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Abstract. Robot application in mechanical machining is growing daily because it has many 

advantages over conventional machines, such as high flexibility, large working space, and high 

repeatability. Many degrees of freedom of motion give robots the ability to perform complex 

technological operations, but also because of that, methods of controlling robots based on 

dynamic models have difficulties. Applying fuzzy logic to robot control can partially or entirely 

exclude the calculation of the robot's dynamic model as well as overcome other uncertainties of 

the whole technological system. Fuzzy rules are an essential basis for performing operations 

defining the control quantities of the controller. The main tasks of applying fuzzy logic control 

include "Fuzzification" to determine fuzzy parameters in the form of fuzzy sets of input-output 

data, "Fuzzy Rules and Fuzzy Inference Mechanism" to perform fuzzy operations defining 

control quantities, and finally, "Defuzzification" to convert control quantities from linguistic 

values to physical values for controller operation. Belonging to the above contents, the core 

issues to ensure the quality and effectiveness of fuzzy controllers are reasonable determination: 

(1) physical value domain of input and output linguistic variables, (2) fuzzy rule base system and 

fuzzy inference mechanism, (3) algorithms for dealing with fuzzy relationships and 

defuzzification. There have been many types of research on applying fuzzy logic in control 

engineering in general, as well as robot control. However, the above core problems are still open 

problems and challenges. On the other hand, the percentage of fuzzy control research work for 

mechanical processing robots is still limited. 

This article is based on published works on fuzzy control for robots in general and 

mechanical processing robots to analyze the applicability of fuzzy control for mechanical 

machining robots. The article provides detailed information on fuzzy controller design, 

determining input and output variables, and proportional mapping to determine the number of 

fuzzy sets and the corresponding type of membership function. The construction of a Fuzzy Rule 

base system and Fuzzy Inference Mechanism and Defuzzification is presented. Prospects for 

using methods to perfect and develop fuzzy control systems for mechanical machining robots are 

also presented. Collectively, the information in this article is intended to guide the 

implementation of fuzzy logic-based controller designs for application to machining robots, as 

well as general robot control. 
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Classification numbers: 5.3.7, 5.3.8, 5.8.1 

1. INTRODUCTION  

Robots are widely applied in many fields of production and service life. Robotic 

mechanical processing has many advantages thanks to the dynamic multi-link structure for 

flexible manipulation, large working space, and high repeatability [1 - 11]. 

One of the top tasks when applying robots in general and in mechanical processing is to 

control the robot to perform operations that meet technical requirements. Suppose the dynamic 

model of the system is determined precisely. In that case, a robotic controller based on the 

system dynamics model, hereinafter referred to as a crisp controller, can be easily implemented 

and ensures the required accuracy. 

As is known, due to the complex structure, the dynamic model of the robot is often 

complex to fully and accurately determine. With mechanical processing robots, due to 

manipulation over time, some dynamic parameters often change uncertainly, such as cutting 

force, friction, vibration, and impact, etc. 

Many methods of building crisp controllers with correction components have been studied 

and applied to overcome difficulties in determining and calculating dynamic models, such as 

adaptive controllers, stable controls, adaptive slide control, optimal control, etc. 

The application of fuzzy logic to control techniques has been widely studied and applied. 

The advantage of fuzzy logic-based control is simplicity and ease of implementation [12 - 27]. 

In human activity, to represent the world, communicate and process information, make 

decisions or perform tasks, etc., one can use language, the rules of logical reasoning, and also 

operate with sets of objects presented in a linguistic form, with linguistic semantic values, etc. 

Fuzzy logic is an imitation of natural human reasoning applied in general practice and 

control engineering [16 - 22]. Accordingly, variables and parameters represent objects in natural 

language form, called linguistic variables, with linguistic semantic values. A rule system, also 

known as a rule base, and an inference mechanism built for mathematic operations on sets 

(fuzzy sets) of linguistic variables. The problem for a controller is how to make the robot, as 

well as the machines and devices, operate according to the rules of natural inference, like 

humans, from the incomplete information provided by the fuzzy sets. 

 There have been many studies, and as shown in most of the works, a controller is based on 

fuzzy logic, hereinafter referred to as the fuzzy controller, usually structured by three main 

blocks: Fuzzification, Fuzzy Composition Device, and Defuzzification. The two parts of the 

Fuzzification block include the Database and the Fuzzification to convert the input and output 

databases into fuzzy sets. The Fuzzy Composition Devices block consists of the Fuzzy Rule 

Base and the Fuzzy Inference Mechanism, integrated by algorithms to process databases in the 

form of fuzzy sets. The Defuzzification block converts control quantities from linguistic values 

to physical values that enable the system to function.   

The operations of the controller blocks are performed based on mathematical models built 

for fuzzy algorithms. 

The mathematical model of the fuzzy set and the fuzzy logic concept was presented by 

Lotfi Zadeh, starting in 1965, about the fuzzy set [12]. However, fuzzy logic has been studied 

before, since the 1920s, as logic with infinite values, especially by Ğukasiewicz and Tarski 

[10,11].  
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The research and application of fuzzy set theory and fuzzy logic have achieved remarkable 

achievements. Fuzzy theory is applied in almost all fields of science and engineering, most 

commonly in control engineering. Therefore, fuzzy logic has been used to control virtually all 

types of robots from service to industry, and some works can be briefly mentioned below. 

The works [12 - 56] present the application of fuzzy logic in control engineering and robot 

control in general. Some results on controlling arm-shaped robots perform technological 

manipulation in general and mechanical processing, as shown in [57 - 81]. The most popular 

research and application is the fuzzy control of mobile robots for robot positioning and 

navigation. In [82-92] are some of the many such works. 

It can be seen that the studies and results on the use of fuzzy logic in the control of 

mechanical machining robots are relatively less as compared to the control of mobile robots. The 

reason is simple: mobile robots do not have high precision requirements such as those of 

mechanical processing robots, and the structure of mobile robots currently applied is not too 

complicated;... Therefore, it can be the more accessible construct of a fuzzy rule base system, 

and the fuzzy inference mechanism ensures the required control quality.  

The performance of a fuzzy controller depends mainly on a fuzzy rule base and fuzzy 

inference mechanism to handle fuzzy relationships between fuzzy parameters as well as the 

physical value domain of input-output variables. Therefore, the fuzzy controllers have different 

capabilities depending on the designed fuzzy rule base. For example, in the calculation of 

control quantities, the fuzzy controller can calculate and correct some parameters of the system; 

or additionally calculate the effect of some quantities, such as frictional resistance, external 

force, and driving force, to compensate for the lack of accuracy of the dynamic model. 

Such controllers often integrate crisp control rules with a fuzzy rule base system, for 

example, the Proportional Derivative-Fuzzy controllers (PDFL), Proportional Integral 

Derivative-Fuzzy controllers (PIDFL), adaptive fuzzy controllers, and sliding mode fuzzy 

controllers, ...[28 - 33]. Integrated controllers typically use two or more feedback loops. Fuzzy 

controllers can also be integrated with other intelligent control rules to form integrated 

controllers, such as fuzzy neural controllers and hedge algebraic fuzzy controllers [50, 51]. 

Fuzzy controllers can integrate with intelligent algorithms or use deep learning algorithms and 

deep reinforcement learning [52 - 56] to determine fuzzy parameters. For example, a genetic 

algorithm finds the physical value domain of input-output variables. These value domains have a 

significant influence on the efficiency of the controller. 

As shown, the advantage of fuzzy control is that it is simple and easy to implement. 

Therefore, with knowledge of the control object and natural inference to build a rational rule 

base system, it is still possible to eliminate the use of dynamic models-fuzzy controllers [27, 57, 

62]. Based on the fuzzy rule base system and reasonable inference mechanism have been able to 

completely replace the dynamic model as well as overcome the uncertainties. However, apart 

from the above works of the author, there seems to be no other publication on fuzzy control 

applications for mechanical machining robots that can completely eliminate the use of the 

dynamic models of the system. 

Concerned about the simplicity and ease of implementation of fuzzy control, the article 

focuses on analyzing the problems that must be solved when designing fuzzy controllers for 

mechanical machining robots to ensure control accuracy. 

The paper also presents the modeling of mechanical machining systems by the robot. From 

there, it provides insights into the kinematics and dynamics of the robot as the basis for selecting 

input and output data and partitioning the input and output fuzzy sets of the technological 

process [12 - 24, 57, 62]. The knowledge about kinematics, especially dynamic characteristics, 
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also plays a vital role in building fuzzy rule base systems, fuzzy relations, and fuzzy inference 

mechanisms [25 - 27, 57, 59, 62, 67]. 

After the introduction, the next content of the paper is as follows. Section 2 briefly presents 

the essential contents of fuzzy sets and fuzzy logic theory, which will be used when designing 

fuzzy controllers. Section 3 offers the modeling of the technological system, which derives the 

dynamic model of the robot. The dynamic model, on the one hand, provides a view and 

understanding of the system's operation, helping to build a fuzzy rule-based system; on the other 

hand, it is the basis for simulating the operation of the controller. Section 4 presents the robot 

control system's general structure and analyzes the fuzzy controller's structure and components. 

Section 5 offers a fuzzy controller applied to mechanical machining robots. As stated, the fuzzy 

controller designed according to the presented method allows for to completely eliminate of the 

use of the dynamic model of the system. Section 6 concludes and gives directions for research 

and development. 

