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THE BALANCING OF ROTATING MACHINERY
AS NONLINEAR SYSTEM

NGUYEN CAO MENH
Institute of Mechanics, Hanos

ABSTRACT. In this paper a method for dynamical balancing of rotating machines as
a nonlinear system is proposed. After analysing and identifying the nonlinear system, a
procedure of dynamical balance including measurement and processing of vibration signals,
for calculating magnitude and location of imbalance mass is presented. An example of
simulation and calculation is investigated for illustration of the method.

1. Introduction

One of the main causes of machinery vibration is imbalance of rotational
parts. The dynamical balancing of rotating machines has been developing for new
kinds of machines with high speed and improving balancing results more exactly
and quickly. The system of machines with its rotational part is usually regarded
as a linear system and there are some methods for balancing it. But sometimes it
is difficult to find the location and magnitude of imbalance mass of the rotational
pért. Therefore, the balancing time is lasted so long and makes influence on
production time. One of the reasons of this situation is the nonlinearity of the
system. In this paper an effort is made for balancing a simple rotational part of
machine with non-linear stiffness of the system. 5

2. The method for balancing rotational part of machine in linear
case

The brief of a dynamical balancing method for linear system is explained
in the Fig.1, where mg is rotational mass, m4 and m; are eccentric and trial
ones respectively. In this case the centrifugal force is proportional to according
amplitude of vibration which can be measured. Therefore with three times of
operating machine, it is able to find the location and magnitude of imbalance
mass for balancing the rotational part of machine on the basis of triangle OAB
(Fig.1), here Ag is vibration amplitude for the case without trial mass and A,
A, are amplitudes for the cases with trial mass.
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Fig. 1
3. Balancing rotational part on non-linear system

3.1. Equation of motion
Let us investigate the system in Fig.2

If the system has imbalance mass my
with distance r from shaft line and the stiff-
ness of the system is described by function
f(z) then the differential equation of mo-
‘tion in the direction of axis X is governed
as follows

m3E + h1g + f(z) = myrwicoswit  (3.1)

Denoting lzi = 2hwy,
ms3
12) _ uz 4 g(z), =P,
m msa
we have Fig. 2
i + 2hwo + wiz + g(z) = Pw? cosw;t. (3.2)
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In practice the function f(z) and therefore the function ¢(z) is symmetric for
two sides of vibration. with respect to axis X, therefore in mathematical expression
the function f(z) is odd, that means

f(=2) = -f(2)
Then the expand of g(z) is of the form

g(z) = bzz® + LAt SR (3.3)

Since the vibration of the system is supposed to be small, then we restrict
ourself by first term and the equation (2) becomes

£ 4 2hwoz + wiz + baz® = Pw? coswt, (3.4D
where h, wg, w; are given constants and b3 is to be determined below.

3.2. Identification of the system by measurement and calculation
of vibration

Suppose tha.t’ b3 is small and can be written
bs =eb, (3.5)
where € is a small positive parameter, we can write the equation (3.4) in the form
i+ 2hwoi + wiz = ow-gos wit — ebz®. (3.6)

On the basis of small parameter method [1] the solution of the equation (3.6) can
be sought in the form

z(t) = zo(t) +eza(t) + e*za(t) + .. (3.7)

Substituting (3.7) into (3.6) then B_ala.ncing the terms with the same order of
€ we obtain the following equations system: '

Eo + 2hwoio + wizg = Pw? coswit. | (3.8)
5.21 + Zhwoil + w(z,:vl = -—b:l:g
o + 2hwoty + Wiz, = —3bzliz, (3.10)
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We are interested in the stationary solutions of equations system (3.8)-(3.10). The
stationary solution of Eq. (3.8) is described as follows

Puw?
zo(t) = —; cos do, (3.11)
Dl
where
2hwow
D1 = (wg = w12)2 + 4h2wgwf, (bo =wt + ©o, tanpo = ﬁ J (3.11)
1~ Wao
Equation (3.9) becomes
bP3w8 2
T1 + 2hwoiy +w(2).’l:1'= —~——3/—2-i cos® b0, (3.13)
. Dl
g & - 1
cos® ¢o = i cos ¢o + 7 €08 3¢o, , (3.14)
and stationary solution of the Eq. (3.13) is
' 3bP3wS bP3wS
zy(t) = — cos(do + ©11) — —=5—75 €0s(3d0 + ©13) (3.15)
D} D7Dl ’
where
2 2y2 3 2 2 : 6hwow
Dz = (wo = le) + 36h WoWwy, tany;; = tanpg and tanp;3 = 6(,72_5 ?
i — Wa

It is similar for z2(t), which will be consisted of harmonics of first, third and fifth
order of frequency w;. We restrict ourselves by the first approximation. We have

z(t) = zo(t) + €z, (t)

Pu?
= cos ¢g —
1

b pswﬁ ]
cos(do + p11) — —3372—;75 cos(3¢o + ©13).
4D "D, (3.16)

3P3w§bs
4D?

After some simple transformations the amplitudes of the first and the third order
harmonics can be expressed by the following formulae.

