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CACH TiNH THANH MEM CHIU UON 

LEU THO T~JNH 

:s·· AI loan thanh mem (d(l cirng chong uon nho) c6 m9t diiu .ngam. -m9l LHU l\1' do chju 
• . lgc t~p trung t:;ti dan. l\f do da c1ugc E. P. Popov giai quyet tren ca sa v~n d\(ng 
'phrrimg trinh vi phan chinh xac cua ducmg dan hOi vii. db den vi$c str d\mg cac lich 
ph:l n enli ptic. 

Trong hili nay chung tbi m& r(lng bai toan tren, trinh bay m¢t thu~t toan l~p 
dung dan de giiii quyet trucrng hqp thanh mem chiu tiH tr9ng bat ky co phuang khbng 

. d<li va c6 ph:;tm vi tac dvng thay ([{lj theo chrang bien d:;tng cua tr1,lC thanh. Thu~t toan 
·duqc xay dJ!ng theo phuang trinh vi phan chinh xac cua ducrng dan hOi khi non va c6 
eM y den tinh cUt phi tuyen hinh hQc cua h~. 

Xet thanh mem c6 chien dai L. m(lt ctau 
· hi ngam, mi)t dau tv d.o. d~t trong h~ tQa d9 

Oxy n):m tren hinh 1. a tqng thai chua bien 
dQ.ng, thanb hqp v6i lrlfc Ox m9t g6c CX 0 • 

Gia si'r M chju tai trQng c6 phuang 
kMngdCJi theo phuang cua lnJc Oy, trong d6 
bao gom: 

. - LIJ'C. t~p trung p 0 va m6rnen t~p 

'<trong Mo. 'iuon lu6n d~t t:;ti d'llu l\r do trong 
qua trinh thanh bien d:~mg. 

- LIJ'c phan bo lien tvc bieu thi du6i 
d~ng: , 

00 

q(x) = ~ amx111 (1) 
m=O 

X 

Hinh 1 

Tai trQng phan bo nay c6 quy lu~t khong ph\1 thu<jc bien d~ng da thanh nhung ph:;tm 
vi tac d1,lng Cll3 n6 du:qc giai h:;tn trong khoang hlnh chie~l lren lrlfC Ox cua thanh san 
khi da bii~n d:;tng, ngh'ia la thay doi theo ·auang bien d::_tng cua lrt.JC' thanh. Trong thvc 
te ta c6 th~ g~p tru(rng hqp ~ay l>:hi tai tr?ng phan bola ap lvc cua dong chay .. 

Du6i tac dvng cua cac l\!C c6 chieu duang nhu tren hinh 1, thanh c6 bien d~ng 
l6n theo duang cong OA". Yeu ciiu lim duang bien d::_tng cua thanh. 

- I 

Be giai bid toan nay ta giii thiet: 

- V~t li~u dim hoi v:l tuan theo dtnh lu~t· Hue. 

. . - Bo qua anh huang cll'l bien d~ilg trugl vii. dQC. lrlfC so v6i bien d~tng u6rr, Nhfrng 
anh huang nay rat nho li6i v6~ cac thanh m~m c6 bien d:;tng 16n. -
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GQi h la hinh chieu cua thanh sau bien d~ng tre~ trvc Ox va d~t: 

~=~ 
h 

Phuang trinh tai trQng (1) bih th} theo ;;, c6 d:;mg: ... ·· 

00 

q(G) = :2: qmGm v&i qm = amh111 

m=O 

(2) 

(3) 

Bieu thtrc m6men uon tl!i tiet di~n k Mt ky trong thanh co hoanh de> ;; • h xac 
dinh theo tr!}.ng thai bien dl!ng c6 d~ng : 

1 

M(G) = - [Mo + Poh (1 -G) + f q('l])h2 ('Tj - ;;) d'l]] 
;; . 

trong do 'T] la doi s6 kh6ng thrr nguyen bien thilm tr6ng khoang G va_ 1. 

Thay (3) vao (4), sau khi lay tich pMn ta dugc : 

(4) 

~(G) = - ~ Mo + p oh (1 -_ ;;) + h2 m~O qm [ (m +~:1;:+2) - m ~ 1 + m~2 H (5) 

Phu.ang trinh vi phan cua duong dim ~oi: 

y" = - M 
[1+(y')2)3f2 K 

v&i : EJ < K <;; EJ/(1- !J-2), EJ la dO crrng ch6ng uon cti.a thanh con 1-1 la. h~ s6 Poisson. 

