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TO NUMERICAL SOLUTIONS OF 
BUBBLE-INSIDE DROP 

SYSTEM DYNAMICS 
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Institute of Mechanics, NCST of Vietnam 

ABSTRACT. In the paper the combination of collocation and factorization methods 
applied to numerical investigation of bubble-inside drop system dynamics is presented. 
Initially assumed bubble and drop have ellipsoidal forms. The initial relative location of 
the drop in the bubble is determined by equilibrium condition between drop weight and 
lift-force due to pressure distribution in gas/vapor. Calculations are implemented for the 

. case of spherical bubble, drop without and with vaporization (thermal effect) and for the 
experimental case [6] with alumini drop in water in pressure waves. 

1. Introduction 

The investigation of behavior of 
the system of drop and vapor cover 
(Fig.l) is important for analysis of dif­
ferent possible kind of situation may be 
met in chemical, energetic industries 
and cryogen techniques. To describe 
dynamics ·of this system the mathe­
matical model improving existed mod­
els taking into account thermal effect 
and vaporization at bubble wall is pro­
posed in [3]. In this paper using combi­
nation of collocation and factorization 
methods some calculation results are 
presented. 
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2. Mathematical formulation 

The model with rotational symmetry consists of following equations: 

* for outside liquid flow: 

V 29 = o, ilt = V9, (2.1) 

89 = _!V9 · V9- g cosO- Pv- Poo(t) (2.2) 
at 2 Pt 

CT 
1 + 2 lias -liiii2 1 -liao~ 

{ 

( 
1 a R) 2 1 a2 R 1 aR cos e } 

- PtR [1+ (~ ~!ft' + [1+ (~ :fr/2 , 
r --+ oo : ilt --+ 0, - ' 

t = 0: iit = 0, 

( 
2 1a( 2 a) 1 a(. a) v = r 2 ar ': ar + r 2 sine ae sm 'ae , 

. d91 = a~ + a~ or) . 
t = 9 (r, 8, t), dt e ot or at 

(2.3) 

(2.4) 

where i1 is velocity vector; p and p are pressure and density, respectively; g is 
gravitational acceleration; CT is surface tension coefficient; Rb is bubble radius; r is 
radial coordin-ate; 8 is polar distance, and t is time. The subscripts t, g (or ") and 
oo refer ~o_parameters of liquid, gas (vapor) and at infinity, respectively.· 

* for inside gas flow: 

8 ( Rg - R3 ) 1 8 ( R~ - R~ . ) .-2 
8t 3 Pv + sin8 a8 2 PvUvsml = JR ' 

(Rb- Ra) 2 8p, 
u -- -· 

v - kJJ.~,~(Rb + Rd) 80 

Pv =Pvo(Pv/Pvo)n, 

qr = Be(Tj- T:), 

qv = >.,(Ta- Ts)/(Rb- Rd), 
\ . 

i = (qv + 9t + 9r)/leq, 

qt = ->.t(Ts- Too)fo, 

leq = l + 0.68cv(Td- T.,), 

dTs Ts ( 1 Pv) --- -- . 
dp, - lp, Pt 

(} = o, 8p, -- 0 (} = 71", ae ' 
8p, 
ae =o. 

t = 0, p,(O, 0) = Pvo(O), Pv = Pvo(O), u, = UvO(O) 
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(2.8) 
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* for definition of inovi~g boundary: 

dR (at 1 at aR) 
dt = ar + R2 as as 
R( fJ, 0) = Ro(tJ). 

(2.10) 

(2.11) 

The system·of eqs. (2.1)-(2.11) is closed and can be used to describe behavior 
of the system of drop and vapor cover. More details about the mathematical 
description can be seen in [3]. 

3. Dimensionless parameters 

By standard procedure the system of proposed equations can be transformed 
into the dimensionless form. It could be shown that the solution of above system of 
equations depends on the following dimensionless parameters which, respectively, 
characterize: · 

the geometrical properties of, e.g. rotational symmetry ellipsoid drop and 
bubble: 

the thermophysical properties of the materials: 

. n, Rev = poaoRo, 
P.v 

k, 
- (1 
(1 = --, 

PoRo 

the heat and mass transfer process: 

- Pt. 
Pt.==-, 

Po 
- Pd 
Pd =­

· Po 

Cv = CvTo/l, Xt. = >..t/>..o, 6 == 6/Ro, E: = BcT~f>..oRo, 
T d = Td/To, Jo = >..oTo/ Rolaopo, 

the gravity: g = gRo/Po 

and the pressure disturbances: 

