
l9p chi CO HQC 1980 so 4 (trqng 26 - 30) 

·v,i DQ cU'NG HiNH rRy cuA aAN HAl LOP 

NGUYEN VAN L~P 

' NGAY nay trong nhieu nganh ky thu~t xuat hi¢n lo~i han diu t~o ID_Cri hai lop ho~c 
nhieu lop v~t li~u khac nhau. Nhfrng, lop nay dm!c lien ket v&i nhau va coi Ia 

cung lam vi~c nhu mt)t the thong nhllt. Ttl: thgc Hi d6 ita nay sinh cac cong trinh nghien 
crru vll biin nhieu lop [1], [2], [3], [4]. Nhin chung ly thuyet va nhitng phuang phap 
tinh han nhH~u lop chua hoaa chinh. ., 

Con ve ban haf l&p, trong nghieir ciru ly thuyet ngmh ta dt\ng cac phuang trinh 
lien tJJc de bieu di~n n(li l'!c (bien d~ng) va chuyen v1. Trang tinh to:i'n nguai ta 
thuong dua biin hai lop ve m(lt biin tuong duang [7] thOng qua vi~c dung m(lt d(l 
cirng tuong duong [5]. M(lt hu&ng khac dq:a ti·en gia djnh nh~m phan anh m<)t tinh 
tr~ng thv-c te la t~i m~l tiep xuc gifra hai lop kM c6 <lieu ki¢n ciiim bao bMn dq.ng la 
lien tl}c nen da dung phuang phap phan tii- hfru h~n de tinh toan [7]. 

Bai nay gioi thi~u cae cong thuc tinh dO cung hinh triJ cua biin hai lap, v~t li¢u 
phan bO kh6ng doi ximg v() m~t v~l ly cfing nhu ve m~t hinh hqc d6i v6i m~t trung 
hoa cua ban, trong do c6 xet t&i bien d~ng ngang cua m6i l6p rna cae c6ng thtre tinh 
d(l ctrng tuong duong c6 tm6c d:i bo qua. Voi nhfrng ket qua nay ta <'6 the tinh ban 
hai lap bing eac phuong trinh va cong thtrc chinh xac ve m~t ly thuyet cua biin m(lt 
lop rna van dam bao duge linh don gi{m khi ap dl}ng. . 

Khi dy dq:ng cac cong thtrc, ngoai nhfrng gia tliiit da dugc cong nMn trong Iy 
thuyet tinh biin, a day da hiS sung tnem nhfrng gia thiet sau: 

-· V~t li¢u cua moi 16-p dong nMt va dhg huang, 

- T~i m~t tiep xuc giua hai lop bieu do bien d~ng thi lien liJc con bi~u do ung 
suat thi gHtD do~n; 

£long thai each tinh duqc dua ve sir d 1Jng cac ket qua cua bai toitn ban m<)t l&p. 

Can dr vito cac gia thiet c1a chiip nh~n va ket hqp v6i bi~u do U:ng suat va bien 
d~ng cua phan to ban khl lam vi~e u6n dtrgc bieu dihl nhti: tren hinh ve. 

a day xet ba tnr<'Yng hg p : 

Trucrng hqp nay bien d~ng tuong d6i tlteo phuong y dugc coi la hiing khong 
:sy = 0) va khi d6 theo djnh lu~t Hue Ia c6 bi?!u thtrc rrng suat a rn6i lop nhu sau. : 
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Et6x 
<1xl = -~-'-- ; O'x2 = 

2 
(t-v

1
) 

Chi siS 1, 2 bi~u di~n thu tg l&p. 

(1) 
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Nhu trong tinh ban m¢t lop [5] bien d:;mg cua tho each trl}.C trung bOa m(lt 
a2w 

khoang z se bing - z --2- • do d6 : 
ih ' 

EZ iJ
2W 

f1x1 = ---2 '-2-
1-'\7 iJx 

Et Vt 
Trong do Et = E. Vt = v ; '111 = -- ; '112 = -

- E2 V2 

<Et, E2, Vt, V2 - mo dun dim hOi va h~ so Poisson cua lop 1 ,2). 

i? ~ . 
r--------------------------

Momen ciia mQt d:'ii lay d~ tinh toan drrgc xac dinh nhtr sau: 

-<t-lJ/2) 0 

.Mx =- [ s _E_ a:'\v z2dz + s 
1-v2 ax2 

-(t+6/2) -(t+6/2) 

(h-t-6/2) 

s 
0 

Sau khi lay tich pharr va ky hi~u nhrr [5] ta c6 dQ drng trv cua ban 

CA E . 'J')~E 
n=-~2 R+ .S 

1 - v 3'1'\t ('Jl~ - v2) 

Trong d6: 

(2) 

(3) 

hai lop: 

(4) 
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Khi Slf d\tng cong lh(rc (ci) ngoid kich thu:ac hi.nh hQC d1l cho (h. ~) va cac dJc 
trung co ly (Et, Vt • Ez. V2) tuO"ng U:ng din phi\.i c6 trj so t - khoang each tl'r trQng tam 
lap 1 den m~t !rung hOa cua -blin. B~ rut cong thirc tinh trj so t da dva vao cac moi 
lien quan lren bi~u do U:ng suiH, bien d:~mg va d:ieu ki~n can hang hinh chien ciia cac 
thanh phan u:ng suat l<!n trvc x. C6ng lhU:c d6 c6 d:~mg nhu sau: 

h 2 + ('T]!- 1) 6 
t = (5) 

26 ('T]j -l) + 2h 2 

B - BAN BJ uoN THANH M! T cA. u 
. . 

