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Tap chi €O HOC 1979 s& (=2 (trang 37-45)

DAO DONG CUA VAT RAN TRONG MO HiNH DAN-NHOT
HUC — MACXOEN

NGUYEN VAN PAO

HUNG ta da biét kha diy dd cac tinh chdt cla dao ddng cha vat
rdn khi gdn né vao thanh lam ti vat liéu Hiae. Md hinh co hoc ciia loai
thanh nay khi trong lugng clia né khéng dang ké 1a mot 16 xo (tuyén tinh

hodc phi tuyén). Ngay nay ngudi ta sit dung nhidu loai vat liéu 16ng hop khong
tuin theo dinh luat Hue. Co nhirng vit liéu l1am viéc theo mo hinh M#cxoen gdm
bo cin méc néi ti€p véi mot 10 xo phu. Trong bai nay ching tdi st dung li thuyét
tong quat xay dung ho nghiém tudn hoan hai théng sé trong hé cdp ba [1,2,3] dé
nghién ciu dao ddng cua vil rdn khi gén né vao thanh lam tir vat liéu dan-nhat
Hac—Mic-xoen (hinh 1). Nhur sé thdy vé sau, & diy c6 nhiéu thay d6i vé bién do
dao dong va mién 6n dinh cta dao déng cda vat rin so véi mo hinh dan hdi Hie
quen biét.

PHAN I — DAO PONG TV KicH THICH

'§1. PHUONG TRINH VI PHAN CUA CHUYEN BONG

Xét dao dong cla vat (coi la vat diém) dwgc gin vao mot thanh 1lz'mg ti
vat lign dan-nhét Hac-Micxoen (hinh l1.a). Mo -hinh co hgc cia hé bao gém vat
khéi legng m dit trén 16 xo chinh c¢6 dd citng ¢ va mot b cin mdéc ndi tidp véi
mot 16 xo phu (hinh 1.b). & day ta xét treong hop khi hé s6 can h va d6 cing k
cia 10 xo phu la nhd. Luc kich thich dao ddng clia viit m la « ma sat am» F (z.z)
gay ra b&ird to khi quay tiép xdc véi vit m. -
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Goi x, z twong ng 14 nhitng do roi khdi vi tri e4n bdnn cia vil m va cua
diém cudi 1o xo phu. Ta ¢6 phwong trinh vi phan cla chuvén dong cla
nhu sau :

vit m
m T + cxr =+ epxd + eh(z — i)'= sF(x.':;:) i
eh(z—x) +ekz =0, o g1y
lrong do ¢ 1a tham sé bé, s6 hang efx? dac trung cho linh chat ph1 tuyén cua 10
x0 chinh. Phuong trinh tht nhit mo td chuyén d6ng cua vit m, con phuong
lrinh thir haj—sur. dich chuyén clia didm diu'l6 xo phu

Khu z gifra hai phwong trinb (1.1) ta dugc:

, ‘ - :r+§a:+§229:+ En*m—sR'(m.:.c,;:),-
Erdéykihiéu

(1.2)

L]

k ¢

= — QE = —
- R(’:c,:é,éé) 2 [F(x )+t F (@) — 3ax=m — Bt £, (1.3)
Déu cham tren chc chit chi dao ham, tuyet doi theo thoi gian.

"Nhir vay la, khac voi tr dao déng trong mé hinh dan hdi Hiae, & day tu
dao dong cua vl m duge md ta bdi mét phuong trinh vi phan thuong. 4 tuyén
tinh edp 3 (1.2). Phuong lrmh nay di dwoec tac gid nghién ciru trong mot bai bao
rudce (xem [3]). ,

§ 2. XAP XI NGHIEM CUA PHUONG TRINH (1.2) _
Phuong phap tiém can dé tim ho nghiém riéng phu thudc hai thong s6 cia
phirong trinh (1.2) da dwoc trinh biy chi tiél trong [3). 0" ddy chi néu tom L4t
qui téc thue hanh dé tim nghiém :
biat: R, = R (acosp, —alsing, —aQ? cdscp), ta co lrong x4p xi thu nhat

T = acos (Q + ¥), (2.1)
761 a va ¢ dugc x4c dinb tir hé phuong trinh vi phan

da _ _ E

T

Q(Eg_l_gg) {§<B°Sin¢>+Q<Roeos¢>]
dy E

Q <R, si
T Da(s + 07) [Q <R, sing >

—& <R, cosp>].
O day (f) 14 toan & trung binh hoa ham 1 theo thoi gian
Phwong trink (hir nhat cda (

(2.2)