2. BRIEF THEORIES 

In this section, some content of mathematical modeling of fuzzy set, fuzzy logic related and 

applied to build a fuzzy controller for the robot is presented briefly [12 - 22]. 

2.1. Fuzzy Set 

Definition. A fuzzy set F on the universe of discourse X is a set whose each element is 

characterized by a membership function mF(x), which associates each element in X with an actual 

number whose value is mF(x) in the interval [0, 1] at x,  representing the grade of membership of x 
in F. 

Each element of the fuzzy set is an ordered pair (x, mF(x)), where xÍX, mF(x) is the 
mapping 

 () [ ]F x : X 0,1m ­  (2.1) 

 () ()[ ]{ }F FF x, x x X, x 0,1= m Í m Í  (2.2) 

Membership function. The membership function of a fuzzy set F determines the 

membership values of the elements of the universe of discourse (or called the universal set) X in 

that fuzzy set.  

In the form of mathematical models, there have been many proposed membership 

functions, such as triangular, trapezoidal, and bell-shaped functions, etc. [16-18]. 

Operations on fuzzy sets.  

- Unions (max rule):  

 () () (){ } () ()A B A B A Bx max x , x x x ;   x XÇm = m m =m Ùm " Í (2.3) 

- Intersection (min rule):  

 () () (){ } () ()A B A B A Bx min x , x x x ;   x XÆm = m m =m Øm " Í (2.4) 

Complement:  

 () ()AA
x 1 x ;   x Xm = -m " Í (2.5) 

Fuzzy numbers and intervals. While analyzing real-world systems, the model parameters 

represent the system, in many cases, uncertain and inaccurate. For example, when 
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calculating 3 1.732º  or 
0sin 45 0.707º . There is often uncertainty and inaccuracy in the 

measured parameters of machine components such as length, parallelism, perpendicularity, etc. 

Fuzzy quantities are used to model inaccurate numerical data as linguistically labeled special 

fuzzy sets whose universal set (defined in the universe of discourse) is the set of real numbers R. 

A special fuzzy set, defined on the universal set R of real numbers, is the fuzzy number if it 

satisfies at least some properties, such as that the fuzzy set is convex, normalized, piecewise 

continuous, etc.[16 - 18]. 

2.2. Fuzzy Logic 

Fuzzy logic is a generalization of classical logic and deals with problems involving 

ambiguous and inaccurate information. 

Fuzzy logic is logically represented by propositions, which are statements related to some 

vague concept without crisply defined boundaries; the truth value is any value on the interval [0, 1]. 

    Operators in fuzzy logic 

For two simple propositions P1 and P2 are defined on fuzzy sets F1, and F2, the truth values 

are p1 and p2, respectively, then the fuzzy logic operations are described below. 

a) Fuzzy Conjunction 

There are four basic t-norms, here two commonly used ones are  

Minimum:  

 ( ) ( ) () ()( )
1 2m 1 2 1 2 F Ft P P min p ,p min x , xØ = = m m  (2.6) 

Product: 

 ( ) () ()
1 2p 1 2 1 2 F Ft P P p p x xØ = Ö =m Öm (2.7) 

b) Fuzzy Disjunction 

There are four basic t-conorms, here two commonly used ones are 

Maximum: 

 ( ) ( ) () ()( )
1 2m 1 2 1 2 F Fs P P max p ,p max x , xÙ = = m m  (2.8) 

Algebraic sum: 

 ( ) () () () ()
1 2 1 2a 1 2 1 2 1 2 F F F Fs P P p p p p x x x xÙ = + - Ö =m +m -m Öm (2.9) 

c) Fuzzy Negation 

Suppose fuzzy proposition P is assigned to fuzzy set F, the truth value of P denoted p, then 

the standard negation operation is given by 

 ()ngt P 1 p= - (2.10) 

d) Fuzzy Implication 

The truth values of the fuzzy implication of the proposition P implies Q, can be determined 

as follow 

 ( ) ( ) ( )it P Q p q 1 p q max 1 p,q­ =× Ù = - Ù = - (2.11) 

where p and q are the true values of the propositions P and Q, respectively. 
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2.3. Fuzzy Relations 

When analyzing real-world systems, relations or associations among objects are often 

studied. 

Mathematically, the relation is a general concept and ubiquitous and is formalized from the 

point of view of set theory. A relation is a mathematical description of an association where 

certain elements of sets are associated with one another in some way to create the elements of 

another set. 

2.3.1. Definition of Fuzzy Relation 

A fuzzy relation R over Cartesian product U1×U2×. . .×Un is any fuzzy subset of 

U1×U2×. . .×Un, R is defined by a membership function mR : U1×U2×. . .×Un ­ [0, 1]. 

 () ()( ) ( ) ()[ ]{ }R 1 n 1 2 n RR x x, x x x , , x X X X , x 0,1= m = Í ³ ³ ³ m Í (2.12) 

Suppose F1, F2, ..., Fn are fuzzy sets of the universal sets U1, U2, ..., Un, respectively, with 

mFi(xi), xiÍUi, i=1,..,n. Then we have the definition: 

The fuzzy Cartesian product of the fuzzy sets F1, F2,Ễ, Fn of U1, U2,Ễ, Un, respectively, is 

the fuzzy relation F1×F2× Ễ × Fn, whose membership function is given by 

 ( ) ( ) ( ) ( )
1 2 n 1 2F F F 1 2 n F 1 F 2 Fn nx ,x , , x x x x ,³ ³ ³m =m Øm Ø Øm (2.13) 

where ᷈  represents the minimum. 

2.3.2. Forms of Representation of the Binary Relations 

For A and B are subsets of the universal sets X and Y, respectively, the Cartesian product 

and fuzzy relation R or R(x,y), on AxB:  

( ){ }A B x, y x A, y B ,³ = Í Í  (2.14) 

 ( ) ( ) ( )( )( ) ( )[ ]{ }R RR x, y x, y , x, y x, y A B, x, y 0,1= m Í ³ m Í (2.15) 

2.3.3. Operation of Fuzzy Relations 

Let R and S be two fuzzy relations on A³B, 

 
( ) ( )( )( ) ( )[ ]{ }

( ) ( )( )( ) ( )[ ]{ }

R R

S S

R x, y , x, y x, y A B, x, y 0,1

S x, y , x, y x, y A B, x, y 0,1

= m Í ³ m Í

= m Í ³ m Í
 (2.16) 

Union relation: The union of R and S denoted R᷾S is defined as follows 

 ( ) ( ) ( ){ } ( ) ( ) ( )R S R S R Sx, y max x, y , x, y x, y x, y ,      x, y A B Çm = m m =m Ùm Í ³ (2.17) 

Intersection relation: The intersection of R and S denoted RS᷊ is defined as follows 

 ( ) ( ) ( ){ } ( ) ( ) ( )R S R S R Sx, y min x, y , x, y x, y x, y ,      x, y A B Æm = m m =m Øm Í ³ (2.18) 

Complement relation: The complement of a fuzzy relation R, denoted by R , is defined as 

follows 
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 ( ) ( ) ( )RR
x, y 1 x, y ,      x, y A Bm = -m Í ³ (2.19) 

2.3.4. Composition of Fuzzy Relations 

Let R and S be two binary fuzzy relations in X³Y and Y³Z, respectively. The composition 

RǓS is a binary fuzzy relation in X³Z whose membership function is defined by 

Max-Min composition 

 ( ) ( ) ( )( ){ } ( ) ( ){ }R S R S R S
y Yy Y

x,z max min x,y , y,z x, y y,z
ÍÍ

m = m m = Ù m Øm (2.20) 

Max-Product composition 

 ( ) ( ) ( ){ } ( ) ( ){ }R S R S R S
y Yy Y

x,z max x, y y,z x, y y,z
ÍÍ

m = m m = Ù m m (2.21) 

2.4. Linguistic variables 

A language variable is a variable whose physical value is represented by words or 

sentences in a natural or artificial language. 

A linguistic value is a natural language term derived using quantitative or qualitative 

reasoning. A fuzzy linguistic variable x will take values that are linguistic values. Thus, a 

variable can be represented by physical values and linguistic values. For example, velocity 

variables can be defined by two value domains. The physical value domain: 

 { }V x R : x 0= Í ² (2.22) 

The linguistic value domain: 

 { }L V very slow(VL), slow(L), normal(M), fast(F), very fast(VF)=  (2.23) 

here, the universal set is the velocity set V, and the fuzzy set 
L
V is defined on set V. With a 

physical value xÍV, the membership function can be determined, corresponding to subsets of 
L
V, and represented as follows: 

 [ ]
T

VL L M F VFx (x), (x), (x),  (x),  (x)­m= m m m m m (2.24) 

The above mapping is done during the fuzzification process, in which the physical value of 

a variable is transformed into linguistic value. 

2.5. Fuzzification 

Interactive objects of fuzzy operations and fuzzy inference are fuzzy sets. When applying 

fuzzy theory to analyze real-world systems, it is necessary to represent objects as elements of 

fuzzy sets. 