Pyt o9b2Powi? _ 3PYwibs(wf — wd)

A = ;
D, © T16D? 2D ’ (8:17)

' 1)3.1‘)3(/.)5i

As = W . (3.18)
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If it is possible to measure the vibration of the system-along the axis X and
describe it in frequency domain, then it is able to obtain A; for frequency w; and
A3z for frequency 3w; from measurement data.

Using two equations (3.17) and (3.18) we have the following equation for

gi= P
pl/2
q* — 6A3(w? - wg)ﬁq +942D, — A2D,; =0. (3.19)
1
From here we obtain
pL/2
g = Pw? = 343(w? — wd) i/z + VA, (3.20)
D,
D
where A = 943 (w? —w2)? —D—E —9A2D; + A2D, and from (3.18) we have the value
, 1

bs.

3.3. Determination of balancing parameters

Adding a trial mass m; alternatively at two radial symmetric places of rota-
tional part, measuring vibrations for every case and using similar formula as (3.2q))
we can calculate the values P; and P; which are proportional to centrifugal forces.

Draw the triangle, which is similar to triangle OAB on Fig.1 and allows us
to determine the angle ¢, that means, the location of imbalance mass my4. The
magnitude of my4 is calculated by formula

m3P

my = (3.21)
¥
We can check it by computing P; from the expression
P} + P - 2P? |
B == , (3.22)
th 4
= (3.2
my Pt ) . ( '$)
and the angle p can be calculated by the formula
i .
© = arccos [_‘i—ﬁﬁt——] 2 (324)

3.4. Procedure for balancing rotational part in non-linear system

- Measure three times vibrations of bearing on imbalance system, determine
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amplitudes at frequency w; and 3w, on graphics of vibrations in frequency domain
for initial imbalance mass and two times of attachment of the trial mass.

- Determine P, P;, P, for three times of measurement by formula similar to
(3.20)
_ - Calculate P; and ¢ from formulas (3.22) and (3.24). Two balancing param-
eters m4 and ¢ are determined.

- Attach the balance mass my (calculated by (3.21)) in the place of radial
symmetry with respect to position found by angle ¢, the rotational part will be
balanced. '

4. Results of simulation and calculation

- The equation (3.4) is solved directly by computer progranume with given
parameters including b3 and P, and the solution (vibration) and its spectrum can
be obtained. We can determine two values A, and A3 (Figs 3-5).

- Using input parameters: wj, wo, i, 4;, As.

That méans, it is not necessary to know nonlinear coefficient b3 and intense
of force P, but we can get these values from equations (3,18) and (3.20).
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Fig. 3. Vibration and spectrum
h; =0.029811, my4 =1., f =4.74185, f, =8., f=0.5, r=0.6

Ordinate level: E = 56.4559, D = 42.34192, C = 28.22795, B = 14.11397, A = 0.0
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Fig. 4. Vibration and spectrum
hy =002981, my=15, f=4.74173, f, =8, =05, r=08
Ordinate level : E = 60.19252, D = 45.14439, C = 30.09626, B = 15.04813, A = 0.0
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Fig. 5. Vibration and spectrum
hy = 0.029809, m, =2., f =4.74162, f, =8., 8 =05, r = 0.6
Ordinate level : E = 63.34972, D = 47.51229, C = 31.67486, B = 15.83743, A = 0.0
- Comparison of the values P, (calculated by formula P; = '—mn}—r) with com-

, 3
putational results P, (by (3.20)) is given in the Table 1 with amplify coefficient
104, in which w; =27f;, wo=27f and f; =8, fand h are calculated from
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simulation model, m3z = 20,000kg. The values in two final columns are closed-
each other, that shows the exactitude of the method.

Table 1

my o h Ay As P, P,

2.50 +4.74150 0.029809 66.09504 4.55542 75.5727 74.8783
2.25 4.74156 0.029809 64.76664 4.22026 67.6920 67.3913
2.00 4.74162 0.029809 63.34972 3.87782 59.9041 59.6823
1.75 4.74167 0.029810 61.83076 3.54005 52.4168 51.8845
1.50 4.74173 0.029810 60.19252 3.20013 44.9292 44.0758
1.25 4.74179 0.029811 58.41179 2.85299 37.4415 36.1874
1.00 4.74185 0.029811 56.45590 2.51983 29.9536 28.7850
0.75 4.74191 0.029811 54.27776 2.19330 22.4855 21.7034
0.50 4.74196 0.029812 51.80022 1.84879 14.9772 14.3523

5. Conclusions

The method presented in this paper is rather simple for practical application,
after computing P (final column of Table 1) the results for linear system could
be applied and the balancing parameters are found out.

This work is completed with financial support of the Council for Natural
Science of Vietnam.
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CAN BANG MAY QUAY TRONG TRUONG HOP PHI TUYEN

Bai nay dé xuit mét phwong phép cin bing déng miy quay trong trudmg
hop phi tuyén. Sau khi phan tich va nhan dang hé phi tuyén, mét quy trinh can
béng déng bao gdbm do dao dong, xit Iy tin hidu v ding cdc tham sé d& tinh to4n
d6 16m va vi tri khéi lwong mét cin béng da dwoc trinh bay. Mét vi du v& mé
phdéng va tinh todn di dwgc thwe hién dé minh hoa cho phwong phaﬁp.
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