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ABSTRACT. Since the effect of some nonlinear terms is lost during the first order av
eraging procedure, the higher order stochastic averaging method is developed to predict 
approximately the response of linear and lightly nonlinear systems subject to weakly ex
ternal excitation of second order coloured noise random processes. Application to Dufling 
oscillator is considered. 

1. Introduction 

For many years the well-known averaging method, originally given by Krylov 
and Bogoliubov and then developed by Mitropolskii (Bogoliubov and Mitropolskii, 
1961) has proved to be a very powerful approximate tool for investigating deter
ministic weakly nonlinear vibration problems. In the field of random vibration 
the averaging method was extended by Stratonovich (1963) ·and has a mathemat
ically rigorous proof by Khasminskii (1963). At.present, the stochastic averaging 
method (SAM) is widely used in different problems of stochastic mechanics such 
as vibration, ~tability and reliability problems (see e.g. Ariaratnam & Tam,1979; 
Bolotin·, 1.984; Ibrahim, 1985; Lin & Cai, 1995; Roberts & Spanos, 1986; Zhu, 
1988). 

It should be noted that principally only first order SAM ha.S been applied in 
practice and usually to systems subject to white noise or wideband random pro
cesses. It is well-known, however, the effect of some non-linear terms is lost during 
the first order averaging procedure. In order to over come this insufficiency, differ
ent averaging procedures for obtaining approximate solutions have been developed 
(see e.g. Mitropolskii et al, 1992; Red-Horse & Spanos, 1992; Sri Namachchivaya 
& Lin, 1988; Zhu & Lin, 1994; Zhu et al, 1997). Recently, a higher order averaging 
procedure using Fokker-Planck (FP) equation was developed in (Anh, 1993, 1995) 
and then applied to Van der Pol oscillator under white noise excitation (Anh & 
Tinh, 1995 ). In the present paper this procedure is further developed to linear 
and lightly nonlinear systems subject to weakly external excitation of second order 
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narrow-ba.nd coloured noise random processes. 

2. Narrow-band coloured noise random processes 

We consider a stationary coloured noise random process e{t) which is the 
result of the passage of a white noise through the linear forming filter L of order 
2n: 

L( ( )) 
d2nc(t) 

2
Ln-l di c(t) i:( ) 

ct = + a·--.-=CTr.;.t 
dt2n 3 dt3 

j=O 

(2.1) 

where ai, q are constants, €(t) is a the zero-mean white noise process with unit 
intensity 

E{t(t)€(t + r)) = o(r) (2.2) 

where E(·) is the operator of expectation. It is supposed that all roots of the 
characteristic equation for the filter (2.1) 

2n-l 

l(J.L} = J.L2n + L lXjJ.Lj = 0 (2.3) 
j=O 

have negative real parts. The be_haviour of c(t) essentially depends on the roots of 
the characteristic equation (2.3) and on~ can get from (2.1) wideband or narrow
band coloured noise processes, respectively. 

2.1. Narrow-band coloured noise 

Let the filter L can be expressed in the form 

m d2(·) 2 
L(·) = Lo(·) +eLI(·) = IT [ dt2 + wk(·)] +eLl(·) (2.4) 

k=l 

where L 1 is also a linear filter of order q; m, q ~ n; Wk, k = 1, 2, ... , m, are distinct 
positive values and wk ~e. In this case it is supposed that one can get from (2.1), 
{2.4) a narrow- band coloured noise process. 

2.2. Second order narrow- band coloured noise 

Coloured noise of second order p( t) can be obtained by the filter P of the 
form 

P(p(t)) = jj(t) + 2ap(t) + w~p(t) = 2u2v'awd(t) (2.5) 

66 



where a> 0, w11 0'2 ~e. The auto-correlation function and the spect~al density 
function of p(t) are, respectively, 

Rp(r) = aie-ar( cos Jwr- a2 r + a(w~- a2 
)-

1
1 sin Jwr- a2 rl) 

S ( ) 
_ 2a~awf (2.6) 

p w - 2 
1r[(w2 - wl} + 4a2w2) 

