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XAC DINH DAO PONG CUA HE ¢b s6 HANG
QUAN TiNH PHI TUYEN BANG PHU’O’NG PHAP
THAM s6 BE

NGUYEN VAN KHANG

' §1. M& PAU

Trong déng lue hoc may v co cfu cung nhw trong dong luc hoc (6ng trinh ta
hay gip cac phu'orng trinh vi phdn dao doéng dang:

yi+ hiyi = hi(®) +8Fi (&, yi, Vo yB), =1, 2ues N) (.1

Trong dé hi (t) 1a-ham tuin hoan cdat véi chu ky 27, Fi(t, Yk ')-71(, 37-1() la ham gidi tich

clla vk, yk, yk va tuin hodn theo t v&i chu ky 27, con €14 mot tham sé duong nhé, Nhu
[5] chiung ta s& goi cac phuorng trinh vi phan (1.1) 1a c4dc phuwong trinh dao ddng cé s8
hang quan tinh phi tuyen

Trong [1] da ban dé&n viéc tinh toidn nghi¢m tuin hoan clla cic phuwong trinh
(1.1) biing phuwong phap trung binh. O day ching ta s& ap dung phwong phap tham s§

bé [2.6] tim nghiém tuin hoan cfia cac ph.mrng trinh dao dong (1.1) trong trudng hop
cOng hudng.

§ 2."NGHIEM TUAN HOAN GUA MQT HE PHUONG TRINH VI PHAN
CO0 PAO HAM & VE PHAI

Xét he phl.rcng trinh vi phin cé dao ham & vé phal
i = ap®l 4 .. ain®n + it -+ eFilt, xx. ﬂﬁk, E), i=1,.,.., Il) 2.1)
Trong d6 aij 1a cac hidng 58, fi va Fi 12 cac ham tulin hoan lién tuc cta t véi chu ky

2%. Hon nita ta gid thiét ring Fl 14 ham giai tich cua Llyeers Xn, Fls..o. &no €. COB € 12
tham s6 dwong nhé.-

Khi s =0 fix (2.1) ta ¢c6 hé phuong trink suy bién :

;;'1 = aj1x1 + .o + aingn + fi(t) (i=1,..., n) Q.2
Chiing ta s& xét trudng hep cong hwdng. Khi d6 phuong trinh dic trung clia hé (2.2)
v au'-—p » a1 ee. Qlp ° .
ant - aga — @ .. an. =0 : Q.9
W e e |
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c6 nghiém dang p = ip (p 14 s6 nguyén hoic s3 khong). P& xac dinh ta gid thiét ring
phuong trinh dic trung co nghlem p=0Dboi tuy ¥ tng v&i k nhém nghiém, vh cé s cidp

nghiém 4o p= -lip; (=1, 2,0..., s) bdi tuy 3. \I:n nghiém trong cip —+ip; tng voi ki
nh6ém nghiem. Theo [2.6] heé phuong trinh vi phan tuyén tinh thuin nhét .

Tio = ailxlo 4+ ... + 2in%no i=1,.. . ]1) ’ (2 4)

cé m (m k+ 2ki + ... + 2ks) nghiém riéng tuin hoan chu- ky 27 doc lap tuyen tlnh

Trong trucng h0'p nay hé phuong trmh vi phan tuyén tinh lién hop V6’l (2. 4)

. A YJ——313y1— + " @nj¥n (J—1 n) ) . (25)
cfmg.c() m nghié¢m riéng tuin hoan chu ky 27 : 1{;(‘1)(0',.“’ q;(.m)(t)

Pidu kién cin va 34 d& cho hé phuong frinh (2.2) ¢6 nghiém tuliin hoan trong trudng
hop cOng hu&ng 1a cac ham fi(t) phéi théa man cac didu kién sau [2,6]:

J‘E £, (t)lIf Ddt=0 (=1 2 m) ’ ' (2.6)

Khi d¢ cac nghiém tudn hoan ciia h¢ phuong trinh (2.2) chta m hing s6 tuy y M}s..., M7 :

zio® = 2% (0 + MoV .+ M g™ G =1,.., m) @)
Trong d6 @(V) 12 cic nghi¢m riéng tuin hoan cla hé (2.2) )