Neu d~t p = y', ta co : 

dp 
-=y 
dx 

Do d6, phuang trinh vi phan co dl!ng : 

dp 1 
_{_1_+-'p'""2-;;)3"""!2:- = - -K M <G> . h . d~ 

Sau khi thay (5) vao (6) va Hly tich pMn, ta, du·gc: 

. 00 

(l + p 2)112 = ~ [Mo;; + PohF(S) + h2 2 qm<l>~(G)] + Cn 
· P_ · m=O 

trong do : 
F(;;) = ; (1 - ;;/2) 

Nhung: 

_ --;;m +3 
0(;;) = ---::-=-----:-­

(m+O (m+2) (m+3) 

dy 
p = -- = tget 

dx -
v&i a Ia goc nghieng cua tiep tu;ren ~o v6i trvc Ox. 

Ne.n: 

;;2 +~--
2(m+J) m+2 

(6) 

(7) 

(8) 

(9) 
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Do d6, the.o (7), ta c6 : 

V~y: 

00 

. h """ smcz = - [Mo~+ hPoF(;) + h2 .c., qmel>m(;)) + Co 
K m=O 

B~ xac d}nh Co hi dungdi~uc"ki¢n bi~n : 

Khi S = 0, ex. = ao; .cfo ·a6- Co-:: sincxJ! 

00 

sincx. = i _[MoS + hPoF(~)+ h~ ~ . qmel>m(S)) + sincx.o 
m=O 

- (10) 

Cong th\rc 09) cho phep ta xac dinh g6c nghi~ng ciia ti~p tuy~n L~i ti~t di~n bAt 
ky cua dtrang dan hOi SO y{rj tr~c X, trong d6 h van hi. d~i ltrgng chua biet. 

mu chia chieu did h thanh n do~n deu nhau (hinh 2) m6i do~n c6 d(l dai a = bin, 
thi cac di~m 1, 2. 3, ... i, ... , n c6 hoan·h d(l kMng thu nguyen dugc xac dinh theo: 

ia i Si=-- =­
h n (11) 

Neu coi h la d~i lugng da biet, theo. (10) ta c6 th~ tim dugc g6c xoay t!,li litH 
di~n Mt ky thu i. c6 hoanh d(l Si h. GQi CX.j la g6c ngbi~ng cua duang dan Mi t~i di~m 
chia thrr i. Quan ni~m m(lt each g!ln dung, duang clan Mi trong khoang gifra hai di~m 
chia la cung tron thi theo hlnh 3 ta c6 thE! xac dfnh g6c nghieng 0; ciia d~y cung trong _ 
do~n thui,i nhu sau : 

Hinh 2 

Nhung 
- l 

cp; = - (a; - C"Li-t) 
2 

1 
0; = - (CX.; + CLi-J) · 

2 

Hinh 3 

(12) 

Sau khi bieL ca.·c g6c 0; ta c6 thE! xac d}nh dl) vong theo cong thfrc truy Mi (hinh 2) 

Yi = Yi-1 + atgO; · (13) 

vai Yt=atgOt (14) 

ChUm dai cui cuug thu¢c do~n thu· i: 

. a -v·,----4---2 -CX.-i--~'--I----1 -
S; = -- 1 +- tg 
· ~osOj 3 4 

7 
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Chieu dai cong cua loan thanh phai thoa man dieu ki¢n bang chiert diti L ban cUi.u: 

n n 
""' "" '1 v 4 r:J.·-o.· 1 ~ Si =a~--_- 1 + ~tg2 ' , ___ = L 
i=l i=I ~ose, 3 4 

(15) 

Nhu v~y, neu biet h thi ta c6 th~ v~n dl}.Dg caec6ng thirc tren de xac d~nh duang 
bien d~ng ella thanh. Song lhi!C I~a h la d~i lugng chua biet ne~ muon glai bai loan nay 
ta ciin thvc hi¢n qua tririh I~p theo thu tv sau : 

1) Giii thiet gia tr! cua h, ta se x~c dinh dugc q(~) theo (3). Chi a thanh tbanh n 
do~n se xac din h duqc cac ~i theo (11) 

2) Vi).n dvng l8) vii (9) x·ac d!nh cac ham F(~) va <I>m(s). tiep d6 vi).n d1,.mg (10) xac 
dinh g6c ex;. C6 the l~p bilng cac ham F(sl va ~m<sl tuang ung v6i s6 do?-n chia. Nhfrng 
s6 li¢u nay khOng d(H trong qua tl'inh l~p neu s6 do~n chia kh6ng doi. 