The process of analyzing a system based on fuzzy theory can be encapsulated in three main 

steps: 

1) Representing objects on the fuzzy set form defined on the universe of discourse  

(universal set); 

2) Effects on objects (fuzzy sets) by fuzzy operations and fuzzy inference results in newly 

created fuzzy sets; 

3) Transform new fuzzy sets (results of fuzzy operations and fuzzy inference) of a 

universal set into variables with physical values. 
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These steps are called Fuzzification, the Fuzzy rule base and Inference Mechanism (Fuzzy 

Composition Device), and Defuzzification, respectively. 

Fuzzification is the step where the system's considered objects (inputs) are modeled by 

fuzzy sets with their respective domains. In the fuzzification process, there are central issues to 

be considered:  

1) The identification of the input and output signals and the corresponding physical value 

domains.  

2) Language variables and scale mapping of input and output data. 

3) Strategy for filtering and selecting input data. 

4) Membership values Assignments. 

These issues are discussed further in section 4.2. 

2.6. Fuzzy Rule Base and Inference Mechanism 

The fuzzy rule base contains the fuzzy controller rules generated based on the knowledge 

of the controlled object. 

The fuzzy rule (Fuzzy controller rule, also known as fuzzy implication) is a fuzzy relation 

between propositions according to the IF-THEN rule. 

Fuzzy Rules Single-Input/Single-Output 

 :         i i iR If q is A then u is C (2.25) 

A i and Ci are linguistic values defined by fuzzy sets on the universe of discourse Q and U, 

respectively. The proposition ñq is Aiò is called the ñantecedentò or ñpremise,ò while ñu is Biò is 

called the ñconsequenceò or ñconclusion.ò The rule is also called a ñfuzzy implicationò or ñfuzzy 

conditional statement.ò 

The expression (2.25) describes a relation between two variables, q and u. This suggests 

that a fuzzy rule can be defined as a binary relation R on the product space Q ³ U. 

Fuzzy Rules Two-Input/Single-Output 

 

1 1 1 1

2 2 2 2

        :             

 :             

 :             

ë
îî
ì
î
îí n n n n

R If q is A and v is B then u is C

else R If q is A and v is B then u is C

else R If q is A and v is B then u is C

 (2.26) 

where q, v and u are linguistic variables representing the state variables and the control 

variables, respectively. Ai, Bi, and Ci are linguistic values of the linguistic variables q, v, and u in 

the universe of discourse Q, V, and U, respectively, for i=1, 2, é, n. 

Each fuzzy control rule Ri is implemented as a fuzzy implication relation and is defined as 

 ( ):      ­i i i iR A and B C or (2.27) 

 
( )( )

() () ()

­
=

è ø= ­ê ú

m m

m m m

i i i i

i i i

R A  and  B C

A B C

 q,v,u

        q  and v u
 (2.28) 

where ñAi and Biò is a fuzzy set Ai ³ Bi in Q ³ V; Ri: (Ai and Bi) ­ Ci is a fuzzy implication 

relation in Q ³ V ³ U, and ­ denotes a fuzzy implication function. 
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The number of premise propositions, result propositions, and fuzzy rules (2.25) or (2.26) 

depend on the control object and the designer's expert knowledge. 

The basic fuzzy rules are simple and naturally compatible with the real system. The 

problem is how to use these rule base systems (2.25) or (2.26) to determine the compositional 

rules for the controller. 

These issues and the construction of the fuzzy rule system for the controller will be further 

presented in Section 4.3. 

2.7. Defuzzification  

Defuzzification is the mapping process that converts fuzzy results into physical (crisp) 

values. In practical applications, the control commands operate according to the physical value. 

Therefore, it is necessary to defuzzify the results of fuzzy inference. There are many methods for 

defuzzification techniques. This issue is further presented in section 4.4. 

3. MODELLING OF MACH INING ROBOT IN MECHA NICAL PROCESSING 

 
 

Figure 3.1. Open-chain serial structure robot that performs 

machining by grinding. 

Figure 3.2. Closed-chain serial structure 

robot, performing arc welding. 

 
Figure 3.3. Robot for finishing milling or surface grinding. 

Technology-manipulating robots, in general, and mechanical processing robots, in 

particular, have a common structure consisting of many links connected by joints to form the 

chains, called the kinematic chains of the robot. In classification, this type of robot is called a 

manipulator [93 - 99]. The kinematic sequences of the robot can be open-chain; or closed-chain 

[62, 93 - 96]. The robot's technological operations in general and mechanical machining 

operations, collectively referred to as machining operations, are achieved by the movement of 
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the manipulator. The processing tool is mounted on the end-effector link, moving with the end-

effector. According to the technical requirements of the machining operation, the manipulation 

movement of the robot must follow the law so that the tool moves along the trajectory and 

interacts with the workpiece. The motion of the manipulator is synthesized from the movement 

of the links driven by motors located at the active joints. Some example models of mechanical 

machining robots are shown in Figures 3.1, 3.2, and 3.3. Figure 3.1 shows an open-chain serial 

structure robot that performs machining by grinding. Figure 3.2 shows a closed-chain serial 

structure robot performing arc welding, grinding, or deburring, etc. Figure 3.3 shows a robot for 

finishing milling or surface grinding. The tool on the end-effector executes the operation motion 

so that the end impact point moves along the C-curve, as shown in the figures while ensuring the 

direction of the tool when acting on the workpiece. 

Controlling the mechanical processing robot is to control the motor to drive the links so 

that it can be synthesized into the end-effector's movement according to the machining 

technique's requirements. 

The motion and motion relationship between the end-effector and middle links are determined 

by law, through kinematic modeling, as input to the controller. 

3.1. Kinematic Modelling 

In mechanical engineering, a tool path is constructed to determine the law of motion of the 

tool and is defined in a coordinate system, usually a base coordinate system. A coordinate 

system attached to the tool, which characterizes the tool's motion and the end-effector, is 

referred to as the tool coordinate system. Thus, the position of the tool coordinate system in the 

base coordinate system is determined by the position and orientation coordinates, called the 

operation coordinates (3.1) [50, 51, 57, 58, 62]. 

 
T T

0 0 0 0 0 0 0 0 0 0

E 1 2 6 E E E E E Ep p p , p ,..., p x , y , z , , ,è ø è ø= = = a b hê ú ê ú (3.1) 

In (3.1), the first three elements are the position coordinates of the coordinate system 

origin, and the remaining elements are the direction coordinates. The symbol (E) in the lower 

right corner is for the instrument symbol. The index (
0
) in the upper left corner indicates that the 

parameters are represented in the base coordinate system. In calculations, coordinate 

transformations and coordinate transformation matrices are often used. Accordingly, the position 

and orientation of the tool are also represented by a homogeneous coordinate transformation 

matrix, symbol 
0
AE(p). The matrix 

0
AE(p) can be determined by the operation coordinates p, or 

vice versa from the matrix 
0
AE(p) can be determined p (3.2) [97-99]. 

 ()
( ) ( )0 0 0 0 0 0 0 0

E E E E E E E E0

E
T

C , , r x , y , z
A p

0 1

è øa b h
=é ù
é ùê ú

 (3.2) 

Based on the robot's kinematics structure, coordinate systems are attached to the robot's 

links, and homogeneous coordinate transformation matrices are used to represent the 

transformation between coordinate systems [57, 62, 95 - 99]. 

Matrix symbol 
i-1

A i(qi) represents the position of the ñiò coordinate system of link ñiò 

relative to the ñi-1ò coordinate system of link ñi-1ò, qi is the joint coordinate representing the 

motion of link ñiò with respect to link ñi-1ò. The motion of the robot's links is represented by the 

vector of joint coordinates (3.3). 

 [ ]
T

1 nq q ,..,q=  (3.3) 
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where n is the number of joint coordinates of the robot.  

Many methods are applied to transform coordinates, such as the Denavit-Hartenberg 

method, John Craig method, generalized coordinate method, Quaternion method, and Dual 

quaternion, etc. 

From the coordinate transformations, the matrix determining the position of the tool 

concerning the base coordinate system can be calculated according to (3.4). 

 () ( ) ( ) ( )
() ()0 0

0 0 1 n 1 n E E

E 1 1 2 2 n n E T

C q r q
A q A q A q ... A q A

0 1

-
è ø

= =é ù
ê ú

 (3.4) 

Given the required machining motion of the tool and the end-effector, the operation 

coordinates and their derivatives concerning time (determined in terms of velocity and 

acceleration) are determined by (3.1) or (3.2). From (3.2) and (3.4), the laws of motion of the 

links are also determined. For example, the motion of the robot's links is represented by the joint 

coordinates and the time derivative of the joint coordinates, as shown in (3.5). 

 

() () ()

() () ()

() () ()

T

1 n

T

1 n

T

1 n

q t q t ,..,q t

q t q t ,..,q t

q t q t ,..,q t

ë =è øê úî
î

=è øì ê ú
î

=è øî ê úí

 (3.5) 

The motion law defined by (3.5) is the database for the input of the robot control system. 

The controller calculates the force/torque driving the motors to ensure the desired motion law. 

3.2. Dynamic Modelling 

The forces/torque driving the motors, referred to as the control force for short, is 

determined based on the laws of motion and the dynamic characteristics of the robot. 

Crisp controllers for industrial robots often use robot dynamics [50, 51, 57, 62, ï97-99]. 

Intelligent controllers such as fuzzy controllers, hedge algebraic controls, neural network 

controls, etc., can use approximate dynamic models or do not need dynamic models depending 

on the capabilities of the designed controller. 

