+ βL + 2βẋ

d
di f t

(
∂L
∂ẍ

)
+ βẍ

∂L
∂ẍ

+ β2 ẋ2 ∂L
∂ẍ

− βẋ
∂L
∂ẋ

= 0. (28)

To illustrate, we consider the HONSL:

L(ẍ, ẋ, x, t) = ẋ − ẍ − m2x. (29)

For the given Lagrangian, the corresponding Euler–Lagrange Eq. (28) gives the following
nonlinear oscillator with quadratic damping:

2βẍ + β2 ẋ2 + βm2x + m2 = 0, (30)

where the solution is also given in terms of the Jacobi elliptic function cn by:

x(t) = − 1
β
+ D + Ecn2(±Wt + F, L2), (31)

where W is the frequency, L is the modulus of the function and D, E, F are real constants.
Therefore, HONSL is able as well to derive harmonic oscillator with quadratic damping. Again,
the change of variable dy = e

∫
f (t)dtdt may be used to eliminate the quadratic term.
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3.2. The case of the standard Lagrangian L2 = eβxL1+ε

For the functional:

S =

b∫
a

eβxL1+ε(ẍ, ẋ, x, t)dt ≡
b∫

a

eβxL1+εdt, (32)

the following Euler–Lagrange equation holds:

∂L
∂x

− d
dt

(
∂L
∂ẋ

)
+

d2

dt2

(
∂L
∂ẍ

)
+ 2βẋ

d
dt

(
∂L
∂ẍ

)
+ βẍ

∂L
∂ẍ

+ β2 ẋ2 ∂L
∂ẍ

− βẋ
∂L
∂ẋ

+
β

1 + ε
L

+
ε

L

(
2

dL
dt

d
dt

(
∂L
∂ẍ

)
+

d2L
dt2

∂L
∂ẍ

+
ε − 1

L

(
dL
dt

)2 ∂L
∂ẍ

+ 2βẋ
dL
dt

∂L
∂ẍ

− dL
dt

∂L
∂ẋ

)
= 0. (33)

Here:
dL
dt

=
∂L
∂t

+ ẋ
∂L
∂x

+ ẍ
∂L
∂ẋ

, (34)

and
d2L
dt2 =

∂2L
∂t2 + ẍ

∂L
∂x

+ x
∂L
∂ẋ

+ ẋ
d
dt

(
∂L
∂x

)
+ ẍ

d
dt

(
∂L
∂ẋ

)
. (35)

To illustrate, we choose the time-independent NSL:

L = ξ ẍ + m2x, (36)

where ξ ∈ R. Inserting into Eq. (33) and using Eqs. (34) and (35) and setting for convenienceε = 1,
we obtain the following nonlinear differential equation:

2ξm2 ẍ + βξ2 ẍ2 + βξm2xẍ + β2ξ2 ẋ2 ẍ + β2ξm2xẋ2 + 2βξm2 ẋ2 + m4x = 0. (37)

This equation belongs to the class of 2nd-order nonlinear Duffing differential equations
which, for specific values of the parameter, was proved to hold periodic solutions (Evéquoz &
Weth, 2014; Liu, 2003; Loud, 1967; Mandel et al., 2017; G. Wang & Cheng, 2007). If, for instance,
m2 = 0, Eq. (37) is reduced to ẍ(ẍ + βẋ2) = 0, i.e. ẍ = 0 (free particle) or ẍ + βẋ2 = 0 which
gives x(t) = 1

β log(βt + c1) + c2, c1, c2, .... are constants of integrations. The change of variable

dy = e
∫

f (t)dtdtmay also convert ẍ + βẋ2 = 0 to ÿ = 0. Hence, we may obtain the same equation
of motion starting from a different Lagrangian. If, for instance, βξ << 1, then Eq. (31) is reduced
to 2ξ ẍ + m2x = 0 which describes harmonic oscillators with a quadratic potential. Selecting
L = ξ ẍ gives rise to the following dynamical equation:

ξ
2 + ε

1 + ε
ẍ + βξ ẋ2 = 0. (38)

The change of variable dy = e
∫

f (t)dtdt gives ÿ = 0.

3.3. The case of the standard Lagrangian L3 = eβxeεL

For the functional:

S =

b∫
a

eβxeεL(ẍ,ẋ,x,t)dt, (39)
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the following Euler–Lagrange equation holds:

β + ε
∂L
∂x

− ε

(
βẋ

∂L
∂ẋ

+ ε
dL
dt

∂L
∂ẋ

+
d
dt

(
∂L
∂ẋ

))
+ ε2

(
βẋ

∂L
∂ẍ

+ ε
dL
dt

∂L
∂ẍ

+
d
dt

(
∂L
∂ẍ

))
dL
dt

+ ε

(
βẍ

∂L
∂ẍ

+ βẋ
d
dt

(
∂L
∂ẍ

)
+ ε

d2L
dt2

∂L
∂ẍ

+ ε
dL
dt

d
dt

(
∂L
∂ẍ

)
+

d2

dt2

(
∂L
∂ẍ

))
+ εβẋ

(
βẋ

∂L
∂ẍ

+ ε
dL
dt

∂L
∂ẍ

+
d
dt

(
∂L
∂ẍ

))
= 0.