_3) Xac djnh cac g6c 9; lheo (12) 

4) Kiem tra dieu ki¢n chieu dai cong cua thanh Mng chieu dai ban dau L theo (15) . 

. Neu dieu ki¢n (15) dugc thOa man thi gia tr~ h da ch<;>n la dung. Neu dieu ki~n 
(15) kh6ng thoa man thi ca.n ch9n l~i h va thvc bi¢n l~i cac bu6c tinb toan n6i tren. Sau 
kbi dieu ki~n (15) dugc this a mali,. ta c6 th~ xac djnb d(\ v5ng y; t?-i tiel di¢n c6 hoii.nh 
d(> ~;b tbeo c.ong thuc (13). 

Qua trinh l~p duqc tom t~t tren sa do ve tren hinh 4. 

, Muc d(> c'!Jinh xac cu;1 ket qua ph\1 thu(>c s6 do~n chia. Kinh nghi~m tinh toan 
chung to ri'ing chi can chia thanh th:inh 4-5 do:;tn cling do,y€m cau chinh xac trong thvc han h. 

--c---1 
Gi!:J fht€t 1 

( 10) 

h 

( 12) 

( 15) ei 
( 13) 

-,~ s, = L ( 16) 

Hinh 4 

Chri thich: 

1. So h~ng thU: hai trong can thuc d1a (15) lhucmg rat nho va c6 th~ bo qua so 
v6i dan vj. Bieu nay luang ung v6i gia thiet coi thanh cong la ducmg cia giac. Do d6 
c6 the thay (15) b~ng cong thuc don gian han: 

n · . n 
1 

~ S· - a ""' -- = L L::.. 1 - . ~ cos8; 
'j =1. . . j.=;: 1 

(16) 

2. Tbu~t toan nay cling c6 th~ ap d'Qng de tinh thanh c6 chju them m(>t so. 
lvc t~p trung tac dvng trong nhjp nen nhung tai trQng nay c6 hoanh df) khOng 
d:Oi trong qua trinh thanh bien d:~mg. Luc nay, bieu thuc momen u6n (4) can · duqc 
b& sung them m(>t vai s6 h~ng. Cong tbuc (10) de xic dinh sincx cling tluqc xac l~p · 
ltrang t1,r sol'l?: d\.11 ?hai th\rc hi~n trong tfrng dol).n \ro11g Cl6 d.c ham m6men \lOiij la 
lien h_w, 
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J. Cac cong thuc thiet l~p dtrqc tren thich nghi v6i truang hqp khi 0 < ~ < l, 
t uc la khi 0 < Cl < 90°. Boi vai nhfrng truang hgp khi ton t:)..i cac g6c a > 90° nh u· 

tren binh 5a, cac c6ngthuc tren kMng ap dt.mg di.rgc. 
'fuy nbien, trong truong hqp thanh c_hi chju cac Iv:c 
t~p trung va pban b6 c6 phuang khOng d<H (kh6ng 
chju m6men t~p. trung) d~ng bien d~ng, nhu tren 
binh 5a .kh6ng th~ xay ra duqc. Duai tac dQng c~a 
dLc·lai- trQng:lan, than)l c6 th~ bien d~ng nhu tr~n 
binh 5b. Luc nay duong dan hM gom hai do~n: do~n 
c<ing OB tuan tbeo cac h~ lhuc dii. thiet l~p a tren 

. va · do~n th1ng BA v61 g6c Cl = 90", hai do~n nay 
tiep xuc tboai v6i nhau t~i B. Nhu vh ta c6 them 
di~u ki~n bien: khi ~ = 1 thl Cl = 90° tuc la sin CJ.. = 1. 
'fbeo (10) ta c6: 

h2 [ K PoF(1) + (17) 

Bieu ki~n (17) cho phep xac djnh ngay duqc 

a) 

I • 

dQ.i luqng h rna kMng can thv:c hi~n pbep lij.p. Sau Hinh 5 

k~i biet h ta c6 th~ xac djnh duong cong OB theo 

cac cOng 'thuc dii. thiet l~p a tren va xac djnh chien dai cong LoB c:ua do~n OB 

nbtr sau: 