As mentioned, mechanical machining robots usually have open-chain or closed-chain serial 

structures. For an open-chain structure robot, the differential equation of motion of the robot is 

the Lagrange equation in the matrix form below (3.6) [50, 51, 57, 97 - 99]. 

 M(q)q (q,q) G(q) Q U+y + + = (3.6) 

where, M(q) ÍR
n³n

 is the mass matrix of the robot system, calculated through mass mi, 

translation Jacobian matrix JTi ÍR
3³n

, rotation Jacobian matrix
 ci

JRi ÍR
3³n 

and inertia tensor
 Ci
QCi 

 ÍR
3³3 

of moving links ñIò (i = 1,..,n) (3.7), (3.8). 

 ( )
n

T ci T ci ci

Ti i Ti Ri ci Ri

i=1

M(q) J m J + J Ū J=ä  (3.7) 

 
ci

cici i
Ti Ri

r
J ;       J

q q

µ µ w
= =
µ µ
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(q,q)y ÍR
n 

is the vector of the generalized forces of Coriolis and centrifugal inertial forces, 

calculated through the partial derivative of the elements of matrix M(q) with respect to the 

generalized coordinates q and the generalized velocity q  (3.9).  

 [ ] ( ) ( )
n

T kj lj kl
1 2 n j k l

l k jk,l 1

m m m1
(q,q) , ,.., ; k,l; j q q ; k,l; j

2 q q q=

å õµ µ µ
y = y y y y = = + -æ ö

æ öµ µ µç ÷
ä  (3.9) 

(k,l;j) is Christoffel notation with 3 indexes of the first kind; mkl (k,l = 1,é,n) are the elements 

of mass matrix M(q). 

G(q) ÍR
n 
is the vector of the generalized forces of the conservative forces (3.10). 

 ()[ ]
T

1 2 n j

j

G q G ,G ,..,G ;     G
q

µP
= =

µ
 (3.10) 

where Ʉ is the total potential energy of the system. 

Q(q) ÍR
n 
is the vector of the generalized forces of the non-conservative forces, including 

the friction forces, cutting forces, etc. (3.11), (3.12) [57]. 

 () [ ]
TT T T T T

TE E RE E TE RE E E E EQ q J F  +J M  = J ,J F ,M  =J Rè ø= ê ú  (3.11) 

 E E
TE RE

r
J ;    J

q q

µ µw
= =
µ µ

 (3.12) 

where, FE ÍR
3
, ME ÍR

3 
ï are the sum of non-conservative forces and moments acting on the tool 

of the end-effector, respectively; rE ÍR
3
,  wE ÍR

3
 ï respectively is the position of the point of 

application of force FE, and the angular velocity of the end-effector E under the effect of the total 

moments ME; U ÍR
n
 is the vector of the generalized forces of the driving forces/torques for the 

motors (3.13). 

 [ ]
T

1 2 n i iU U ,U ,..,U ;   U= =t (3.13) 

ti ï is the driving force/torque of the ñIò motor. 

With the open-chain serial structure robot, when applying the dynamic model for control, 

the equations from (3.6),..., and (3.13) allow the convenient calculation to determine the control 

force. The equation in matrix form (3.6) includes n independent motion differential equations 

corresponding to n degrees of freedom of the robot. 

With closed-chain kinematic structure robots, the calculation is more complicated. The 

system of differential equations of motion of the robot is the Lagrange equation with the 

multipliers of the form (3.14) [62,63,94,96]. 

 
()

c

c

M(q)q ɣ(q,q) G(q) Q Q U             (3.14.a)

f q 0                                                        (3.14.b)

ë + + + + =î
ì

=îí

 (3.14) 

The equation (3.14.b) is composed of s kinematic constraint equations established from the 

conditions of the closed kinematic loops. With the robot structure under consideration, the 

constraint equations (3.14.b) are holonomic, which can be represented in the form of algebraic 

equations. With a suitable initial condition, (14. b) can be reduced to a differential form for a 

convenient investigation of the overall system of equations (3.14). 
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Q
C
ÍR

n
 is the vector of the generalized forces of the constraint reactions caused by 

constraints (3.14.b). By holonomic constraints, Q
C
 can be calculated as follows (3.15) [62, 94, 

96]. 

 () ()
c

Tc f
Q J q ;   J q

q

µ
= l =

µ
 (3.15) 

In which the components of the vector l are the Lagrange multipliers. 

 [ ]
T

1 s,...,l= l l (3.16) 

The other components in (3.14) are calculated and expressed according to the formulas in 

form, similar to (3.7) ·(3.13). 

The system of equations (3.14) is reduced to the form (3.17) consisting of n+s differential 

equations with n generalized coordinates of q and s Lagrange multipliers of l, that is, there are 

n+s unknowns. Thus, the system of equations (3.17) is solvable and can be applied to the robot 

controller [62, 94, 96]. 

 
()

T
J qM(q)q ɣ(q,q) G(q) Q U     (3.17.a)

J(q)q J(q,q)q                                             (3.17.b)

ë lî
ì
îí

+ + + + =

=
 (3.17) 

Robot dynamics models from (3.6) to (3.13) or from (3.7) to (3.17) are applied when 

implementing crisp controllers. On the other hand, understanding the dynamics of the robot 

based on the given dynamic models will support the design of the fuzzy controller, building the 

fuzzy rule base system.   

4. ROBOT FUZZY CONTROL 

In this section, the general structure of the robot control system is presented, and the 

components of the fuzzy controller are analyzed. The first elements of fuzzy controller design 

are determining input and output variables, scale mapping the physical value of input and output 

data to the partitioned universe of discourse and converting them to corresponding language 

values defined and represented by fuzzy sets. The following important task is to build a fuzzy 

rule base system, fuzzy inference mechanism, and analysis and processing algorithms; these are 

discussed. Finally, the defuzzification method commonly applied in published studies and 

suggested in this study is also introduced. 

4.1. The General Structure of the Robot Control System 

Figure 4.1 shows the structure of a robot control system, which is a standard structure for 

both crisp controllers as well as intelligent controllers such as Fuzzy Logic Control (FLC); 

Hedge Algebrass Control (HAC); Neural Network Control (NNC),... The main difference 

between control systems is the "Control" block. The building blocks of the control system are 

[16 - 22, 25 - 27]: 

Input block ï is the input signal block (input data-INT DATA). With a crisp controller, this 

block has data about the robot's motion trajectory, including position, velocity, acceleration, 

external forces interacting with the robot, and possibly other influencing factors [123 - 125]. 
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Figure 4.1. Structure of the robot control system. 

With FLC, the INT DATA block consists only of files containing data about the position 

and velocity of the motion, without the need for data on acceleration. There is also a data block 

in the form of a matrix containing the physical value domain of language variables. Depending 

on the capabilities of the designed fuzzy controller, external forces, noise, and other influencing 

factors may appear to be approximate or unnecessary [27, 57, 62]. 

           
Figure 4.2. Structure of robot controller based on fuzzy logic. 

Control block - In general, a control block is a block that uses an algorithm based on 

control laws to calculate control quantities. In robot control, the control quantities are 

force/torque (control force). With a crisp controller, the control block calculates the driving force 

based on the dynamic model of the robot and the crisp control law [97 - 99]. 

In the FLC, the Control block has the structure shown in Figure 4.2. There are components 

including Fuzzification, Fuzzy Composition Device (Fuzzy Rule Base and Fuzzy Inference 

Mechanism), Defuzzification, and the Expert block (Knowledge Base) manages the entire 

control block [25, 69, 97 - 99]. 

Robot block ï a controlled object receives control signals from the Control block and acts 

to control the robot to perform manipulation movements according to the predetermined 

trajectory. In the control system simulation program, this block is the forward dynamics 

algorithm to calculate the motion to determine the robot's operating state under the action of the 

driving force. 

Graph block ï displays system performance results. 

4.2. Fuzzification 

As pointed out, the fuzzy controller works by natural inference based on linguistic variables 
and linguistic semantic values. Therefore, the system's investigated objects (inputs, outputs) 
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must be modeled as fuzzy sets of linguistic variables with their respective domains. That's called 
fuzzification. Fuzzification is unnecessary if fuzzy sets or relations represent the objects (input, 
output). 

The Fuzzification process is carried out according to the following principal contents. 

4.2.1. The Identification of the Input and Output Signals and the Corresponding Physical Value 

Domains 

Like the crisp controller, the identification of the input and output signals of the fuzzy 

controller depends on the object to be controlled, first of all, the input signals that reflect the 

state of the system, such as signal to determine position, velocity, ...Next are the output signals, 

which are the result of decision making by the controller based on the input signals, for example, 

the driving force that ensures the desired operating state (position, velocity,é) of the controlled 

system. The problem with fuzzy controllers is that the input and output signals can be imprecise 

but must be defined by a physical value domain. The reasonably determined physical value 

domain plays a vital role in ensuring the accuracy of the fuzzy controller, but this issue is rarely 

considered, presented, or discussed in the studies. 

Usually, the physical value domain of the linguistic variables representing the input and 

output signals is determined within the range bounded by two minimum and maximum values 

(4.1). 

 [ ]min ,Í maxv v v  (4.1) 

The determination of the value domain (4.1) is based on the knowledge of the controlled 

object and the knowledge and experience of the expert. This is often done randomly in published 

studies, with little analysis or correction [16 - 18, 57 - 81]. 