The bandwidth of the process p(t) is controlled by the value of the parameter a. 
For the present analysis the coloured noise p{t) is considered to be a wideband 
random process if a~ e,. If a,..., e, i.e. 

p(t) is a narrow- band process and the filter {2.5) has the form {2.4), where 

d(·) 
P1(-J = 2al-

. dt 

3. Excitation of second order narrow-band coloured noise 

{2.7) 

(2.8) 

Consider a lightly damping system subject to external narrow-band second 
order coloured noise excitation 

(3.1) 

where w0 is a positive constant, e > 0 is a small parameter, p(t) is determined 
from (2.5) and (2.8), ft and / 2 are functions of (x,x). In this case one gets m = 1. 

Eliminating p(t) from (3.1), using (2.4), one gets 

[ d
2

~) + w;(·)] (x + w~x) == eF1 + e2 F2 + e3 + · · · + ygad(t) · 
dt . . 

(3.2) 

where it is denoted 

(3.3} 

Suppose 
llwo- wpll ~ e, s, p = 0, 1, s f. p. (3.4) 

According to the averaging concept, a stationary solution of (3.2) is found in the 

form 

i=0,1,2,3 (3.5) 
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--' . 

where as, as, IPs = 0,1 are new variables. By using Ito differentiation formula the 
equation (3.2) is transformed into the following system of equations [11]: 

as = eAts(a, IP) + e2 A28 (a, p) + e3 + · · ·- ..fi u1 sm~s i(t) 
Ws s 

·tPs = Ws + eBts(a,cp) + e2B28 (a,cp) + e3 + ·· ·- Viui cos~ €(t) 
. asWs s 

where it is denoted · 

in which 

A ( ) { 
FI(a,<p). O'~Cos2 p8 } 

lsa,p=- ,...., smps+2 n2 
WsUs asWsUs 

B ( )
-{_FI(a,<p) _uisinp8 COS<p 8 } 

lB a,p - n COS<ps 2rt2 2 
W 8 u 8 a8 W 8 u 8 a8 

F2(a,p) 
A2s(a,p) =- COSP 8 

w8 0 8 a8 . 

F2(a, <p) 
B2s(a, p) = - n cos <pB 

Ws sas 
Ut = 20'2val WI 

Oo = -01 = wi - w~, a= (ao, at), p = (Po, pi) 

F1 = i1 + w~!I- 2at('X + w~x) 
.. 2 • 

F2 = h +w1h +2atft 

1 

x(i)(t) = LaPw~cos(<pp+ii), i=0,1,2,3. 
p=O 

(3.6) 

(3.7) 

(3.8) 

The Fokker-Planck equation for the stationary probability density function W(a, p) 
corresponding to the system (3.6) takes form 

1 

Lws :w = -e[At,BI]L(W)- e2[A2,B2]L(W) + e3 
•• • (3.9) 

s=O <p 8 
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where as, a8 , 'Ps = 0,1 are new variables. By using Ito differentiation formula the 
equation (3.2) is transformed into the following system of equations [11]: 

• 2 3 r: sin 'P s • 
as= e-A1s(a,~.p) + e- A28 (a,~.p) + e- + · · ·- ve u1-0-e(t) 

Ws s 

·cps = Ws + e-BlB(a, 'P) + e-2 B2s(a, 'P) + e-3 + ... - veui cos~ e(t) 
asWs s 

where it is denoted 

in which 

A ( ) 
_ { FI(a, 'P) . ur cos

2 
'Ps} 

18 a, 'P - - 0 Slll'Ps + 2 02 
Ws 8 asW8 8 

B ( ) 
- {- F1(a,~.p) - ursinl.psCOSI.p8} 

18 a, 'P - n cos 'Ps 202 2 Ws sas Ws sas 

F2(a, 'P) 
A28(a,rp)=- O cosrps 

W8 sa8 . 
F2(a, rp) 