Trong trm'mg hqp nay· Ex =I= 0, Sy =I= 0. Tru&c het xet phuong X, U:ng suat trong 
m0i lap- dugc bi~u dii'in nhu sau : 

EtZ ( a2
·w a2w ) 

O'x! =- --. ~ + Vt--2-l-V1 ux oy 

· EzZ ·( a2w · a
2
w ) 

O'xo = --- -- + Vz--
~ 1 -v~ ax2 oy2 · 

Ban bj uon thanh 
a2w a2w _ 

m~t cau nen 7x2 = ~ . Do d6 ta l~i c6: 

EtZ a2w 
O'xl =- --2 (1 + V1) -.-· -2-

1- v1 ox 

E2Z a2w 
0' 2 = - -- (1 + V?) --

x 1-V~ - illx2 

Sau khi thay 'Tlh 'T]z ~ao (7) va Uy tich pMn nhu d:;mg (3) ta c6: 

a2w 
'Mx ~- [c:ll(l +V) + pS] ~ 

va ciing tuong tv ta duqc : 

Nhu v~y: 

Trong d6: 

a2w 
My=- [c:ll (1 + v) + pS] --2-ily 

VE'TJ2(1-'T]2) 
p=--:I.--2-

3'T]t('Tl2-v l 

C- BAN BJ U6N THANH M!T BAT KY 

(6) 

(7) 

(8) 

(U) 

(10) 

Truerng hqp nay da dung dtc phuong trinh ciia ban lr1fC hu6ng [5], [2] vai vi~c 
thay: 
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E 
Ex::;; Ey=: --. 

1-v2 · 

VE 
E"--

- 1-'\72 ' 

E 
G==---

2(l+v) 
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Ulc d6 ta c6 th~ vi~t r1uqc ca~ bi~u th1rc: cua irng suat trong lttng lap nhu sau: 

( 

E1 o
2
W VtE1 a'!w ) 

O'xt == -Z . --2-- + -- --"- ; 
1_ v2 ox t-v2 ay~ 

1 1 

(11) 

2 

11x2 = -z (~ il ~ + V2E2 a2~ )· 
. c1-v2 ox l-'\72 oy 

. 2 ·_ 2 

. ?Pw · a2w ·· 
<Z;xyl = - 2G1Z --- ; <Z;xy2 = - 2G2Z -- . (11') 

oxoy . oxoy 

Tlieo trinh tl): da ti~n hanh a tren va thl):C hi¢n rn<)t so bu:6c bien d{li thong thuong 
ta cling c6 d:~mg: 

(12) 

(13) 

·I Trong do: 
, 9Jx = 9>y == 9> i (14) 

9>1 = v9> + ps (15) 

9>xy == + [9>(1- v) ~ ps] (16) 

a2w a2w 112w 
Til: (12) neu thay --

2
- = --

2
- ta se du:qc c6ng thuc (8) va thay --

2
- = 0 t a 

ox ay ay 

. duqc c6ng thuc (4) va neu thay 'TJ1 = 1, ·112 == 1 va 6 = 0 vao cong thuc (5Ha c6 t = _!:_ v a 
2 

h · Eh3 
thay tiep t = - vao cong thirc (4) ta se duqc 9J = 2 -d9 cirng tr~;~ cua b!m rn(lt l6p. 

2 12(1-V) 1 

Nhu v:}.y v6i cac c6ng thirc v€ d9 cling cua Mn tim duqc a tren, ta co tM tinh 
bAn hai l6p bang cac phmmg trinh va c6ng thuc ti}!lh ban rn¢t lap. 

lJia chi . 
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PE3fOME 

I< sonrocy onPE,ll,EJJEHn.si UHJIHH.lJ.PHlJECKHX )f(ECl\OCTEtf 
)J,BYXCJIOt'IHbiX flJl11T 

8 CTaTbe H3Jl8f8IOTCH tpopMyllbi onpe.rr.eJieHHHTI; IfJIHH,ll.pHtieCl<HX iKeCKOCTefi 
,ll.t:lyXCJIOfiHbiX IIJIHT, MaTepHallbi KOTOpbiX pacnpe,ll.eJlfliOTCH ITO 38KoHy <f>H3HtJ:€CKOfi 
II reOM€TpHtieCI<Oft HeCHMeTpHH OTHOCHTel!bHO HefiTpaJU,HOfi IIOBepXHOCTH. 

B paspa6oTaHHhlX ¢opMyl!aX JtiTeHa nonepetiHaH cmaTaH .rr.e¢opMaTI;HH 
KOlKD.Oro CJIOH, KOTopaH B pacqeTax n:pyrnx aBTopoa 66hltJ:HO npeHe6peraeTCH. 

DJ18fO,ll.apH 9THM <j}opMyJiaM MO)f{HO BbiTI<'>JibHHTb pactieT JI.BYXCJIOfiHbiX IIJIHT 

C IIOMO~biO TOl!HbiX ypaBHeHHH H <j}opMJJI .ZVIH O,li.HOCJIOfiHbiX TIJIHT .. 
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