In this work, the selection and correction of the domain of reasonable physical values are of 

particular interest, and thus the fuzzy controller gives good results. 

Thus, to determine (4.1) is reasonable, it can be tested and corrected by simulation and 

experimental methods. In addition, it is possible to apply intelligent algorithms such as deep 

learning, reinforcement learning, deep reinforcement learning, genetic algorithms, modern 

evolutionary algorithms, etc. 

The physical value domain and the fuzzy rule base and inference are the main factors 

determining the performance and quality of the fuzzy controller. This issue will be discussed 

further in section 4.3 when presenting the construction of a fuzzy rule base system and fuzzy 

inference mechanism. 

4.2.2. Language Variables and Scale Mapping of Input and Output Data 

The algorithm of the crisp controller works with the numerical values of the controller's 

parameters. In the same way, the fuzzy controller works based on fuzzy operations with the 

linguistic semantic values of the fuzzy controller variables. That raises the problem of 

quantifying such quantities for digital computers. 

Therefore, the next step of fuzzification is naming the linguistic variables of the input and 

output signals and fuzzy partitioning. Fuzzy partitioning uses scale mapping to partition the 

universe of discourse of linguistic variables to establish fuzzy sets and to associate linguistic 

variables with term sets of corresponding fuzzy sets [17]. 
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Partition of the universe of discourse, known as quantization, divides the universe into a 

certain number of segments. Each segment is labeled and forms a discrete universe. Then the 

corresponding fuzzy sets are determined on the discrete universe of discourse. Next, scale 

mapping converts the crisp values and the physical domain of the input and output signals into 

the fuzzy set with the corresponding linguistic semantic value. Depending on the control object, 

the scale mapping can be uniform (linear), heterogeneous (nonlinear), or both.  

In a partitioned fuzzy set, the fuzzy set label or corresponding linguistic term determines 

the maximum value of the membership function. For example, the universe of discourse for the 

velocity variable is divided into three partitions and defines three fuzzy sets Small, Medium, and 

Big. At the same time, the names of those established fuzzy sets are used as the set of linguistic 

terms associated with the linguistic variable. Thus, the membership function value at Small, 

Medium, and Big are mF(Small) = 1, mF(Medium) = 1, mF(Big) = 1. 

Thus, the number of fuzzy sets formed from the partitioned universe of discourse is also the 

number of linguistic terms of the linguistic variable. Therefore, when calling the number of 

linguistic terms assigned the semantic value of a linguistic variable, it is also the number of 

partitions or quantization levels of the discourse universe. 

Usually, the number of quantization levels of the discourse universe (the number of 

linguistic terms assigned linguistic values) should be large enough to obtain a suitable 

approximation. However, the accuracy is not proportional to the number of quantization levels. 

The linguistic terms used in published studies can be from 3, 5, 7, and 9. The most common are 

5 and 7 terms [17, 18, 26, 27, 31, 43, 51, 58, 69, 79]. 

Table 4.1 shows the partitions of the partitioned universe of discourse X, fuzzy sets, 

linguistic value terms, and their corresponding symbols, with a quantization level of 5. Similarly, 

Table 4.2 represents a quantization level of 7. 

Table 4.1. The partitions, fuzzy sets, linguistic terms, and symbols correspond to the universe set                            

X quantization level of 5. 

No. Levels Xi Fuzzy Set Fi Name of Linguistic Value Notation of Linguistic Value 

1 X1 F1 Negative Big NB 

2 X2 F2 Negative Small NS 

3 X3 F3 Zero Z 

4 X4 F4 Positive Small PS 

5 X5 F5 Positive Big PB 

Table 4.2. The partitions, fuzzy sets, linguistic terms, and symbols correspond to the universe set                               

X quantization level of 7. 

No. Levels Xi Fuzzy Set Fi Name of Linguistic Value Notation of Linguistic Value 

1 X1 F1 Negative Big NB 

2 X2 F2 Negative Small NS 

3 X3 F3 Negative N 

4 X4 F4 Zero Z 

5 X5 F5 Positive P 

6 X6 F6 Positive Small PS 

7 X5 F7 Positive Big PB 
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4.2.3. Strategy for Filtering and Selection of Input Data 

Input variables can be obtained from observations or measurements as crisp values. These 

values are probabilistic because they can be biased by random noise. As pointed out in [17], for 

the convenience of computation by fuzzy operations, the input data should be converted to fuzzy 

numbers since fuzzy numbers are much easier to manipulate than random variables. The input 

signal can be considered a singleton if the input data does not contain many random values but is 

determined by the exact crisp value. Therefore, the input data can be in the form of a fuzzy set or 

a singleton. 

4.2.4. Membership Values Assignments 

As is known, to perform fuzzy operations, the input data must be represented in the form of 

membership function values belonging to one or more fuzzy sets partitioned on the 

corresponding universe of discourse. 

Different methods exist for assigning membership values or functions to language 

variables. Many different types of membership functions have been applied in the control 

engineering of engineering systems. The most commonly used membership functions in robot 

controllers are triangular and trapezoidal [17, 18, 26, 27, 51, 57, 58]. These forms are simple and 

easy to calculate, ensuring the controller's performance and the required accuracy. 

4.3. Fuzzy Composition Device 

The Fuzzy Composition Device is the heart of a fuzzy controller; it includes a fuzzy rule 

base system, a fuzzy inference mechanism, and integrated, processed for making decisions by 

algorithms. Thus, two main problems determine the performance of this device's performance: 

the method of building a fuzzy rule base (fuzzy implication method) and the method of 

composition of fuzzy compositional rules. 

4.3.1. Fuzzy Rule Base System 

As is known, the fuzzy rule, also called fuzzy implication, is a fuzzy relation between one 

proposition to another proposition, according to the IF-THEN rule, as pointed out in Section 2 

(2.26).   

In (2.26), the consequential propositions (after "then") are the results implied by the fuzzy 

relations between the antecedent propositions (before the "then") and the fuzzy relations between 

these propositions with consequential propositions. The propositions before "then" in (2.26) 

(also known as Conditions or Antecedents) represent the input variables, also called state 

variables, of the system and depend on the properties of the system. The proposition after "then" 

(conclusions or consequences) is decided based on the expert knowledge and experience of the 

designer about the controlled object [17, 18, 26, 27, 51, 57, 58, 62,...]. 

The number of the antecedent and consequential propositions in the IF-THEN rule (2.26) 

depends on the number of input and output signals of the language variables, therefore, on the 

control object. Thus, the number of IF-THEN rules (2.26) of the rule base system depends on the 

number of input signals of the linguistic variables and the number of fuzzy sets of those 

linguistic variables.  

The robot controller is often required to ensure the robot follows the trajectory. Therefore, 

the robot controller usually has two input signals of state variables: position and velocity, and 

one output signal of the control variable, the control force. 
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Let the input and output signals of the linguistic variables be position error e(t), velocity 

error ()e t  (input signal),  control force u(t) (output signal), and denote the corresponding 

universes of discourse for these variables as Q, V, and U. 

Assuming that the universe of discourse Q, V is partitioned as shown in Table 4.1 or Table 

4.2, the rule base system (2.26) for the robot controller can be created as below (4.2): 

 

() () ()

() () ()

() () ()

If  is NB and  is NB then  is PB or

If  is NB and  is NS then  is PB or

If  is PB and  is PB then  is NB 

ë
î
î
ì
î
î
í

e t e t u t

e t e t u t

e t e t u t

 (4.2) 

In general, (4.2) can be written in the form (4.3) 

 
() () (), , ,

  1,  2,  ,  ;    1,  2,  ,  ;    1,  2,  ,  ;  1,  ...,  .

:             

= » = » = » = = ³

i e k de l u jR If e t is F and e t is F then u

m

t is F

k l n j p i N m n
 (4.3) 

in which, , , ,, ,  e k de l u jF F F  are fuzzy sets defined on the universes of discourse Q, V, U 

respectively; Indices k, l, j represent the fuzzy component sets; m, n, p - the number of fuzzy 

sets;  N is the number of base rules (4.3). Sometimes the representation of  ñeò is not 

convenient because the symbol in the formula is too small, so ñdeò represents  ñeò. 

 , , ,,  , Ë Ë Ëe k de l u jF Q F V F U  

Based on Tables 4.1 and 4.2, with the cases of choosing different quantization levels for 

universes of discourse, the rule base system (4.2) and (4.3) can have a rule number of 25, 35, 35, 

and 49. 

Thus, the consequence proposition in (4.2) and (4.3) is decided by the designer and depends 

on the number of fuzzy sets partitioned for the output variable, i.e., the control variable. The 

designer selects the consequence proposition of (4.2), essentially selecting the partitioned fuzzy 

set of the corresponding control variable for each fuzzy rule (4.2). 

Assuming the quantization level is N=mxn=5x5=25, the rules are defined and summarized 

in a fuzzy associative matrix (FAM) table, Table 4.3 [17, 18, 26, 27, 51, 57, 58]. Thus, the 

values in the FAM table represent the control outputs. 

Table 4.3. Fuzzy rule base system. 