Here Ro = Rdv, Po = Pvo, >..o = Av, ag = ripo/ Po· Together 17 dimensionless 
parameters characterize the considered problem! 
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4. Initial installation: vapor density, pressure and velocity distribu­
tion 

The initial state of the system is determined by requiring force balance be­
tween the lift-force due to pressure distribution in vapor and drop weight. Initially 
assumed drop and bubble have ellipsoidal forms. 

a) The weight of drop: 

b) The force acted on the drop due to vapor pressure distribution: 

Let consider the ellipse determined by following equation: 

x2 y2 
F(x, y) = a2 + b2 - 1 = 0, 

(4.1) 

(4.2) 

where a= Rdh and b == Rdv· The normal vector to ellipse is easily calculated: 

~ gradF 
n- -

- JgradFJ-

and the force acted on the drop is 

. Pv (X Y) P = Pvn = . 2 2 a2' b2 . 
X y . 
a4 + b4 

Thus the vertical component of force vector can be calculated 

or in coordinates x = r sin fJ and y = r cos fJ 

Pv cosfJ Pu = i/. n = - --.========:== 
sin2 fJ co82 fJ 
---;t4 + -----;;4 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

The total force acted on the drop can be calculated by integration along drop 
surface and has the following form 

2'11' 'II' 'II'. 

Pll = I I Pii r 2 sin IJdfJd</> = 2w / Pll r 2 sin (Jd(J. (4.7) 

0 0 0 
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This integral can be calculated, for example, by trapeze form, cf. Bronstein and 
Semendjajew 1972 [2]. 

To determine the initial vapor distribution the system of eqs. {2.5) - {2.9) are 
used with the following conditic;ms: 

t = 0 Pv(O, 6) = Po, (I = 0 Pv(O, 6) = Po, (4.8) 

In reality the boundary condition at (I = 0 can be satisfied by releasing small 
vapour bubble due to difference between vapour and surrounding pressure. Dur­
ing the calculation of steady vapour pressure distribution the drop and bubble 
positions and shapes are assumed to be fixed. 

It should be noted that the vapourisation rate and consequently, the vapour 
pressure distribution and, therefore, the supported force for drop from surrounding 
vapour depends on the heat and mass transfer processes between hot drop, vapour 
and coolant and, consequently, position of drop. The real initial position of drop 
within ·the bubble is chosen to be satisfied the force balance condition between the 
drop weight Md and support force from surrounding vapour P11, i.e.: 

(4.9) 

5. Numerical method 

The obtained system of partial differential equations with appropriate initial 
and boundary conditions at bubble surface, at infinity and along the symmetrical 
line {2.1)-{2.11) can be solved by combination of the collocation method for defi­
nition of outside liquid flow and moving interface with finite difference method for 
definition of the vapor density and pressure distribution. 

The solution of equations {2.1) satisfied the boundary condition (2.3) and 
without singularity in 6 = 0 can be presented in the following form, cf. Abramowitz 
and Stegun 1970 [1]: 

(5.1) 

·In order to apply the collocation method above infinite series is truncated after 
N + 1 terms: 

(5.2) 
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here { a~c:(t)} :=o are the coefficients to be chosen to fit the another boundary 

condition (2.2). Applying collocation on the points { 6,} ~0 an appropximate 

solution with a finite number of expansion coefficients { a~c:(t)} :=o is obtained. 
From interpolation theory it is known that convergence of series (3.3) for N-+ oo 
can be guaranteed if { Oi} :o are the zeros of ultr~ spherical polynomials, e.g. the 
Legendre polynomials, cf. Fox and Parker 1968 [4]. 

The. coordinates of the interface r = R(O, t) are also expanded in series of 
Legendre polynomials: 

N 

R(O, t) = L b~c:(t)P~c:(cos 0). (5.3) 
lc:=O 

The numerical procedure to be used is following:. 

(i) The coefficients a~c:(t) (at the beginning t = 0) is determined by equations 
(2.4) and (5.2), the coefficients b~c:(t)- by equation (2.11) and (5.3}, and the deriva­
tives a~,jor, a~,jiJO, iJRi/iJO and iJ2 ~jiJIJ2 can be calculated analytically using 
{5.2) and (5.3). 