2.2) ¢0 dang
da 4
= dJ. (2.5
N ren ep(a) )
I8




Nghiém dirng a=a, cla (2.3) la on dinh néu ®'(a,) <0. Do vy, néua =012 m¢
nghiém cta (2.3) va ¢'(0) >0 thi nghiém a, vira néi sé& cho ta bién do ty chi:
cua vit m trong xdp xi thir nhat.
Phuong trinh thi hai clia (2.2) cho ta pha tu chin bé sung, Viéc tinh ca
xdp xi cao hon tuy phirc tap, song'khdng cé gi kho khiin vé nguyén téc (xem [3])
P& minh hoa ching ta xét mot trwedng hop don gian khi =g va F c6 dan,

F (:c,:f:): p (1 — —;—1':2):1:, , (2.4

trong d6 p.r li cac hdng sé dwong. Phuong trinh vi phdn ctia dao déng (1.2) kt
do sé la: _ .
T4+ IT 4+ 2z 4 8Qr = -:?[p(l—-r:i:’):'b:-i- ép ( 1-%&2)5 — kzx ] (82

Biéu thire R, bay gié c6 dang

R, = .3 [—- paQ? (1—ra?Q3sinp) cosg —SpaQ (1—- Ly a2Q%in?g )simp-!g-kag sing |
m -

(V]

va do do
' <Rgsing> = 22 [k—ap (1-arw) ]
- - 2
<Rycos¢> =22 p (imaz - 1) ..
2m 4

Cac phuong trinh xdp =i tha nhit (2.2) s& nhu sau:

da £a ' 1
= £2 4+ Q?) — tk— —prQ? (824-0%a? |,
dt  2m(E+Q?) [p(“‘ L g L S ]

dy gkQ
dt 2m (82 4+ Q2)

Tiwr day, bing cac 1y ludn quen thude c6 thé di d&n két luin.

1. Néu gk >> p (82 + QY), trang thai cin bing cla vit m (a=0) sé dn dinh v
khéng xiy ra hién tugng ly dao ddng. Didu nay c6 the thwe hién dwoc chin
han khi «ma satdm» ¢6 gia tri dd nho.

2. Néu gk <p (324 Q%) thi vat m sé thuc hién tw dao ddng véi bign do xi

xi bing
T L T T | C—
0o =4 per Zl-i-Q’j =4 \ v _-,‘L" Préll(ii‘s‘i)(éd

Nhgn rét. Néu thanh mang vat m lam t vit lieu din héi Hue thi phuon
trinh dao ddng cta m co6 dang

1o
e

. r . .
MI — Cr = Ep (I—E—.t’);r. (.

€a



¥ei cac diéu kién da néu trén, trang thai can bing cia vat m sé ludn luon khong
on dinh (du cho <ma sial &m» cb gi4 tri nho). Vﬁl m s¢ thee hién tr dao déng

wizi bién dd A, 1én hon a,
9
A, = ——— (2
’ avr . ﬁ’
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Hinh 2a

So sanh véi k&t qua thire nghiém :

Hé phuong trinh xuét phat (1.1) (2.4) da duoc
mo hinh héa trén may tinh twong ty MEDA 41—TC
vgi cac thong s6 sau day: eh/m=0.1, ep/m=0.1,"
r=3,t=Qs=1 Dé thidy ring trong trudong hop
nay cong Lhire 15 thuyét (2.7) cho 1a gia tri ctia bién
dé diung: a,=0,81, con néu do trye tiép Lrén bidu
dd dao dong (hinh 2) ta dvge max |z — )78, Nhu
vay nhirng két qua 1y thuyét pho hop vé mit dinh
tinh ciing nhw dinh lugng véi cac két qui thue
nghiém. Hinh 2a cho dao ddng clia loa d6 z theo
Hinh 2b théi gian: con hinh 2b —qui dao pha cta dao dong.

Phan II — DAO PONG CUONG BUC

§ 5. PHUONG TRINH CHL'YI’;‘!N DONG

Gia st ngoai lue tac dung lén vat m 14 ham di2u hoa P, sinTi. Khi d6 (4 ¢6
he viét phuong trinh dao dong cuwdng bue ciu val m nhuw sau:

m x + ¢x + eh (x — z) + ef ® = P_sinTi, lif“"'\'
¢h(z —x)+ckzr =0 O (3.1)
(hir z gira hai phuong trinh nay sé dwoc: 1 ‘._——:
It J i E; 4 A
:r+g:r-T-O"x-,-EQ?1==——(Tcos|l-~sxluTl)—-§ \E
m £.i 9 2
— = [(k + 3px?) 2 + E Bx?) AR S B AR
- i e u = : ‘-'1______'___,:\-