U(t) Position error e(t) 

Velocity Error e (t) NB NS Z PS PB 

NB PB PB PB PS Z 

NS PB PS PS Z NS 

Z PB PS Z NS NB 

PS PS Z NS NS NB 

PB Z NS NB NB NB 

The aggregation rule of the fuzzy rule base system for a fuzzy controller is as follows. 
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 (4.4) 

The problem is how to use the rule base system (4.2) to determine the control variable 

(output signal) based on the state variable (input signal). To do that, an inference operator is 

built to generate an aggregate rule called a fuzzy compositional rule of inference. 

4.3.2. Fuzzy Compositional Rule of Inference 

Although there are various methods for aggregating fuzzy compositional rules, as 
mentioned in section 2, Mamdani's approach demonstrates simplicity and ease of 
implementation, which guarantees the performance and accuracy of the controller. Therefore, 
Mamdani's method is widely applied in control engineering in general and robot control [17-22]. 
In particular, the works [27, 57, 62] show that in the case of mechanical processing robots, high 
requirements for control accuracy are still ensured when applying the Mamdani method. 

Mamdani's method is applied to both the Min operator (MIN) for fuzzy implication and the 
MAX -MIN operator for aggregation. 

The time variation of the input signals of the position error e(t) and the velocity error ()e t  

are represented by 
e

F¡ and ( )de
F de e¡ = , respectively. Here 

e
F¡, 

de
F¡ can be crisp values or fuzzy 

sets. With the robot controller, the input signals are the feedback signals determined by the 

sensors, and so 
e

F¡, 
de

F¡are physical values. Thus the input signal will be singleton [17, 27, 57, 

62].  
Assuming the fuzzy rule base system (4.2) has N rules Ri (i=1,.., N), and for input signals 

e
F¡,

de
F¡, then the fuzzy set 

u
F¡ of the output linguistic variable and its membership function 

uF¡
m is 

determined by the following fuzzy relation: 
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,

1

  ,   ;    ( )

    
=

¡ ¡ ¡ë = =
î
ì
¡ ¡=î

í

u i e de i

N

u u i

i

F F F R de e

F FU
 (4.5) 

Mamdani's MIN operator is used for implication: 

 () () ( ) ( )
, , , ,

;   ¡
¡ ¡= Ø = Ø

u i u i e k de lF i F i F e F deu u F Fm a m a m m  (4.6) 

where, i - index of fuzzy rule i; k, l - is the index of the corresponding fuzzy sets , ,, e k de lF F  to 

which the input signals  
e

F¡,
de

F¡belong; ()
,u iF um  is the membership function defining the fuzzy 

implication relation of the fuzzy rule Ri, as shown in (4.4). 

The compositional rule of the entire fuzzy rule base system is determined by the 

membership value based on Mamdani's MAX-MIN operator: 

 () () ()
, ,

1 1
V V¡ ¡

= =

è ø= Ø =
ê úu u i u i

N N

F i F F
i i

u u um a m m  (4.7) 
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4.3.3. Fuzzy Control Hypersurfaces 

This part simulates the controller's compositional fuzzy rule of inference based on the 

physical value domain, the fuzzy rule base system, and the fuzzy inference mechanism. This 

helps to visualize the influence of the physical value domain and the rule base system and helps 

to make corrections. 

   
 

4.3.a 4.3.b 4.3.c 

Figure 4.3. The grid hypersurfaces represent the relationship between input state variables and output 

control variables (Control Surfaces). 

In general, the relationship between input state variables and output control variables can be 

represented by grid hypersurfaces, referred to as control surfaces. The robot controller has two 

input state variables and one output control variable, so the mesh hypersurface is represented in 

Euclidean space, as shown in Figure 4.3. Figure 4.3.a shows the control surface in which the 

universes of discourse are transformed into the normalized closed interval [-1, 1]. Figures 4.3.b 

and 4.3.c show control surfaces in which the universes of discourse are partitioned on the 

physical value domain, the same physical value domain but with different fuzzy rule base 

systems. Control surfaces, as Fig. 4.3.a, are often used to observe and study when building a 

fuzzy rule base system and determining the physical value domain of input and output variables. 

It is observed that the geometrical shapes of the control surfaces corresponding to the universes 

of discourse are normalized or defined over the physical value domain are similar. Control 

surfaces 4.3.b and 4.3.c are often used for numerical simulation and numerical experimentation 

with fuzzy rule base systems and defined physical value domains of input and output variables to 

perform corrections. 

While there are different types of membership functions, the most commonly used are the 

triangle and trapezoid functions [17, 18, 26, 27, 51, 57, 58, 62,..]. The reason for this may be the 

simplicity of the calculation. On the other hand, for technical systems in general and robots, the 

triangular and trapezoidal functions are suitable for the system's dynamic characteristics. 

Therefore, only the above two membership functions are applied here. 

Figure 4.4 shows control surfaces with different physical value domains of input and output 

variables. Figure 4.4.a shows the control surfaces with the same physical value domains of the 

input variables but different outputs. Figure 4.4.b shows control surfaces with different physical 

value domains of the input variables, in which the control surface j corresponds to the 

estimated physical value domain when designing, and the control surface k corresponds to the 

actual physical value domain when simulating the operation of the controller. Figure 4.4.c 

differs from Figure 4.4.b by adding a dotted surface, where each dot represents a relationship 
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between input variables defining an output variable. For the convenience of presentation, the 

dots are called control points. 

   
4.4.a 4.4.b 4.4.c 

Figure 4.4. Control surfaces with different physical value domains. 

As pointed out, the physical value domain of the input and output variables and the fuzzy 

rule base system are the main factors that determine the performance and quality of the fuzzy 

controller. There is no general method for selecting and adjusting the physical value domains 

and establishing the fuzzy rule base system, which is mainly based on expert knowledge and 

experiments. However, some problems can be the following approach: 

The estimated physical value domains can hardly coincide with the actual value domain, 

the deviation is inevitable, but the deviation cannot be too large, and the selection of the physical 

value domain is based on the following analysis: 

The input signal is usually the deviation between the desired value and the actual value of 

the state variable, so it is fine when the values of the input signals are small. Therefore, if the 

physical value domain of the input variables is selected as too large, it will be unreasonable. 

However, if the physical value domain is too small, there will be cases where many actual 

values of the input signal are outside the estimated value range, then the value of the 

membership function is assigned to 0 or 1 by default. This leads to the slow tuning of the output 

signal. This explains that when there is a deviation of the motion trajectory, the system's return 

to the correct state by the fuzzy controller may be slower than by the crisp controller (see also in 

section 5). 

The appropriate physical value domain would be such that the control points are located 

near or mainly concentrated in its center, i.e., in the central region of the control surface, as 

shown in Figure 4.4.c. 

Another problem when designing fuzzy controllers is the number of quantization levels of 

universe sets of language variables. Figures 4.5.a - 4.5.d show control surfaces corresponding to 

3, 5, 7, 9 fuzzy sets created from partitioning universe sets. Figures 4.5.e and 4.5.f show all four 

control surfaces simultaneously for easy observation and comparison. It can be seen that, with 

the function of triangle and trapezoid, the difference between the control surfaces is not too 

significant, Figures 4.5.a - 4.5.f. At the quantization level of 3, the control surface is simpler and 

coarser, but the computational volume will be less. 

In contrast to the partition level of 9, the control surface is smoother, and the computational 

volume is more significant. However, the difference between the control surfaces is not too 

substantial, reflecting the numerical experiment that the degree of accuracy improvement by 

increasing the quantization level is not too great. Therefore, partition levels 3, 5, 7, 9 [17, 18, 26, 



 
 

Phan Bui Khoi 
 

 

552 

27, 51, 57, 58, 62,...] are still commonly used depending on the control object, but the most 

common is at the quantization level of 5 and 7 fuzzy sets. 

   
4.5.a 4.5.b 4.5.c 

  

 

4.5.d 4.5.e 4.5.f 

Figure 4.5. Control surfaces with different quantization levels of the discourse universe of                        

linguistic variables. 

4.4. Defuzzification  

As pointed out in published works, many methods for defuzzification techniques have been 

studied and applied. Among them, the most popular and effective is the Center Of Area method 

(COA) [17, 18, 26, 27, 57, 58, 62]. 
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The first formula is for the continuous u case; uǋ is the actual output value, taken according 

to the coordinates of the region's centroid, formed by the membership function line and the 

horizontal axis; Sǋ is the domain of the fuzzy set uF¡. 

5. ROBOT FUZZY CONTROLLER IN MECHANICAL ENGINEERING  

Based on research results on controlling manipulators in general as well as mechanical 

machining robots [27, 57, 62], this section analyzes the design of fuzzy controllers for 

mechanical machining robots, focusing on the following problems: The main topics mentioned 

are fuzzy set partitioning, determining the physical value domain of input and output variables, 
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creating fuzzy rule base system and inference mechanism. The problems are analyzed based on 

the application of the robot model with numerical simulation experimental results. 

As pointed out above, technology-manipulating robots in general and mechanical 

processing robots often have a manipulator-like structure with two typical kinematic structures: 

open chain and closed chain. 

5.1. Fuzzy Controller for Open Chain Cooperative Robot 

 
 

5.1.a 5.1.b 

Figure 5.1. Model of a collaborative robot system, mechanism of relative manipulation, with 8 degrees of 

freedom for milling ï MRM8. 

 

 

Figure 5.2. Machining details and toolpaths. 

