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ASSOCIATED EQUATIONS AND THEIR
CORRESPONDING RESONANCE CURVE

- NGUYEN VAN DINH
Institute of Mechanics

In the theory of nonlinear oscillations, in order to identify the resonance curve
we usually try to eliminate the dephase 8 in the equations of stationary oscillations.
We obtain thus a certain frequency-amplitude relationship.

In simple cases when the mentioned equations contain only and linearly the
first harmonics (sin 8, cos 6) the elimination of 8 is elementary, by using the trigono-
metrical identity sin 0 + cos? 6 = 1.

In general, high harmonics (sin 20, cos 26, etc.) are present. Consequently
the expressions of sin#, cos § are cumbersome or do not exist and the analytical
elimination of # is quite inconvenient or impossible. For this reason, to identify
the resonance curve of complicated systems, we use the numerical method.

Below, intending to develop the analytical method, we shall propose a proce-
dure enabling us to transform the “original” complicated equations of stationary
oscillations into the so-called associated ones, only and linearly containing sin 4,
cos 0. The equivalence of the original and associated equations will be treated and
the associated resonance curve-that is determined by the associated equations-will

be analyzed

The discussion will be restricted to a simple practical case in which, beside
sin® and cos @, only sin 260 and cos 26 are present. Nevertheless, the method pro-
posed and the results obtained can be generalized.

§1. System under consideration. The elimination of 2¢

Let

“a=cfo(w,a,0) = e{Po + Sp1sinf + Coy cos 8 + Msin20},
| (1.1
al = ego(w,a,d) = E{Qo + Rg;sin8 + Kg; cos 8 + M cos 20}',

be the averaged differential equations governing the oscillating system of interest,
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where: a, 0 are amplitude and dephase angle, respectively; w is the frequency;
overdots denote the derivation relative to time t; € > 0 is a small formal parameter;
Py, Qo, So, Co1, Ro1, Koy are polynomials in w, a.

Constant amplitude and dephase of stationary oscillations satisfy the equa-

tions: _
' fo = Py + So15in@ + Cpycos @ + Msin26 = 0,

1.2
go = Qo + Qo1 sin8 + Ky cos @ + M cos 20 = 0. (L2}

The equations (1.2) will be called “original” ones. They determine the “true”
“original” resonance curve-denoted by Cj.

We use the following two step procedure to eliminate (sin 26, cos26): First,
we form the equations, equivalent to (1.2) and of the same structure as (1.2)

fi= focosﬂ—gdsin0=

'—‘"Pl + S]l sin @ + Cll cos + SIZ sin 260 + 012 cos 20 = 0,
. (1.3)
g1 = fosin@ + gocos @ =

=Q1 + Ry15in0 + Ky;cesf + Ry2sin20 + K5 cos 20 = 0,

where: ’
P, = 5(001 — Ro1); SuM —Qo; Ci1 = Po,

1 i
S12 = —2'(501 ~ Ko1); Cr2= 5001 + Ro1),
1 v (1.4)
Q1 = 5(501 + Ko1); Ru=Po; Ku =M+ Qo;
' 1 1
Ry, =-5(001 + Ro1); Kiz = E(Km — So1)-

Then, we choose suitable combinations of the form:

f =pi10fo + q1090 + P11/1 + q1191 =0,

(1.5)
9 = P20fo 4+ 92090 + p21f1 + 92191 = 0.
Evidently, f does not contain sin 26, cos 24 if:

M - pio + S12 - p11 + Ri2 qu1 =0,

(1.6)
M -q10+Ci2- P11+ Ky2-q11 =0.

We can choose, for instance:

Pio = S12; Pu=-M; qo=Cy ¢11=0. (1.7)
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Similarly, g does not contain sin 26, cos 20 if we choose:
P20 =Ci2; P21=0; gao=—S512; ¢21=-M. (1.8)
Finally, we obtain the following equations, which do not contain sin 26, cos 26:

f = 812fo + Crag0 — Mf; =
= (S12 — M cos ) fo + (C12 + M sinf)go = 0,

1.9
g9 = Ci2fo — S1290 — Mg, = (1.9)
— (Clg = Msin20)fo = (SIZ o= M cos 20)g0 — 0
or: .
f=Asinf+ Bcosf — E =0,
» (1.10)
g =Gsinf0+ Hcosf — K =0.
where:

A = 512501 + C12Ro1 — MSu‘; B = 812Cp1 + C12Ko1 — MCy,,
E = MP, — S512P — C12Qo; K =MQ; — C12P + 512Qo, (1.11)
G = C12801 — S12R01 — MRy;; H = C12Co1 — S12K01 — MK;y;.

The equations (1.10) will be called associated ones. They determine the so-called
“associated” resonance curve-denoted by C.

§2. The equivalence and the non equivalence domains

Naturally, a question arises: The original and the associated equations, are
they equivalent? Cp and C, do they coincide each with another?