Ta xél treong hgp cdng hudng chinh, khi gitta tin s rieng va tin s6 ngoai

w¢c T c6 hé thuce )
Q=781 0 (3.3)



va khi P, nhd: P, = ¢P. Phuong trinh (3.2) khi d6 c6 dang
Y4t 4+ TP T4 —i—:i (TcosTl+ EsinTh) + R (z. ), (3.4)
trong do: i .
R (r. £,=__[mai:+ mzex + (k + 3B x2) T + EB x3]. (3.3)
[0 day ta sé nghién ctru dao dong khong chi & tin 6 cong hu'urng, ma cd ¢ ving
lin can tin sé nay (o ==0). ' -
§4. XAY DUNG HQ NGHIEM RIENG PHU THUOC HAI THONG SO

Nghiém lang quat cla phuong trinh vi phdn (3. 4) phu thuge vao ba thong
ad tU\ ¥. Trong s6 cac nghiém ciia (3. 4) ta cha ¥ dén ho nghiém tudn hoan chu ki

phu thudc hai thong sé :

I =11 cos (Tt "[- w) + € ul (a; 1”! Tt) + EE‘ Ug (av w- Tt) + ..... (4 ].)
trong do u; (a, W, Tt) la cAc ham ludn hoan chu k¥ 2x theo cac ddi sd ¢ va Tt,
con a va W la cac ham sd duge xac dinh tir hé phuong trinh :

8 A A ()
a
-Ctlit =eB;(a,9)+e2Bs(a, )+ ..... ° (4.2)

Bé tim cac biu thitc u; (a, ¥, TO. A; (2. ), B; ta. ) trwedc hét ta thay (4.1),
(+.2) vao (3.4).
Sau khi sdp x&p lai theo cac lity thira cta e la duge

33
e[2¥(@YB;, —&8A)sineg—2T(YA; +a:By) cosg+ "“:1 + & 82 tutl £
: 2
-{—T'*‘a—ut‘—-{-g‘i’*ul]+52....=-§—P—(Tcos1’l+-§sin1't)+
2 m
+eR(acong, —avsing)+¢e*..... ‘ (4.3)

=Tt + 1.

So sanh cac hé sd cua e trong (4. 3) ta co
. a3 u, a% u, » OUg
2Y(aYB; —Z2A)sing —27(TA; +akB;))cosp+ + 2 + 72 4

ald & 12 ot
+et?u = -P— (TcosTt + =sinTt)-4 BR(acosgp, —aTsing) (4.4)
m
Bay gio ta khai trién ham R thanh chuéi Phuarié :
-]
R (acos @, — a¥ sin @) = 2, (ry, COSD @ + Ty, sinng). (4.3)
a=0

Ham uy ciing duge tim duéi dang chudi:

up = 2Z (uy cosj @ + Vyj sinjp), : ; (1.6)
i



voi diéu kién u; khéng chira cac sé hang c6 mau sé triét lseu Nhu s¢ thiy duéi
day, diéu kiéno niy twong duong voi j= 1.

Thav (4. a) (-1 6) vao (4. 4) réi so &:»d!'lh cac h¢ so cua sin ¢, cosg la drge
--2T (TAJ-—agB,)-— ——(Tcosw— £ sin 1p)+r“.

2% (aT B] —_ E A.]) = — (T S]n lp + E cos 'q") + Ta1. . (4.7}
m ’ ok

So sanh cac hé s cia nhirng ham diéu hoa khac trdng (4. 4) s& ¢o

T =) E oy + JTvy) =

rn-'.,.{-‘;j‘#l o
Ao TR = ) (B vay — T uyy) = Iy ‘ - (4.8)
Cac phu-orng trmh (. (), (4. 8) chota: - .
P Try+E8ra " eos v,
27 (Y2 + B) 2%m -+ .
B, = —int Tin -+ £ sinjw,
27a (Y 4+ E2) 2aTa ' 4
Wiy 2= iToy+ 8Ty - .
TTmdadIpE+rm™
Ty — jT T
iy = Ery— jTry

- . . 4.9
TA- P E P
Viée tinh cac x4p xi tiép thep khong cé gl khoé khiin vé nguyén tic. Ner vay,
" trong x4p xi thir nhitta co:

= acos (Tt + ¥), | _ U € (1)
véia va vy théa man hé phwong trinh :
da Y ry+Ery 5
— = COSs ¥ 4.11
al 5527(72+§9)+2Tm O‘i’f <10
dvy ___E_?‘—Eru'f‘TTH P sin ¢
dt a { 27T (T2 27m

Xdp xi tht nhil dvoc hoan thién sé 1a ;

& =‘a1‘cos (L4 )+

i (2rqy — jTrgy) cosje == (jTrqyy =+ Erg;) st @ (4.12)
*j=o - (=P 2+ P73
=1

trong d6 a va ¢ duoc rde dinh tir (4.11)