(ii) After each time-step At the new value of bubble radii R, will be de­
termined by equation (2.10). Except the first time-step, where the simple Euler 
integration method has been used, to integrate equation (2.10) the Adams and 
Bashforth-2 algorithm, cf. Stoer and Bulirsch 1978 [9], is used which takes into 
account the value of previous gradient: 

(5.4) 

(iii) After each time-step At using ~(t + .6.t) the new values of vapor density 
Pvi ( t + At), vapor pressure Pi ( t + At) and velocity u,( t + At) in the gap restricted 
by drop surface and surrounding liquid will be determined by eqs; {2.5) - (2.9). 
To solve numerically eq. {2.5) the factorization method (7] is used. It should be 
noted that eq. (2.5) is non-linear and at each time-step the iteration procedure is 
used to approach its coefficients. 

(iv) The potential ~i(t +At) is calculated using the last equation in brackets 
after {2.4) taking into account eq. (2.2). Similar to integration method of eq. 
(2.10), except the first time-step, where the simple Euler integration method has. 
been used, to integrate this equation the same Adams and Bashforth.:..2 algorithm· 
is used. After this the procedure is repeated for each time-step consecutively. 

13 



Finite difference scheme and iteration procedure: To solve numerically eq. 
(2.5) with initial and boundary conditions (2.8), (2.9) the following finite difference 
scheme is used: 

_!__ [(Rg- R~ )n+l,k+l _ (Rg- R~ )n] = (D2 .. R2)~+I,k+l 
6.t 3 Pv i 3 Pv i + J b ' ' (5.5) 

where 

The equation (5.5} can be rewritten in the following form suitable for numer­
ical integration using the method of factorization: 

where 

-A ·p"7I,k+I + B·pn7l,k+l _ C·p""!l,k+I = D· 
1 Vl+l 1 VI I Vl-1 '' 

A AtKn+l n+l,k. 
i = u i Pi+o.5 ' 

B .= 1. + AtK~+l (p~+l,k + ':"+l,k)· 
. , u , •+0.5 P,-o.5 ' 
C· _ 6 tKn+lpn+l,k, 

' - i i-0.5 ' 

·- (R:-R~)~ ( ikRC )n+t. 
D, - (Ra Ra)n+l + 36t R3- R3 . ' 

. b - cl i b cl ' 

K!l+~ = 3n . 
' k . (.1 (R3 Ra) n+ I ' J.l.v sm tJi b - d i 

pn+l,k _ 2 [(Rb- Rd)3
Pv sinf3] ;:o~~k. 

i+0.5 - (f3i+1- f3i-d(f3i+l- f3i) ' 
. . 2[(R R )3 • R]n+l,k 

pn+t,k - b- d Pv smtJ i-o.s . 
i-0,5 - (f3i+l - f3i-d(f3i- fii-1) ' 

i = 1, 2, ... , N- 1. 

And in according to used calculation method we· have: 

n+l,k+l n+I,k+l 
Pvi = liPvi+l + Tli, 
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where 

i = 1, 2, ... , N-:- 1. 

Additionally in according to boundary conditions, we have, respectively: 

P
n+l,k+l _ n+l,k+l 
vN --. PvN-1 ' 
n+l,k+l _ ri+l,k+l 

Pvo - Pv1 , 

(at point i = N), 

(at point i = 0). 

Thus from equations (5. 7) and (5.8) we have: 

PvN-1 = 
1 

YJN- 1 , (at point i = N- 1), 
- "YN-1 

"Yo = 1, YJo = 0, (at point i = 0}, 

(5.8) 

(5.9) 

For initial installation in according to two._last conditions of (4.8) instead of (5.9) 
we have: 

PvN = PvN(t = 0) = const, (at point i = N), 

"Yo = 1, YJo = 0, (at point i = 0). 
(5.10) 

The considered above finite difference scheme is implicit. It is easily to show that 
it is stable, i.e. the approach errors at least are not increased from step to step, 
because the coefficients Ai, Bi, Ci satisfy following conditions 

Ai, Bi, Ci > 0, 

Bi = 1 + Ai + Ci > Ai + Ci > 0. 
(5.11) 

Using Tay1or expansion (e.g. Wachspress 1966 [12]) or method of box integra­
tion (e.g. Runchal, Spalding and Wolfschtein 1969 [8]) it can be shown that for 
nonuniform grids the pr.esented above ,finite difference scheme has the first-order 
accuracy, i.e. a precision of order O{At, A8), and for uniform grids- a precision of 
order O(At, (A8) 2 ). The nonuniform mesh cell structure taken into account spe­
cific characteristics of considered problem is also used by Thoman and Szewczyk 
1969 (10]. 