It is noted that, the transformation (fo,90) — (f,¢) has matrix:

TR S SR e ) 2

Although, in general, the matrix of transformation depends on w, a and also on
0, its determinant T depends only on w, a:

_{(S12—Mcosb) (Ci2+ Msinb)

— Af2 _ (o2 2
" | (Ci2—Msind —(Ciz2+Mcosb)| M?* — (812 + Ci3) (2.2)

T

Thus, in the (semi upper) plane R(w,a > 0), it is necessary to distinguish two
domains: the equivalence domain and the non equivalence one.
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The equivalence domain satisfies the inequality:
T =M?—- (8% +C%) #0. (2.3)

Evidently, in this domain, original and associated equations are equivalent and,
consequently, corresponding parts of the original resonance curve Cy and of the
associated one C coincide. It means that, together with the associated resonance
curve C (in the equivalence domain) we simultaneously obtain the original-the
“true”-resonance curve Co (in the same domain).

The non equivalence line (domain) is determined by the equality:
T=M?-(8},+C%)=0. (2.4)

In the non equivalence line, the original and the associated equations are not
equivalent, Cy differs from C. However, from (1.9) we see that (a,8) satisfy the
original equations (fo,g0). They also satisfy the associated ones (f,g). This
means that Co C C, the elements of the “origina:l”—the “true”-resonance curve Cj
(in the non equivalence domain) must be and may be found among those of the
associated resonance curve C. In other words, C contains “strange” “superfluous”
“extraneous” elements-those belonging to C but not to Cj.

§3. The associated resonance curve C

We apply the procedure presented in [1] to examine the associated equations
(1710), trying to identify the associated resonance curve C.

Choosing Py, Qo, P, @1, S12, C12, M as “basic” coefficients, we can express
other coefficients as:

So1 =812+ Q1; Co1=Ciz+P=1; Rop =Ci2—P1; Ko1=Q1— Sz,
Su=M-Qo; Ku=M+Qo Ci=Ry=Ph. (3.1)

Then, inserting T', we have:

A = 512501 + C12Roy — M5y, =
= 512(S12 + @1) + C12(C12 — P1) —~ M(M — Qo) =
= (512@1 — C12Py + MQo) — (M* - S}, - C%L) =X - T,
H = Cy,Co, - S12Ko1 — MK, =
= C12(C12 + P1) — 512(Q1 — S12) — M(M + Qo) =
= —(512Q1 — C12P1 + MQo) — (M? - 83, - C,) = ~(X + T),
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B = 512C¢; + C12Ka — MCyy =
=Si2(C12+P1)+012(Q1—512)—MP0= d
= S12P1 + C12Q1 — MP; = G, (3.2)

G = C12501 — S12R01 — MRy, =
= C12(S12 + @1) — S123(C12 — P1) - MP, = B,

E =MP, — S13P; — C12Qo,

K =M@, — C12Pp + S12Qo,

T=M~(sh+Ch),

X = 812Q1 — C12 P, + MQp.

Three characteristic determinants of the associated equations can be written
on the basis of (3.2):

— A B - (X+T) B - N 2 2
Rsie H’—l B —(X+T)l_T1 e
. E B|_|E B
D, = K H._IK _(X+T),_—{ET+(EX+BK)}, (3.3)
& Blo{r=a Byt g
Dy=|p #|=1V" 5"’ g|=-KT+(KX-EB).

The associated frequency-amplitude relationship is:
W(w,a) = D} + D - D* =
2 2
= {ET+(EX+BK)} +{-KT+ (KX - EB)}
=10

—{r*-(x*+ B’)}2 (3.4)

An important property: the function W(w, a) admit T as a factor. Indeed, along .
T = 0, we have:
W(w,a)|;_, = {(EX + BK) + (KX - EB)? - (X" + BY)?} _ =

=0

={E+K-X-B)(X*+B")} _. (3.5)

T=0
Using the expressions E, K, X, B in (3.2), we successively obtain:
E? + K? = M*(P{ + Q) + (Sf; + C1,)(PG + @)
— 2M(S12Po Py + C12PoQ1 + C12P1Q0 — 512Q1Q0),
X*+ B = M*(P§ + Q5) + (S1z + CL)(P{ + Q1)
— 2M(S12PoP1 + C12PoQ1 + C12P1Qo + 512Q)Q1),
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E*+K*-X*-B*=(M*-5}, -Ch) (P +Q1 - P - Qp) =
=T(P} + Q1 - P} - Q).

Therefore:
W(w,a)| o= {T(P}+Q1 - F2-Q)(X*+ B} =0.  (37)
Thus, the associated frequency-amplitude relationship can be written as:
W(w,a) = T - Wo(w,a) =0, (3.8)
where:
Wo(w,a) = —T° + {2(X* + B?) + E* + K*}T+ (3.9)

+ {ZE(EX +BK)+2K(EB-KX)+ (P + Q% - P? - Q3)(X* + Bz)}.

In other words, the non equivalence line T' = 0 is a branch of the curve
W(w,a) =0

Is T = 0 a branch of the associated resonance curve C and if it is, does it
belong to the ordinary part C; or to the critical part Cy ?

We know that the resonance curve is defined as the locus of those points (w, a),
at each one, the equations of stationary oscillations (which become trigonometrical
since w, a already fixed) are solvable.