Figure 5.1 shows a system model of two mechanical machining manipulators, including: 

(1) a manipulator gripping and moving the machining tool, from now on referred to as a tool 

robot, and (2) a robot with table form that clamps and moves the workpiece, from now on 

referred to as table robot or jig robot (Fig. 5.1.a). These collaborative robots perform coordinated 

manipulations through the relative motion of two manipulator mechanisms. Therefore, this kind 

of collaborative robot system is also called the Mechanism of Relative Manipulation - MRM 

[93-95]. Figure 5.1.b is a diagram of the kinematic structure representing the motion of a tool 
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robot consisting of eight degrees of freedom of motion, in which 6 degrees of freedom of the 

tool robot are represented by the joint coordinates q1, é, q6, and two degrees of freedom of 

movement of the jig robot, represented by yb, xd. The MRM8 notation for robots with eight 

degrees of freedom is considered here. 

Figure 5.2 shows the workpiece with the surface to be machined as C. The machining 

process is performed by the coordinated motion between the tool robot and the jig robot so that 

the tool moves along the tool paths Li, with the position and orientation of the cutting tool to 

ensure a flat surface cut C. From the requirement for such manipulative motion, the motion of 

the links at the joints is calculated in terms of position and velocity over time and is input data to 

the controller. 

In the case of a crisp controller, the control forces are calculated based on the dynamic 

model and according to the position and velocity input at the joints. It is difficult to accurately 

determine the quantities in the dynamic model of such a system, especially since the cutting 

force at the contact position between the cutter and the workpiece is an uncertain,                             

ever-changing factor. 

Depending on the capabilities created by design, the fuzzy controller can calculate and 

determine some parameters of the dynamic model, calculate error compensation, completely 

replace the dynamic model, and calculate the control force without needing a dynamic model. In 

the works [27, 57, 62], the fuzzy controller does not use the dynamic model when calculating the 

driving force, only relying on the input signal about the position error and the velocity error 

between the desired value and the actual value. 

The contents and methods of implementing the design steps are presented in Section 4. 

Here only a few key issues are further analyzed below. 

Input and output language variables 

The surveyed robotic machining system has 8 degrees of freedom. The input variables will 

be eight signal pairs, each corresponding to each joint, including the position and velocity errors 

between the desired and actual values. Each joint has an output language variable which is the 

control force. For simplicity, the above linguistic variables can be abbreviated as the linguistic 

variables of position, velocity, and control force. The language variables of position ei(t), 

velocity ()ie t , and control force Ui(t). i = 1,..,n is denoted as below: 
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where qi ïactual value, and qdi -  the desired value of the position variable; diq,  q are the actual 

and desired values of the velocities of the joints, respectively; i=1,..,n=8. 

Partition of discursive universes for input and output variables 

As analyzed in Section 4, linguistic variables' discursive universe quantization levels can 

usually be from 3, .., 9, but the common ones are 5, 7. The works [26, 27, 51, 57, 62] have 

applied a quantization level of 5, achieving high accuracy while computational volume is 

reasonable. Thus, for each pair of input signals and one output signal for each joint, the universe 

of discourse for linguistic variables of position, velocity, and control force is partitioned into a 
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partitioned discourse universe, and determine the number of fuzzy sets and the corresponding 

number of linguistic terms, as shown in Table 4.1. 

In general, universes of discourse can be arbitrarily partitioned with fuzzy sets defined on 

them of the corresponding linguistic variables. The input data simultaneously affects the output 

data. On the other hand, in terms of operating principle, the links and joints of the robot have the 

same dynamic characteristics. Therefore, to simplify while ensuring controller efficiency, the 

universe set of linguistic variables is partitioned to the same number of levels and with a uniform 

proportional mapping. Therefore, the fuzzy sets and linguistic terms are denoted the same for the 

linguistic variables corresponding to the joints. Although the symbols are the same, the physical 

values of language variables are determined by their respective physical value domains, as 

shown in (4.1). 

Determine the membership function of language variables 

 

Figure 5.3. Triangle and trapezoidal membership functions. 

As is known, many types of membership functions can be used, but the triangle and 

trapezoidal functions are the most commonly used. The reason for this may be the easy and 

simple calculation and the fit of the system's dynamic characteristics to this form of membership 

function. This is shown in the works [26, 27, 51, 57, 62], where the membership functions of the 

left trapezoid, the triangle, and the right trapezoid are used to represent the member values of the 

language variables e(t), ()e t and U(t), Figure 5.3. Although the dynamic system is complex, the 

fuzzy controller in [26, 27, 51, 57, 62] designed with these membership functions still achieves 

high accuracy. 

Fuzzy Composition Device 

Creating a fuzzy rule base system and inference mechanism is applied according to the 

method given in Section 4. Creating a fuzzy rule of the form (4.2) is firstly based on knowledge 

of the system's dynamics. Let's analyze a rule of (4.2) as follows: 

 () () ()               
...
If e t is Nagative Big and e t is Nagative Big then ut is Positive Big  (4.2) 

From the identification of signals e(t), according to (5.1), rule (4.2) indicates that deviations 

with large values of position and velocity (Negative Big) need to increase control force (Positive 

Big) so that the actual position and velocity progress to the desired position and velocity. This 

rule would need no proof, and it is all the more obvious when analyzing the law as Newton's 2nd 

axiom that acceleration is proportional to the force applied. Thus, with this rule, the membership 
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functions of the triangle and trapezoid shapes are a suitable choice. The inference mechanism 

and the method of aggregation of appropriate rules from this obvious rule-based system will 

create a controller with the desired performance and accuracy. 

Based on the publications in [57], below will analyze the method of correcting the physical 

value domain and the rule-based system based on numerical simulation experiments. 

Comparing the desired trajectory with the actual trajectory obtained from the fuzzy 

controller operation allows for confirming the reliability of the fuzzy controller. However, here 

the control results of a crisp controller are also quoted for further comparison. Figure 5.4 shows 

the controller's result with two feedback loops, including Inverse Dynamics + Proportional 

Integral Derivative - IDPID. The IDPID controller is assumed to have an absolutely accurately 

defined dynamic model, so the control results are accurate and a reliable basis for comparison. 

Sub-figures 5.4.a,..,h represent the desired position, the actual position obtained from the 

controller operation, and the difference between them. For example, Figure 5.4.a represents qd1, 

qr1, and dq1 of joint 1. 

Figures 5.5 and 5.6 show correspondingly the control surfaces and simulation results of the 

fuzzy controller for the robot. The figures' grid surfaces in Figures 5.5.a,..,h are control surfaces 

represented based on the physical value domains, the fuzzy rule base system (4.2), and the rule 

inference and synthesis mechanism, as shown in Section 4. The control points (dots) in Figures 

5.5.a,..,h are control points obtained from the control results (numerical simulation experiments) 

and are called real control points. 

  
 

 
 

 

   

5.4.a 5.5.a 5.6.a 

5.4.b 5.5.b 5.6.b 

5.4.c 5.5.c 5.6.c 
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Figure 5.4.  Control results of 

the IDPID controller. 
Figure 5.5.  Design control Surf. 

and actual control points. 
Figure 5.6.  Control results of 

the Fuzzy controller. 
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If all real control points lie on the control surfaces, Figures 5.5.b,c,e,g,h, then it shows that 

the controller is operating efficiently. The physical value domain is estimated, and the 

established rule base system is appropriate. In fact, due to disturbances or deviations from the 

system's trajectory at a start or unusual time, some actual control points may be outside the 

control surface, Figures 5.5.a,d,f; but the fuzzy controller can still bring the system to trajectory. 

In such cases, points outside the designed control surfaces may be due to initial deviation or 

abnormal noise. The fuzzy controller will correct the deviation, and the control points will be 

concentrated mainly on and near the center of the control surfaces. 

Figures 5.6.a,..,h show the control results for the motion of the joints. The symbols qr1, qr2, 

..., qd1, qd2, ..., dq1, dq2, ..., represent the joint's actual position, desired position, and position 

error, respectively. This result shows that the fuzzy controller has good quality and high 

accuracy, and the actual and desired trajectory coincides. 

Table 5.1 shows the physical value domain of the input and output variables e(t), de(t), and 

U(t) after some adjustments to get the control results, as shown in Figures 5.6.a,..,h. 

Table 5.1. The physical value domain of language variables applied to robot controllers MRM8. 

Joint ei ie  ui 

1 [-0.0002, 0.0002] (rad) [-0.2,   0.2] (rad/s)           [-32000, 32000] (Nm)                      

2 [-0.0003, 0.0003] (rad) [-0.3,   0.3] (rad/s)           [-48000, 48000] (Nm)                      

3 [-0.0005, 0.0005] (rad) [-0.8,   0.8] (rad/s)           [-38000, 38000] (Nm) 

4 [-0.0037, 0.0037] (rad) [-6.0,   6.0] (rad/s)           [-25500, 25500] (Nm)                   

5 [-0.0050, 0.0050] (rad) [-5.5,   5.5] (rad/s)           [-10000, 10000] (Nm)                       

6 [-0.0060, 0.0060] (rad) [-10.5, 10.5] (rad/s)           [-4000,   4000] (Nm)                       

7 [-0.0010, 0.0010] (m) [-0.2,   0.21] (m/s)           [-4000,   4000] (N) 

8 [-0.0006, 0.0006] (m) [-0.5,   0.5] (m/s)           [-3100,   3100] (N) 

It is found that the results of the fuzzy controller (Figure 5.6) are as good as the results of 

the crisp controller (Figure 5.4). Observing the graphs at the beginning of the control process; 

there is a deviation between the desired and the actual trajectory, and the fuzzy controller brings 

the system to the correct trajectory a little slower than the controller. For clarity, this has been 

discussed in Section 4.3.3. 