Let us consider the following example nonlinear differential equation: 

ap a (. ap) 
at + f(fJ) ap g(p, fJ) ap = o. (5.12) 

Let consider the Taylor expansion at point i: 
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(5.13) 

(ap) (ap) a ( ap) 2 
gi+0.5 8{3 i+O.S = gi 8{3 i + 0.5(f3i+l - f3i) 8/J g 8{3 i + 0((~/J) ), 

(ap) (ap) a ( ap) 2 
gi-o.s ap i-o.s -. gi 8{3 i - o.5(/Ji- /Ji-1) ap g a[3 i + o((~fJ) ). 

Therefore we have: 

(5.14) 

Using the uniform mesh cell structure the finite difference scheme precision can be 
improved to space second-order accuracy. 

For iteration all parameters at k = 0 take initial value from previous time 
step,_ i.e. P~7 1 •0 = P'/, P~7 1 ' 0 = P~i and so on. It should be noted that the 
value of bubble radius R~/ 1 should not be iterated, because in every timestep it 
already determined before calculating vapour characteristics. The iteration will 
be interrupted in according to following criteria: 

n+I,k+l n+1,k 
Pvi - Pvi 

n+I,k+l 
Pvi 

< e, i=0,1,2, ... ,N. (5.15) 
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6. Calculation results 

In Figs. 2-4 the calculation results are presented for cases of spherical steam 
bubble with radius Rbo = 5 mm and alumina drop with radius Rd = 2.5 mm in 
water without (j = 0) (Fig. 2, 3) and with heat-mass transfer (j :f: 0) (Fig. 4). In 
these cases the centers of bubbles and drops, proposed, coincide. In accordance 
to Grigul, 1989 [5] and Vargaftik, 1975 [11] the thermo- and physical properties 
of fluid and vapor are following: To = 373 K; Td = 1570 K; Tv ...:_ 970 K; Cv = 2270 
JjkgK; A11 = 0.1 W /mK; n = 1.26; Pvo = 0.22kg/m3 ; P.v = 4 X 10-5 Ns/m2 ; u = 
5.3 X 10-2 kgjs; l = 2100kJ/kg; g = 9.8m/s2

; Pl = 998kgfm3
; Pd = 3500kg/m3

; 

e = 3.5; B = 5.67 x 10-8 W jm2 K4 • 
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Fig.e 

- t = 1.516 ms 

-- t = 1.254 ms 

- t = 1.127 ms 

.. ... t = o.oo 

-· Drop surface 

In Fig. 3 the numerical results at t --+ +oo are compared with limited val­
ues, which in this case can be obtained by analytical methods. There are good 
ap-eements between the numerical and analytical solutions. In the case with mass 
transfer the vapor density approachs the limited value, and the radius increases 
(Fig.4). 

In Fig. 5 the scheme of experiment is presented. The pressure pulses are 
created by magnetic hammer (Peppler, Till and Kaiser 1991 [6]). In Figs. 6-8 
presented the numerical and experimental results for following case: Rbv = 3. 7 mm; 
14. = 3.6 mm; Rdv = Rdh = 2. 7 mm; To = 373 K; Td = 2569 K; Tv = 1430 K; 
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Cu = 2622JjkgK; Au = 0.195 W /mK; n = 1.22; Puo = 0.150kg/m3
; JJ.u = 2.1 X 

10-5 Ns/m2 ; u = 5.3 x 10-2 kg/s; l = 2100kJ/kg; g = 9.8m/s2
; Pt = 998kg/m3

; 

Pel = 3500 kg/m3 ; e = 3.5; B = 5.67 x 10-8 W fm2K4
• 

5 

4 

:: 

: ~ .. 
1 

.. 
! l . ' 
: . 

,. · ... : 
·.-... 

·' : -~ :~ . 

R-+ R•"' 3.5Smm 

········Gas density 

-Bubble radius 

Pv-+ foo = 0.789 kgjm3 

i \ : \ ................. ·-·-..... -··· ··-............... ············ ·······-·· ··-
: \ .... ·· ..... . "\.._ .... 

%~~--~--~--~2--~--~--~~~~---5~~--~6 

Time (ms) 
Fig. 3 

5 

4: 

~ increQses due to 
the vaporisation 

········ Vapour density 

- Bubble radius 

%~--~2-----4~--~6~---48----~,~0----~,~2--~14---. 

Fig.4 
Time (mv. 