From the results obtained in [1], for an arbitrary point I(w,a) of the curve
(3.4): W(w,a) = 0, the given definition can be translated as follows:

- If D(w,a) # 0, I “automatically” belongs to C,

- If D(w,a) = 0 and rank{D} = 1, I belongs to C; on the condition that the
trigonometrical restrictions (4% + B2 > E2?, G2 + H? > K?) are satisfied,

- If D(w,a) = 0 and rank{D} = 0, I belongs to C; on the condition that
E =0, K = 0; in this case, the dephase is arbitrary.

~ Let us calculate the determinant D along T' = 0. We have

D|,_,=—-(X*+B?* =0. (3.10)

Thus, in practice, the “whole” non equivalence line T = 0 or most of its
points (at which D < 0) belong to C;. It remains to examine some particular
points satisfying T = 0, X = 0, B = 0. Form (3.2), it follows A=B=G=H =0
and then, rank{ D} = 0. For last two coefficients E, K we note that: '
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- M =0, from T = M?— (8% + C%,) = 0, it follows Sy; = Cy3 = 0 and
E =0, K = 0 are evident

-If M #0, from X =0, B =0, it follows:
-1 . 1
Qo = H(Clzl’l —512€1), Po= H(CIZQI + 51231)- (3.11)

Substituting (3.11) into the expressions of E, K we obtain E = K = 0. Now,
we can conclude that the non equivalence line forms a branch of the associated
resonance curve C. Often, it belongs to the ordinary part C;; in particular case,
it may contain some critical points.

§4. Example

As an illustration, we consider a system of Van der Pol type [2, 3]:
E+wiz= s{wAz+ [1— (z + gcoswt)?]z (4.1)

(all the notations have been explained in [3]).
The original eqﬁations are:
1 1 1
o = (—a2 + lq2 - 1) + =gacosf — —¢* cos 26 = 0,

1 1
go =A+ —2—qasin0+ Zqz sin20 =0

(light differences on the order of the equations and the signs of the second har-
monics in comparison with (1.2)).

The matrix of transformation is:
_ [ 2a+gqcos®  gsinb -
{T} B { —gsind  2a — gcosfd (4:3)

and the associated equations are:

’ 1| 5 1
§f = 2a(1a2 + —¢® — 1) — qAsinf + q(—a2 + ~¢* — 1) cosf =0,

4
S 1 (4.4)
g =2ab+ q(za.2 — Zqz + 1) sinf — gAcosf =0.
The non equivalence line is:
q?
T=4a>—¢*=0 ie a2:a3=-:1—- (4.5)
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Inserting T' in the expressions of the coefficients of the associated equations,

we have:
A=—qA; H=-¢gA; K=-2aA

5 1 9
B=q(zdz+zq2—-1) 16(5T+X)

3 3 '
&= ( Lo T - (4.6
i ) 16( ) (4.6)
W PO 2a
E 2a(4a + 00 ) 6(T+X)
X =94% - 16.

Three characteristic determinants are:

_ |4 o g, L.
D=l H' q A 725 (57 + X)(3T — X)},
E 2qu
Dy=|2 HI (6T + 2X); 4.7)
A E|_ e 5 .
Da=|g K’-Zaq{A +256(T+X)(3T x)}.

The frequency-amplitude relationship is:

W(A,a2)|T=0 =D+ D} -D*=

4a’¢’A? 2, 422fpa2, 1 :
= —L (6T +2X)* + 4a’q {A +-E(T+X)(3T—X)} 1
1 2
—gtiaZ - — - =1, .8
q {A = (5T + X)(3T x)} (4.8)

Along the non equivalence line T' = 0 we have:

R R e i G T GO B

- 2 _ 2 2Al 20°X%  ¢°X* .
i {(4“ g )(q At 256 Tt 256 )} b (45)
X2
D(A,a%)|,_, = qz_(A 1 55—6) > 0. (4.10)

Therefore:
: 16 .
- If X # 01i.e. ¢ # —, the non-equivalence line T = 0 is an ordinary branch

of the associated resonance curve C.
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-fX=0,ie ¢ = %, the non-equivalence line T' = 0 is also an ordinary

branch of the associated resonance curve C except the point I (A =0, a® = a?).

Conclusion

The method of elimination of the dephase 8 in the equations containing sin 26,
cos 20 has been presented. The original equations can be transformed into the
associated ones, which contain only and linearly sin @, cos#. The two systems of
equations are not equivalent in the non-equivalence line. The latter is a particular
branch of the associated resonance curve.
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HE LIEN HOP VA PUONG CONG HUGNG CUA NO

Vin dé khi pha 6 trong cic phuong trinh dao déng dirng dwoc quan tam.
Trwdng hop cic phwong trinh chita cic 4c moénic thir hai sin 26, cos 20 dwoc xem
xét. Da cho thdy céc phwong trinh géc c6 thé bién ddi thanh cic phwong trinh
lién hop chi chira & biac nhat cic 4c ménic sind, cosd. Cic phwong trinh géc va
lién hgp khong twong dwong nén dwong khong twong dwong; duwong nay la mot
nhdnh cda dwdng céng hwdng ctia hé lién hop.
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