(40)

By letting L = ẍ + ex, we find:

ẍ + (1 + εex) ẋ2 +
1
ε
= 0. (41)

Performing the change of coordinate dy = e(x+εex)dx, Eq. (38) is reduced to:

ẍ + (1 + εex) ẋ2 +
1
ε
= 0. (42)

Letting where y = eδz, δ ∈ ˜ reduces Eq. (39) to:

z̈ + ż2 +
1
δε

(ln ε + δz) = 0. (43)

In particular, for ε = 1, we obtain the NOQD equation z̈ + ż2 + z = 0. Hence, one may argue
that a family of nonlinear oscillators used in several scientific fields of research may also be de-
rived from HONSL. Undoubtedly, one may pick a large number of NSL and HONSL (El-Nabulsi,
2018a, 2018b, 2023; El-Nabulsi & Anukool, 2022, 2023, 2024; El-Nabulsi & Golmankhaneh, 2022),
so far the Lagrangians introduced in this study are motivating.

4. DISCUSSION

In the work done by Musielak (2008), equations of motion of the forms ẍ + f (x)ẋn +
g(x)w(x) = 0, n = 1, 2, 3, ... and ẍ+ g(t)ẋm + k(t)W(x) = 0, m = 1, 2, 3, ... are obtained from NSL
with variable coefficients. For m = n = 1, damped Duffing oscillator, damped Duffing–van der
Pol system, the Lienard-type equation, and Lienard and other types of oscillators are obtained.
For m = n = 2, a number of dynamical equations with nonlinear damping are also obtained
accordingly (Cariñena et al., 2004; Hayashi, 1985; Jiménez et al., 2005; Matzner & Shepley, 1991;
Stuckens & Kobe, 1986; Trueba et al., 2000). In the present work, a comparable set of equations
of the Duffing–van der Pol type equation, including the 2nd–order nonlinear Duffing differential
equations, has been obtained by using a simpler and more direct approach without recourse
to the Lie symmetry methods (Hydon, 2000) or to the transformation technique introduced in
Udwadia and Cho (2014). Although our NSL approach employed herein is simple and trouble-
free, the solutions of higher-order Duffing differential equations under more general conditions
need much more work. Nevertheless, the idea of obtaining 2nd-order nonlinear differential
equations from 2nd-order NSL is a motivating idea. Notably, equations of type (21) belong to
the class of Lienard–type equation where their generic form is given by ẍ + f (x)ẋ + G(x) = 0.
For the case of Eq. (21), the elimination of both the pure quadratic term and the hybrid term
by adjusting the coefficients in the Lagrangian gives rise to an equation of type ẍ + f (x)ẋ +
G(x) = 0. The Lienard–type equation is motivating since it is used for the description of
different phenomena in physics, biology, mechanics, and engineering (Cariñena & Guha, 2019;
Guckenheimer & Holmes, 1983; Kudryashov & Sinelshchikov, 2017; Zaitsev & Polyanin, 2002).
An analogy between a system with a quadratic in velocity damping ẍ + f (x)ẋ2 + g(x) = 0 and a
position-dependent mass system has also been obtained. The methodology of this paper is rather
new and can be used to derive a family of highly nonlinear higher-order differential equations
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characterized by quadratic nonlinearities. It is therefore motivating to extend our approach to
study the oscillatory behavior of higher-order differential equations subject to specific initial
conditions (Benaicha & Haddouchi, 2016; El-Nabulsi et al., 2020; Ma & Chen, 2011; Moaaz et al.,
2020; Q. Wang et al., 2013). The differential equations ẍ + f (x)ẋn + g(x)w(x) = 0, n = 1, 2, 3, ...
and ẍ + g(t)ẋm + k(t)W(x) = 0, m = 1, 2, 3, ... exemplify a class of nonlinear dynamical systems
that arise in various areas of physics and applied mathematics, including nonlinear oscillations,
dissipative systems, and certain models in field theory. Its significance lies in the interplay
between nonlinearity and damping-like effects introduced through terms such as ẋ2, which make
the system behavior richer and more complex than classical linear oscillators. Nonstandard
Lagrangians play a crucial role in deriving such equations, as they allow the formulation
of dynamical systems whose equations of motion do not follow from conventional kinetic-
minus-potential energy forms. By extending the Lagrangian framework, one can systematically
construct equations incorporating velocity-dependent forces or other nontraditional interactions,
providing a variational foundation for studying these nonlinear phenomena and revealing
hidden symmetries or conserved quantities that might otherwise remain obscure. Nonstandard
Lagrangians are particularly relevant in this context because they extend the classical variational
approach, allowing the systematic derivation of equations of motion that include nontraditional
interactions, velocity-dependent forces, or nonconservative terms. By employing nonstandard
Lagrangians, one can identify conserved quantities, hidden symmetries, and integrability
conditions, offering a deeper theoretical understanding of complex dynamical systems and
opening pathways for both analytical and numerical investigations in advanced physics and
engineering applications.

5. CONCLUSIONS

To conclude, motivated by some recent advances in geometrical mechanics theories, we
extended the Lagrangian formalism by introducing three types of non-standard Lagrangians. We
have proved that the modified Helmholtz differential equation with linear damping, pure qua-
dratic damping and hybrid damping may be obtained from these special types of Lagrangians.
An analogy with Liénard type equation and position-dependent mass systems was given. Be-
sides, it was observed that for some particular cases, a simple change of coordinates may convert
the nonlinear oscillators to differential type-equations used in modeling SIR biological systems.
We have also proved that the modified Helmholtz differential equation may also be obtained
from higher-order derivatives of standard and non-standard Lagrangians. We hope that the
present approach will be used to derive other equations of motion subject to nonlinearities that
could have several applications in sciences and engineering subject to chaos and fluctuating
forces.
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