Nhu thé khi €=0 h¢ phu'ong trinh vi phan (2.1) c¢6 nghiém tuin hoan chu ky 2%.
Do cée nghigm ctia hé phuwong trinh nay phuy thudce lign tuc vao € nén xuit hién bai toan’:
voi € nhd hé phuong trinh (2.1) ¢6 nghiém tudn hodn chu ky 27 hay khoang? V& vén d@
‘nay ta co dinh ly sau:
Pinh 1y : Ditu ki¢n clin dé cho hé phwong trinh vi phan (2.1) trong trudng hgp céng
' hudng cd nghi¢m tudin hodn chu ky 2 ld cdc hdng 6 M¥ (i=1,., m) trong nghiém tuln
hodn (2.7) ciia hé suy bién (2.2) phdi théa midn hé¢ phwong irinh
N, 2% n
Pi (M¥,..., M¥) = f = Flt x, (1), z, (1), o] ’lP(l) ) dt = (2.8)
" a=1 ,
) (i=1,.., m)
M&i nghi¢m don cia he (2.8) itng véi mot va'chi mot nghiém tuldn hodn ciia he (2.1).
Ching minh: Nglnem cla hé phuong trinh (2.1) theo phwong phap Cosi co th@ viét
duédi dang:

tn

Diytcn e |1 = T (=) iy () ds +

T 1(’t) =C1 2
1

2 (u) (t s) Fy (s, xk, g,xk’ 8) ds i =1,..., n) (2.9)

Q
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Trong do:
¢ hing so tuy ¥,
(@) he co bin ede nghidm cia phuong trinh tuyén tinh thuin nhit (2.4) véi cac
1 .

ditu kien dau z, (0) = 8.,

Viéc:tién hanh tiép tue chitng minh dinh 1Y nay hoan toan tweng tr nhu viée tién hanh-

chitng minh dinh 1y twong tng d6i véi hé ma & vé phai khong chua dao ham, (xem cic

~ trang tr 116 dén 122 trong tai ligu [2]). P6i véi hé mot bac ty do dinh Iy nay da duoc
ching minh trong [3]. Trong trudng hop khong cong hwéng d& dang chirng minkK ring

hé phuong trinh (2.1) ¢6 modt va. (;h"i mot nghiém tu,ﬁ,n' hoan.

Trong tinh toan thyc hanh ta tim nghiém xi dwdi dang chudi lay thua:

ri=

-]

M

]
e O

e aiy (i=1....0 . (2.10)

Th& (2.10) vao (2.1) réi so sanh cic hé tk ciing bac nhé & ta nhin dugc cac hé phwong
trinh d& xac dinh x;i:

Zioc = i1 Tlo ...+ ain ano + i (1)

i1 = @it @i + ...+ 2in Tn1 + Fi(t, Ty, Thor 0) | @D

§3. CAC CONG HUONG PON VA SU ON PINH CUA CHUNG

Bay gi¢ ta trd lai xét hé phwong trinh dao d6ng (1.1

yl + Aiyi = hi(t) + &F; (t, yi, ).’k, ka) i=1...,N) ' T, (30

Ching ta s& s dung cie k&t qua di néu trong muyc 2 @& xac dinh nghiém tuin hoan cha
phuong trinh (3.1). Trong muyc nay ta giéi han xét trudmg hop cong huwdng don, tic la
chi ¢c6 mot tham s6 A; xip xi bing binh phwong cia mot s§ tw nhién nao.do;

“Mmnd, ARG 0 (=1, 2,3, | B2

D& xét cac tin s§ & lan cdn tin s§ coéng hudng ta dwa vao tham s bé o;

e o= Al —E) (3.3)
| Ar =0’ , (3.4)
Ngoai ra ta dit ' AMi=AiGi+r)

Khi @6 cic phuong trinh vi phan (3.1) c6 dang:
yi + Aiyi = hiv) + e®@it; yy, 'ym '}"1‘) : (3.5

O =F + 6Ii‘ Arayr
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Gia st ring khai tridn Phuarié ciia ham h;i(t) 1a
o

hi() = = (hijeos;t + Hijsingt) (i = 1,..., N) (3.6)
j=0

Trong trudng hop khong cong hudng, dé dang tinh dwgc nghiém xdp xi bic khéng:

‘_ - yio & 2 hllcosjt + Hl]Sln]t ) (3.7)7
=0 Ay -J '
Trong trwrong hop céng hudng don nghiém xfp xi bac khong cb dang:
: : t+H t
Yio = 62 (Reos nt+Ssin nt) + >, 00 hijeos; ”sm] (3.8)
=0 Ai— J .
Trong do6:
"1 khi i=kr , _
=3 1tkhii=r j+Fn (3.9)