B28(a,rp)=- O cosrp8 
W8 sas 

ul = 2u2y'(il Wt 

no= -nl = w~ - w5, a= (ao, at), 'P = {'Po, 'Pd 

F1 = i1 + w~fl- 2a1(x + w5x) 
- 2 • 

F2 = 12 + w1/2 + 2a1!I 

1 

xCi>(t) = L:apw~cos (rpP +i~), i = 0,1,2,3. 
p=O 

(3.6) 

(3.7) 

(3.8) 

The Fokker-Planck equation for the stationary probability density function W (a, r.p) 
corresponding to the system (3.6) takes form 

1 
~aw [ 2 3 L-wsa = -e- At,B1]L(W)- e [A2 ,B2]L{W) + e ... 
s=O 'Ps 

(3.9) 
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It can be shown that the operators [Au, Bv]L(·) are linear ones. We seek then the 
solution of (3.9) in the form 

Substituting (3.11) into (3.9) yields 

Comparing the coefficients of like powers of e one obtains 

(3.13) 

(3.14) 

(3.15) 

From (3.13) it gives a periodic solution with respect to cp as follows 

Wo = Wo(a). (3.16) 

Substituting (3.16) into (3.14) yields 

1 aw1 L:ws- = -[AI,Bt]L(Wo(a)). 
s=O IPs 

(3.17) 

The arbitrary integration function Wo(a) must be chosen from the condition for 
the function W 1 (a,cp) to be periodic with respect to cp. Thus, one gets from (3.17) 

([lAb BI]L(Wo(a))]) = 0 (3.18) 

where 0 is the averaging operator with respect to phase cp 

211" 211" 

o = -
1-11 {)dcpod<pl . (21r)2 . 

(3.19) 

0 0 
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Substituting (3.10) into (3.18) yields 

(3.20) 

The averaged Fokker - Planck equation (3.20) can be considered as an extension 
into the case of narrow - band excitation of the well - known first order averaged 
FP equation obtained for the white noise excitation. Further,· it is seen that the 
averaged FP equation (3.20) is obtained by equating zero the averaged value of 
the coefficient of power e in the original FP equation (3.9). 

The second term W1 (a, cp) in (3.11) is determined from (3.14), using Fourier 
expansion 

[At' Bi]L(Wo(a)) = Wo(a) L L ckokl (a)ei(ko~Po+kl tpr)' (3.21) 
ko k1 

where 

2'11' 2'11' 

Ck k (a) = 1 J ![At Bt]L(Wo(a) · ·e-i(ko~Po+kl~Pddcpodtpt {3.22) 0 1 Wo(a)(27r) 2 ' • 
0 0 

Substituting {3.21) into {3.14) yields 

(3.23) 

where 
{3.24) 

The arbitrary integration function W10(a) must be chosen from the condition 
for the function W2 (a, cp) to be periodic~ Analogously, one can find third term 
W2(a, cp) in (3.11). 

4. Application 

In order to illustrate the procedure proposed one considers the Duffing system 
whose equation of motion takes the form: 

(4.1) 
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Substituting (3.10) into (3.18) yields 

{3.20) 

The averaged Fokker. Planck equation (3.20) can be considered as an extension 
into the case of narrow • band excitation of the well - known first order averaged 
FP equation obtained for the white noise excitation. Further,· it is seen that the 
averaged FP equation (3.20) is obtained by equating zero the averaged value of 
the coefficient of power e in the original FP equation (3.9). 

The second term W1 (a, rp) in (3.11) is determined from (3.14), using Fourier 
expansion 

[At, BI]L(Wo(a)) = Wo(a) L L ckokl (a)ei(kocpo+klcpl)' (3.21) 
ko k1 

where 

211" 211" 

ckokl (a) = Wo(a~(27r)2 I I [At, Bt]L(Wo(a) .. e-i(kocpo+klcpl)dtpodrpl. (3.22) 
0 0 

Substituting (3.21) into (3.14) yields 

(3.23) 

where 
(3.24) 

The arbitrary integration function W10 (a) must be chosen from the condition 
for the function W2 (a, <,o) to be periodic. Analogously, one can find third term 
W2(a, rp) in (3.11). · 

4. Application 

In order to illustrate the procedure proposed one considers the Duffing system 
whose equation of motion takes the form: 

(4.1) 
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where h, I > 0, p(t) is a narrow - band random process obtained by the filter 
(2.5). In this case one gets: 

fl(x,x) = ~2hx, f2(x,x) = -1x3
• 

Substituting (4.2) into (3.7) yields: 

{ 
F1 = -2(a1 + h)x- 2(atw5 + hwi}x, 

F2 = -2hett!i -~w~x3 - 31(x2x + xx2
). 