18 



Plasma torch 

Magnetic---... 
hom mer 

Fig.5 

From Fig. 6 it can be seen that the calculation results described quantitatively 
aood two phases of considered process: the first compress phase and the second 
apa.nsion phase. In Fig. 7 pressure distribution in some moments are presented. In 
YJC.8 comparison of calculation results (bubble diameter equator) and experiment 
il presented. It should be noted that at the beginning part of the second phase, 
i.e.. at the time between 0.2 and 0.5 ms, in experiment the expansion is occurred 
mainly at the top part of drop, meanwhile in calculation this process is occurred 
ia all directions. In compress phase the bubble surface stays smooth. In expansion 
plaase wave is observed in both experiment and calculation. The vapor velocity · 
a.d vapor parameters (pressure and density) quickly have a uniform distribution. 
At moment t = 0.53 ms vapor mostly does not move along the gap. 
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7. Conclusion 
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For bubble- inside drop system within the framework of mathematical model 
taking into account the thermal conditions, heat and mass transfer between phas­
es, the collapse process caused by pressure increasing in surrounding fluid in film 
boiling condition is investigated. The problem is multi-parametric. In total, 17 di­
mensionless parameters and combinations characterize solution set. The obtained 
results. show the important role of geometrical, thermal conditions, thermo-physic 
properties of phases and heat-mass transfer process. The calculation results are 
quantitatively good agreed with experimental observation. 
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~omenclature 

Go sound velocity in gas [m/s2], 

CIA: expansion coefficient, function of k and t, 
61 expansion coefficient, function of k and t, 
B coefficient Stefan-Boltzmann [W /m2K4], 

e specific heat capacity at censtant pressure U/kgK], 
D = ).j pc, thermal diffusivity [m2 /s], 
1 gravitational acceleration [m/s2], 

j ·rate of phase transition per unit interfacial surface (kgfm2s), 
t coefficient in formula (7), 
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l latent of evapourisation [j/kg], 
n polytropic coefficient, 
N maximum number of collocation angles, 
p pressure [Pa]. 
Pk k-th Legendre polynomial, 
q heat flux [j/m2s], 
r radial co-ordinate in spherical co-ordinates [m], 
R drop and bubble radius in spherical co-ordinates [m], 
t time [s], 
T absolute temperature [K], 
u velocity [m/s], 
x bubble surface coordinate or horizontal coordinate [m], 
y vertial coordinate [m]. 

Greek symbols 

{3 = 7r - 8, 
6 thermal boundary-layer thickness in liquid [m], 
!:it timestep, 
!:18 angle-step, 
e emission coefficient or precision, 
fJ azimuthal angle in spherical co-ordinates, 
A thermal conductivity [W /mK], 
I" vapour dynamic viscosity [Ns/m2 ], 

p .density [kgjm3 ], 

u surface tension coefficient [N/m], 
~ velocity potential in vortex-free flow [m2 /s]. 

Subscripts 

b bubble, 
c convective, · 
d drop, 
eq equivalent, 
g gas, 
h horizotal, 
i number of a collocation point, 
l liquid, 
0 characterized value or parameter of initial state, 
r radiation or radial direction, 
s saturated, 
v vapour (for p, p and u) or vertical for R), 
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9 tangential direction, 
oo at infinity. 

Superscripts 

k iteration number, 
n number of timestep. 
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UNG DVNG K:ih H<;JP PHUONG PHAP DJNH VJ 
VA PHUONG PHAP NHAN TU HOA 

f>:Fj GIAI BAI TOAN f>QNG L{[C H:~ BQT-H~T 0 TRONG 

Bai bao trlnh bay vi~c sll- dl,lilg kgt h91> phmmg phap djnh vj va phtrong phap 
nhan tll- h6a d~ gi!i bai toan dgng lgc h~ b9t-h~t (y trong. a tr~g thai ban dau 
b9t va h~t gia thigt c6 d~g elippsoid. V! trf tuvng d6i ban dau clia h~t trong 
b9t dtrgc xac dinh t\r di~u ki~n can b~ng giira tr9ng hrgng cua h~t va hrc nang 
do phan b5 ap suat trong khi I hoi Tinh toan dtrgc thtFC hi~n cho tru-<mg h9J> 
b9t, h~t cau khi khong c6 va khi c6 bay hai (hi~u Ung nhi~t) va cho tru-<mg h9J> 
thf nghi~m (6] h~t nhom long trong mr&c khi c6 s6ng ap suat. 
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