Okhii=r, j=n

Cac tham s6 R, S trong (3.8) dwge xic dinh tua cic phuong lrmh (2.8). O’ day cac didu
kién (2.8) c6 dang:

am B
J. D, cos ntdt = J‘ O, sinntdt =0 310
0 .0

Sau khi xac dinh dwgc x4p xi bac khﬁng, ta tmh ué’p cac xfip xi bic mot, béc ha1 ven theo
cic phuong trinh (2.11). R
D& nghién ciru sy dn dinh cta nghiém tulin hoan trong trudng hop cong huong
don ta s& dung jy clia moét phwong phap trinh biy trong [71. .
Ta xét hé phuong trinh vi phan tuyén tinh cfp hai dang:
LX) n . .. i
zi + Aizg = € =, [uij (Dz; + viy Wzj + wij ) 2] (3.11)
=1 .
(i=1,...N)
Trong d6 Ai 1a hing s6 thyc, wi(t), vigt), wij(t) 1a cic ham thyc lién tuc, tuin hoan
theo t chu ky 2%. Khai trién Phuarié clia cac ham uig(t), vij(t), wij(t):
’ o2
i) = ujo +2 > (uijycosTt + UsjysinTt)
T=1
- oo

7ii(t) = Vijo + 2 2 (V”TCOSTt + V]]ySlnTt) (3.12)
Tt |

[= -]
wij{t) = Wijo + 2 (WlJyCOSTl + Wlwsm\’t)
v T=1
‘Theo dinh 1y Floké [4] h¢ phuwong trinh (3.11) ¢6 nghiém dang:
aW=eflyi (=1, N) _ (3.13)
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Trong d6 yi(t) 13 céc ham tuin hoan chu ky 27, @ l1a s8 mil dic iruwng.
Thé& (3.13) vao (3.11) ta suy ra hé phuong trinh sau:

§i +Ayi=¢®; (i=1,..,N) (3.14)
1 = 2 [uU(t) + lel(t) + p “1](t) - 6‘]pz]yl

=
2[‘71_]([) +2pvn,(t) 296]ij + 2 Wiy ?‘ : (3.15)

j=1

- P& x4c dinh nghlém clia hé¢ phuong trinh (3.14) ta sit dung phwong phap tham s& bé.

Trong trudng hop khéng cong hudng A; #=n®.cic nghitm gin dung bac khong cha he
phwong trinh (3.14) d8u trigt tién. Trong 'redong hop cong budng don

Ar=n, AP Ge=r:n 1=1,2 3... ’ (3.16)

ta tim nghiém x8p xi bic khong ciia hé (3.14) dudi dang :

= bg(ﬁcosnt + Ssinnt) 317 -

~Chi y dén (3.10) ta nhan dwgc hé phuong trinh bién do:

_[urro + Pvr 1o + (Pz - n?)Wrrq - pﬂ(?) -+ [Urr2n- -+ Pvrran + (92 — Ilz)Wn'.Zn —nVir2n —

- InPWrran] (—HS) + n[Vrro +20Wrro — 2p] (—SR):‘— [Urrzn + @Verdn + (p2_n2)Wrr2n -+

nvrr2n + 2npw“zn] (;) =0

Tit didu kién ciin d& cho R va S khong ddng thoi tridt tiénta cé: -

[\lrro + Pviro + (Pz - Dz)Wrro"—Pz] - [llran -+ pviran + (pz - DZ)VVrr2n—DVrr2n _2HPWrr2n]2+ .
+n [Vrro + 2PWrr0 - 2P] — [Urrzn + anan + (P - n )Wrr2n +ﬂ Vrron + 2ﬂPWrr2n] =0
(3.18)

Theo gia thi&t clta chiing ta céc hé s6 Phuarié trong c4c khai tfign (3.12) va s6 mi dic
treng p 14 cdc hing s6 nhd. Do d6 tir (3.18) bd qua cdc s6 hang nhd bic cao ta nhan
dwgc phurong trinh: )

MR » )
2nP = IVrro i‘_ -‘/.(uran — nViron — UZWr1‘2n)}' + (lJ1'1'211+HVrr2n‘-n2VVrr2n)2‘_ (Urro—n »Wrro)2

Tir d6 suy ra cac didu kién & cho hé phuong trinh vi phén tuy&€n tinh thuin nhét (3.11)
on dinh tiém can [4] 1a:
Vrro < 0 (3.19)

2 ) 2 '
2vrro > (u"2n ~nVrr2n — 0 Wl"r2n)2 + (Urz'2n + nvrron — HQWrr2n) = (urro — IIQVVrro)"Z. (3.20)

- Nguoe lai néu mft trong cic didu kién trén Iy ddu mguoc lai thi hé 58 khéng én dinh.