Using (2.10), (3,4) and (4.3) for equation (2.24) one gets: 

( 2 2)
2 

2 
Wo(a) = Caoa 1 exp { - w1 

- ~0 (a~+ hw0
2 a~)} 2a2 CttWI 

(4.2) 

(4.3) 

{4.4) 

(C = const). This solution is the same as the result obtained by using the classical 
SAM. Substituting (4.4) into (3.14) and using (3. 7), (3.8) and (4.3) after some 
calculations one obtains: 

(4.5) 

Substituting (4.4) and (4.5) into (3.15) one gets the equation for the arbitrary 
function W 10 (a) in the form: 

From {4.6) one gets: 

Wto(a) =-
31

2 (wgnoa~ + w~Ota1). 
4a1 

(4.7) 

Thus, the second order apprpximate solution of the FP equation (3.9) for the 
Dufling system (4.1) takes the form: 

W(a, <p) = Wo(a){ 1 + e:[Wto(a) + Wu (a)]} (4.8) 
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where Wo(a), W11 (a, cp) and Wto(a) are defined in (4.4), (4.5) and (4. 7) respec
tively. It is seen from (4.4) and (4.8) that the solution W(a,cp) in (4.8) is different 
from the solution obtained by using the classical SAM and the effect of the non -
linear term c21x3 is shown in (4.8). 

The corresponding approximate mean square E[x2 ] is to be found 

21r 2~r 00 00 

E[x2
] =I I I I x2

W(a, cp)drpodrp1daoda 1• 

0 0 0 0 

(4.9) 

Substituting (4.8) and x = ao cos cpo + a1 cos cp 1 int~ (4.9), after calculations one 

obtains: 

(4.10) 

In the case 1 = 0 (linear system) one gets: 

(4.11) 

It is seen from (4.10) and (4.11) that in the case of Duffing system the mean square 
E[x2 ] reduces in comparison with the linear case. 

5. Conclusion 

For many years the stochastic averaging method has been a very useful tool 
for investigating non-linear .random vibration systems. However, the effect of 
some non-linear terms cannot be investigated by using the classical first order 
SAM. In this paper, the higher order stochastic averaging method is developed to 
predict approximately the response of linear and lightly nonlinear systems subject 
to weakly external excitation of second order narrow-band coloured noise random 
processes. 
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ANH HUONG cO A KfcH DQNG oN M.Au oAI H~P B~c HAI 
A A "' A , 

LEN DAO f>QNG NGAU NHIEN PHI TUYEN 

PhU'ong phap trung blnh ng~ u nhien b~c nhcft kinh di~n da dll'qc ap d\lng 
rQng rai dgi vai ca.c h~ CCY hQC phi tuygn, 'fuy nhien, hi~U rrng CUa nhi~u Sg h~ng 
phi tuye-n khong dU'qc th~ hi~n khi sli- dvng phu-ong phap nay. D~ kh£c ph\lC 
nhll'qc di~m tren, phll'ong phap trung blnh ng~u nhien b~c cao da du-qc phat tri~n 
dgi VOoi CaC h~ CO' hQC phi tuye'n chfu kfch dQng ng~U nhien d.;p1g 'On trlng. Trong 
bai bao nay, phll'O'llg phap tigp t\lC dU'q"C trlnh bay dgi Vai cac h~ phi tuye'n ye'u 
ch!u kich d9ng ng~u nhien d~ng on mau d!i h~p b~ hai. Sau d6 phu-ang phap 
dtrqc ap d\lfig d~ xac d!nh nghi~m xap xi b¥: hai cda phll'ong trinh Fokker- Planck 
doi vai h~ dao d9ng d~g Duffing. 
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