(18) 

Tiep d6 xac iljnh chieu dai cua do~n thiing BA: 

LBA = L- LoB t19) 

Vi dtz : Xet than·h mem c6 chieu did L = 78 mm, be r~ng b = 12,65 rum, be day 

0,1 mm. V~t li~u Mng thep c6 E = 2,1 . 107 g/mm2
• Yeu cau tim duong dim hOi khi thanh 

chju lv:c Po c6 gia tri lOg va lOOg. Cho biet cto = 0. 

D~ cung cua thanh: 

K = E.J == 2,1. 107
• -

1
-12,65.0,13 = 2,21 .104 g. mm2

. 
12 

Chia thanh thll.nh 5 ,do~n, theo (8) ta l:;tp dugc bung ham F~~) (bang 1). 

~ 0,2 0,4 0,6 0,8 

F(~) 0,18 0,32 0,42 0,48 

A - Truong hgp Po== lOg. Ap dt,mg c6ng thuc (10), ta c6: 

p h2 10 
sinct = - 0

,- F(~) = 
4 
h2F(~) = 4,525 .10-4 h2F(~) 

l\ 2,21.10 

2-TCCH 

Bang t 

1,0 
.. 

1),50 

g 



L Ch9n h == 59mm : 

a = 59/5 = 11,8rnm ; sina = 1,575F(G) 

Ket qua tinh sinet va cac g6c a ghi tren c¢t 1 va 2 cua bang :2. 

Bang 2 

sin a 

1-
a 9 

I 
cos8 1/cos9 

--~-

0,284 16°30' 8°15' 0,9896 1,011 
0,505 30°20' 23°25' 0,9177 1,090 
0,662 41°27' 35°53' 0,8102 1.235 
0,757 49°12' 45°20' 0,7030 1,421 
0,788 . 52°00' 50°36' 0,6347 1,575 

2 =6,332 

K~t qua'tinh cac g6c e theo (12)- va cac d~i ltrqng lien quan, ghi tren c:ic CQt 
con ll[li cua bang 2. Thea (16), ta ki~m tra dieu ki~n: 

5 
2: S; = 11,8. 6,332 = 74,7mrn < 78rnm 

i=l 

Clin chQn l~i gia tri c iia h. 

2. Ch9n h = 60min : 

a = 6.0/5 = 12mm: sina = 1,628F(G) 

Cac k~t qua tinh to:in ghi trong bang 3. 
Bang 3 

' 
sina ex e cosO 1/cosB tg9 y;(mm) 

0,923 17°02' 8°31, 0,9890 1,011 0,1498 1,8 
0,522 31 °28' 24°15' 0,9118 1,098 0,4505 7,2 
0,684 43°10' 37°19' 0,7953 1,257 0,7623 16,3 
0,782 51°27' 47°(9' ' 0,6780 1,473 1,0843 29,3 
0,814 548 30' 52°59' 0,6020 I 1,662 

I 1,3262 
I 45,2 

.2: = 6,501 

Ki~m tra chieu dai: 
5 
2 S; = 12.6,501 = 78rnm (d~t) ' 

i=l 

Ket qua tinh y; thea cong thirc ( Hl) ghi tren cl}t cu6i cua bang 3. Can cir vao 
nhirng s6 li~u-nay ta d~ d1lng v~ dugc ducmg-dan hoi (duorig I tren hinh 6). Chu y la 
d.c sO li¢u Yi Vll'a tim dtrqc bi~u thi tung d¢ cih dtrong dan Mi tuang irng y(yj cac di~m 
Ilin hrgt c6 hoanh d¢ lA a, 2a, ... 5a vai a= l2mm. 

Sau khi tim dugc duong bi~n d~[tng cua h~ ta de dang tim dugc cac tbanh phlin 
n~i 1\l'C trong h¢ tbeo cac bi~n pbap da quen biet. 