Based on the knowledge of robot dynamics and observation in Figure 5.5.a,..,h, and 

comparising between the designed control surface and the response part, which are real control 

points, the physical value domain of linguistic variables can be adjusted as well as correction of 

fuzzy rules. This method is easy to apply when performing numerical simulation experiments as 

well as adjusting robot control in actual installations. 

5.2. Fuzzy Controller for Closed Chain Cooperative Robot 

The manipulation robot system consists of two manipulators that coordinate technological 

manipulation, the first manipulator carrying a machining tool (Tool Robot - T) with three 

degrees of freedom. The second movable table-type manipulator has two degrees of freedom, 

acting as a jig for clamping and moving the workpiece, from now on referred to as the table 

robot or the Jig Robot (Jig Robot - J). The robotic system has five degrees of freedom of 
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movement (so-called Mechanism of Relative Manipulation-MRM5). The workpiece (Workpiece 

ï W) is positioned and clamped on the J table robot. Usually, to process the machinery detail 

with any geometric shape and surface position, the robot needs many degrees of freedom due to 

the need to perform complex forming machining movements. With a cylindrical and conical 

machining surface, as shown in Figure 5.7, the machined surface's position is arbitrary for the 

positioning standard of the workpiece; the five degrees of freedom robot, as stated above, meet 

the machining requirements. 

  

Figure 5.7. Collaborative robot closed chain structure with mechanism of relative manipulation,  

five degree of freedom (dof) ï MRM5. 

The tool robot has a closed chain structure to ensure rigidity. As such, this robot is close to 

a 5-axis CNC machine. However, thanks to this structure, the robot can be designed with a size 

that meets the machining requirements, i.e., the robot has a larger workspace than a CNC 

machine. On the other hand, thanks to the flexible programming ability, the robot's processing 

ability is flexible. Figure 5.7.a shows a robot that can perform arc welding to join machinery 

detail, and Figure 5.7.b shows a robot that can perform cutting milling or laser machining, etc. 

The crisp controller for the closed-chain robot should be based on the dynamic model 

according to (3.7) - (3.17); different from the open-chain robot control, the dynamic model is 

(3.6) - (3.13). Calculating the dynamic model (3.7) - (3.17) will be more complex and 

complicated. When applying the fuzzy control method with different types of robots, it can be 

based on the general process as described in Section 4 and Section 5.1. In [62] we presented the 

controller for the arc welding robot, the steps of designing the fuzzy controller, estimating and 

calibrating the physical value domain, creating a rule base system and an inference mechanism, 

and defuzzification, similarly performed as with the robot described in Section 5.1. The tool 

robot that clamps and moves the welding head coordinates the movement, with the jig robot that 

clamps and moves the workpiece. The motion law of the links at the joints of the robot is 

designed and is the input data of the controller. The fuzzy controller in [62] is designed so that 

the control force (output variable) can be calculated to ensure the robot's motion without relying 

on the dynamic model. 

Figures 5.8.a,..,e show control surfaces and control points, in which the control surfaces are 

determined from the selection of the physical value domain, the fuzzy rule base system and the 

fuzzy inference mechanism are designed. The control points (dots) located on the control surface 

are obtained from the numerical experimental results of the controller simulation.  

5.7.a 5.7.b 
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Figure 5.8.  Design control Surf. 

and actual control points. 
Figure 5.9.  Real control points. Figure 5.10.  Control results. 
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Thanks to some corrections to the physical value domain and the rule-based system based 

on numerical simulation experiments, the control points are all located on the control surfaces. 

They are primarily concentrated in the center of the control surfaces. To observe more clearly, 

Figure 5.9.a,..,e shows the control points. With centralized control points, as shown in Figures 

5.8.a,..,e, it shows that the controller works effectively with high accuracy, as shown in Figure 

5.10.a,..,e. 

Figures 5.10.a,..,e show the control results for the motion of the joints. The symbols qr1, 

qr2, ..., qd1, qd2, ..., dq1, dq2, ..., represent the joint's actual position, desired position, and 

position error, respectively. This result shows that the fuzzy controller has good quality and high 

accuracy, and the actual and desired trajectory coincides. 

Table 5.2 presents the physical value domains determined after some adjustment steps to 

achieve control results, as shown in Figures 5.10.a,..,e. 

For simplicity and ease of application, in this paper, a method of designing fuzzy 

controllers for mechanical machining robots is presented based on the steps of selection and 

calibration, as shown in Section 4,  and Sections 5.1 and 5.2. These manual methods are simple 

and still achieve results suitable for complex systems such as machining robots. 

Table 5.2. The physical value domain of language variables applied to robot controllers MRM5. 

Joint ei ie  ui 

1 [-0.002,     0.002] (rad) [-0.1,     0.1] (rad/s) [-32,   31.5] (N.m) 

2 [-0.002,     0.002] (rad) [-0.09,   0.09] (rad/s) [-106, 38] (N.m) 

3 [-0.00092, 0.00205] (m) [-0.078, 0.098] (m/s) [-138, 65] (N) 

4 [-0.0009,   0.0022] (rad) [-0.15,   0.18] (rad/s) [-98,   72] (N.m) 

5 [-0.001,     0.00092] (rad) [-0.05,   0.05] (rad/s) [-8.0,  11] (N.m) 

However, to achieve better results, intelligent algorithms can be applied. For example, 

genetic algorithms and modern evolutionary algorithms can be used to determine the physical 

value domain of input and output variables. Algorithms based on artificial intelligence, deep 

learning, reinforcement learning, and deep reinforcement learning can be integrated and used in 

training and correcting the rule base system, etc. [55, 56]. 

5.3. Stability of the Fuzzy Controller 

There have been many research and analysis works on the stability of fuzzy controllers [18, 

ï100-109], but this is still an open problem. As mentioned, fuzzy sets, fuzzy logic theory, and 

fuzzy controllers generally work on uncertain and "vague" information. Therefore, proving the 

stability according to the method based on the mathematical model as with the crisp controller is 

challenging. 

Does the proof, as with the crisp controller will, lose the "fuzzy" and reduce the flexibility 

of the fuzzy logic-based working system? Here, starting from working with vague, uncertain 

information but with reasonable human-like inference, we briefly discuss the stability of the 

fuzzy controller. 

Let's take an example. The dancer holds a stick upright on the tip of one finger, which at 

the top of the stick has an egg. A not-so-excellent dancer can keep the stick and the egg from 
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falling with just a simple operation. That's when the stick tends to lean in that direction that the 

dancer moves his finger and the stick in that direction. 

The fuzzy rule base system (4.2) is also built from simple, obvious things like natural 

human inference. From the rule system (4.2) and considering the control surfaces (Figures 4.3-

4.5, 5.5, 5.8) represented from the rule system, it can be seen that when the error increases, the 

control force decreases. On the other hand, for triangular and trapezoidal membership functions, 

the change of the control force is linear and bounded by the physical value domain (see Figures 

4.3-4.5, 5.5, 5.8). Thus, the error will decrease with the operation of the fuzzy controller. This is 

reasonable and consistent with the ambiguous nature of the fuzzy logic-based working system. 

6. CONCLUSION 

The article has introduced the advantages of applying robots in mechanical processing, an 

inevitable development trend. Controlling the robot to ensure the requirements of mechanical 

processing techniques and efficiency is still an open problem. From there, the article analyzes 

and presents the main problems in the design process of fuzzy controllers for mechanical 

machining robots. 

The method of analyzing, selecting, and correcting the physical value domain, creating a 

fuzzy rule base system and the inference mechanism, synthesizing the rule system, and the 

defuzzification method shown in Sections 4 and 5 is simple and effective. Although there are 

fuzzy inference methods and fuzzy composition rules synthesis such as those of Mamdani and 

Takagi-Sugeno,..., the paper focuses on one of Mamdani's methods, which is easy to apply for 

newbies working with fuzzy controllers and, at the same time, gives good results. 

As mentioned above, setting up and calibrating the controller can be done simply by hand, 

based on numerical simulation experiments presented in Sections 4 and 5. This is easy for 

beginners to use fuzzy logic to design fuzzy controllers. 

The next development step is to apply intelligent algorithms such as genetic algorithms, 

modern evolutionary algorithms, artificial intelligence, deep learning, reinforcement learning, 

deep reinforcement learning, etc. to identify the physical value domain and create the 

appropriate rule system. 

The problems mentioned in the article are undoubtedly helpful in applying fuzzy logic to 

control problems in general and mechanical processing robots. A good application of these 

basics and simplicity is also the basis for developing studies with Type-2 Fuzzy, integrating 

Adaptive Fuzzy Controller, Sliding Fuzzy Controller, and other intelligent algorithms, such as 

the Hedge Algebraic Fuzzy Ccontroller, Neural Fuzzy Controller, etc. with modern evolutionary 

algorithms. 
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