Déi véi hé mot bac ty do cic didu kién (3.19} va (3.20) da dwor trinh bay trong [8]

§4. THi DU
Pt lam vi du minh hoa ta xét phwong trinh dao dong
y + Ay = e(Aay + g3y3cosmt By + ey’ + e1yy2 + eay’y) (4.1)
Trong truwdng hgp cong hudng A = n’ nghiém x4p xi bac khéng co dang:

¥y, = Recosnt 4 Ssinnt . (4.2)
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Bién d¢ cfia dao doéng 1a

A=7VR?+ &
Tu cac diéu kién (3.10) ta suy ra phuong trinh bién dé:
o 2 " 9 - 3 2
. 3e+nei—3n%e: ,\[R /'S ‘1 _on R 1 .4n (R®-3RS
%o+ ———————A" - +—68,, ¢ +—46 S {4.3)
(" 4 s |~ nb —R| "2 Om B3 _g3 )T g Om 88 §3_ spag) _

Trube hét ta xét truong hop cong hudng phin didu hoa bac hai (m = 2n). Nbin phuong
trinh (4.3) véi (S) ta duge:

4

: 2 2.2
—3n%:2 . e
(ngd n Je+n e1—3n ez A“) A2 = L g AS?—R?) o )

D )

. 5.
Nhén phuong trinh (4.3) véi (—R ) ta ¢6:

. 2nBA? = ggA®RS (45)
Binh phuong cac phwong trinh (4.4) va (4.5 rdi cong lai. : ' :
hgoal nghiém A = 0, nghiém véi bién d6 A#O dugc xée dinh bdi cdng thee:

00 — — 3e+ne1—3n eq A +2V__g At n?B? R

4

Tink toAn-twong ty d@6i voi truong hop cong hudng pban didu hoa bac bén (m = 4n)
ta nban dugc ngoai nghidm A = 0, cong thitc bién d06:

\

2 . ‘ '
| -3 1
nfa—_ oo ‘;‘ 192 A2 4 \/-—g2 At —n?p? (4.7)

Pt nghlen cttu sy 6n dinh cfa nghiém tuin hoan ta xét phuong trivh bién phﬁn

. cha phuong trink dao dong (4.1):

_Z-I—I] Z:S[(nzd—l-.jggyocosmt-l— 3ey§—|— e]};g—i— Zegyo_:);e)Z'l' (QGIYQy:;'—B)Z'I'ez}'ﬁ Z] ‘ (48)

Ap dung céc ditu kién dn dinh (3.19) va (3.20) la-di dén k&t ludn:
a) Nghiém A = 0'8n dinh khi >0,

b) Nghidm A ==0 dwoc xéc dinh bdi céng thic (4, 6) ciing nhw (4.7) s& 3n dinh

khi B >0 véi cac didu kién sau: Né&u trong cdng thic nghiém ta 14y ddu cing thi didu

g de . . £ qx 4w i
kign 6n dinh 1a —— <{0, ngwoc lai .néu trong cong thic nghiém ta 14y ddu trir thi

)

da -
diéu kién 6n dinh {a —— >>0.
da

§5. KET LUAN

Trong k¥ thudt ta hay gép cac bai todn dao ddng kich ddéng tham s& w&i s6 hang
quin tinh phi tuyé&n. Trong c6ng trinh nay d& khao sat vin d& x4c dinh nghiém tuln
hodn clia phwong trinh dao d@dng c¢6 sé hang quan tinh phi tuyén trong trudng hop cong
budng don bing phwong phap tham sd bé. Caec k&t qua v&viée xdc dinh nghiém tuinhoan
vi khio sat sy &n dinh cdia ué lrong truémg hop cong hudng bodi s& dwoe gigi thida sau.

Dia chi: : Nh@n ngay 5-11-1979 -

Truong Dai hge Bdch khoa
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PE3SIOME
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YJEHAMY UHEPLIMHA METOIOM MAJIOTO ITAPAMETPA

B paGoTe paccMaTpHBaeTCs 8aada O NPHMEHEHHH METOJA Maaoro napaMeTpa
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