10 

B - Truong hgp p = 100 g: Ap d~,mg cong tbirc (10), ta c6: 

sinot = 4G,25.10-4 b2F(s) 
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20 

Neu chQn h = 2l,03mlll, La c6 sina = 2F(;). Ket qua tinh toan ghi lren bang 4. 

sin a Cl. ·9 cosO 
, __ ,._ 

~-

0,36 21°06' !0°23'" 0,9831 
0,64--~ .. 39°4.8' . 3Q0_n·~. 0,8612 
0,84 57°08' 48°28' o:6630 
0,96 73°45' 

I 
65°27' 0,4155 

1,00 90°00' 81°52' 0,1403 

}.; = 13,218 
Ki~m tra dieu ki~n (16), ta tbliy : 

5 

1/cosO 

1,016 
1,162 
1,506 ·-

2,409 
7,1.25 

~ 21,03 '5 < ..::;, Si = -- .13,218 = 5 ,6mm 78mm 
i'=l 5 . 

Bang 4 

tgO y;(mm) 

0,1862 0;78. 
0,5879 ~.2§ 
1,1290 8,10 
2,1890 17.32 
6,9970 46,70 

Clin pbai tang h, nhung neu tang h thi sina> 1, dieU; d6 chung to thanh c6 d~ng 
nhu tr~n hinh 5b. Bo~n' cong OB c6 chil!u dai LoB = 55,6mm. 

Cbieu dai LA.B = 78 - 55,6 = 22,4mm. 

Kilt qua tinh d~ vong cua do:;tn OB ghi tr~n c(lt cu6i cua bang 4. D(l vong eve 
d~i t~i A la: YA = 46,7 + 22,4 = 69,1mm. Duong dan hOi ve tr~n hinh 6 (duang II). 

T~ong cac bitng 5 va 6 ghi ket qua tinh toan bang ly thuyet v:i ket qua thi nghi~m 
('l'~i _nghi~m do PhOng Thi nghi~m Thliy 1-gc truang D~i hQc Xay d-gng thvc hi~n va 
cung dill ket qua) vi! tQa d~ t~i dliu A tuang ling v6i cac tai trQng kbac nhau ta<dq.ng 
lren thanh c6 dlj day 0,1 min va 0,2mm. Tr~n hinh 6 va 7 ve cac duang dim Mi tuang 
ling va cac di~m thvc nghi~m. . 

. 10 JO 'rO 58 60 mn 0 JO 40 50 60mm 

'111 

10 

20. 

38. 
30 

+D 40 

58 \) 

50 " 
"'"" = 

60 "'=> 

60 

70 70 
88 

80 (mm) 
(min) 

Hinh 6 
Hlnh 7 

H 
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Bang so slmh k6t qua doi vai thallllh co he day O,lmm. 
Bang 5 

lOg :!Og 40g 100g 200g 

Po 
I X-A- YA XA YA XA YA x ... A .. YA XA YA 

--- --- --- --- -----. 

LT 60,0 45,2 - 46,0 57,2 33,2 64,2 21,0 69,1 14,9 71,6 

' TN 59 46 46 57 34 64 22 

I 
70 16 73 

% -1,69 1,74 0 -0,35 2,35 -0,31 4,54 1,28 6,88 1,92 

Bang so sanh kl!t qua dlli vll'i thanh c6 bl'! day 0,2mm 
Being 6 

100g 200g I 400g 500g - 600g 

Po _2_/ XA YA XA Y"A YA XA YA XA YA 
--- --- ---

LT 55,6 49,7 41,6 60,1 29,8 l 66,1 2fi,6 66,6 24,3 67,6 

TN 56 50 41 62 -29 67 27 68 26 69 

% 0,71 0,60 . -1,46 1,45 ,-2,76 1,34 1,48 2,06 I 6,53 2,03 

-Bta clii Nhan ngdy 26-9-1979 
Trrrinzg -Bq.l hpc xdy d,11ng 

TAl LIEU TI-IAM KHAO 

norroB E.n. HeJII' .. ;fHbiE' 9a.n;atiH CT3THI<H TOHKHX CTep»me:ti. M. 1948. 

RESUlVI:E 

FLEXION DES BARRES 'MINCE-S ELA5TIQUES 

On trouvera dans cet article nne maniere de calculer d~s barres minces elastiques -
rlont les rigidites de deformation. par flexion sont faibles. La methode de calcul est basee 
sur la conception que les derlacements sont grands et que la forme de Ia barre se 
modifie sensiblement.· 

Cette methode permct de resoudre le calcul d' une barre de section constante 
sournise a des· charges determi-nees mais quelconques et modifiees suivant les formes de 
Ia barre. 

i2 