Dao dong ding c6 bién d¢ a, va pha v, kbong d6i théa man hé thure
ik 2 —_
__icos}{;‘):ﬁj_]..__'—_'f}}_l____}_sjnwu_ __EI.I.I_TF_Z.!’ (4.13;
m o m £24 T2
iiht pha glu-a hai phwong trinh nay ta s¢ dwge hé thire lién hé gitra bién dé a,
V4 lAn s6 7 cua ngeai lge:
3, + 13, — E—"—) P? = (. , (4.14)
ms
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T e

R S e o s v

Tir ¢ac bieu thie (3.3), (4.3) suy ra

= - m'cra-i——i’—gﬂui‘), T (415)

1
m
—_-_1( : iTBzﬂ-‘.—kYa).
m 4
r =—i|3113 =i[3'5’a3
1 m "= e '

I'l,_t‘,‘—O j+1-3
Do vay, trong xdp xi thir nhdlt ta ¢6 thé wet 4. H) duoi dang

< Q2 p= .
N K4+BA+— - ‘\/___sz'.- 2}, (4.16)
L T mQ? |Qf 42 P _Q'-+ 22 VX Sk

Trong do
q:l X:ia’,P"=i(Q’3+§2)‘a‘P‘1,
Q' 4 1

Hinh vé& 3 dugc dung theo cong thic (4.16) cho truong hqp?;— = 0.01,

Q=t=k=1,P*=0.38=10. Néu p <0 thi dwong céng huong sé ngd vé bén
trai. Vé mat dinh tinh thi dwong céng

hudng twong tw nhw trong hé cdp of
hai déi véi bai toan Puy phinh co ké
dén lge can nhot ngoai. Bay gio !

bigu thire (4.6) c6 dang

1=

Bad cos3d (Tt +-w) (417)

32my*
Con nghiém (4.12) s& la: ‘
T = acos (Tt + p) + i

-+ Badcos3 (Tt+4+vw) (4.18)

32m72

§5.SU ON BINH CUA NGHIEM DUNG "

Goi sa, 6y 14 cac nhiéu. ta dil Hinh 2
trong (4.11):
a=a,+ éa, Y=1p, + oy.
O day a,, v, la nghiém cia hé phwong trinh (1.13). D& dang thir lai cac phwong
trinh bién phin sau diy:

d:a = — [T} (9,) + 3r'y (2,)] éa + P, sinw, sy (5-1)
1

dét - a 7 L]
a, d_fp = [— ' (a,) + T (25)] da + Py cos 1, on,
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irong do

' _ dry; (a,) -~ el B ____1_ £2 4 T P, (5.2)
r'nf{a,) = & L RS :‘ - - ) 1.
Phwong trinh dic trung cia hé¢ (3.1) co dang
= vV =
a, A? + [a, (TP + Erap)] A + 2. S 0, ¥ (3:3)
o o
: I . 2
W=r} +r] — - (82 + T2) P2 PR G2 )
Do vay diéu kién On dinh clia nghiémn dirng st 1a:
1) [a, (Y + Ergy)] >0 ' (3.5)
. ;
2) §v >0.
2a,.

 Trong trirdng hqﬁ cu thé cha bai loan néu trohg §4 didu kién &n dinh thw nhat
- du-oc théa min vi: 5
' (Tr1,+§r,1)=_§_LTaz E>0 L>0 T> 0,

Digu kién thir hai cho thiy bién cia mién. 6n dinh la nhirng didm clia dwdng cong
hudng tai do tié€p tuyén song song vai true a,

(xem [4]. Trén hinh 3 doan vé dirt nét twong ung véi chuyén déng ding khong
on dinh). ' _

§6. KET LUAN

Tw cac két qui trén day co6 thé rat ra nhirng két ludn chinh nhw sau:

1. Ty dao d6ng cda vat rdn trong mé hinh dan—nhét Huc —Macxoen duwge
mo ta bdi mot phuong trinh vi phan cip ba dang (1.2). Dung phuong phap trinh
bay trong [1,3] co thé viét nghiém cla (1.2) duéi dang (2.1). (2.2).

2. Voi dang « ma sat am» quen thude (2. 4) ty dao clia vat ran chi xay ra
khi ¢ k < p (82 + Q% (diéu nay dugc thoa man, chang han khi p da lon). Xhu vay,
néu dung lhanh lam tir val liéu dan — nhét Hue — Macxoen dé mang val nang thi
hién trong tv chin kho x4y ra hon va néu ¢ xdy ra thi bién d6 (2.7) cua no cing
nho thua bién d¢ trong ang (2.9) khi thanh dwoc ché tao tu vat liéu dan hoi Hue.
Két ludn nay 12 mot goi ¥ cho viéc tim bién phap kbt hoac han ché ty dao déng
co hoe.

3. Du6i tac dung clta lue cudng bire diéu hoa hinh sin, phvong trinh chuyén
dong cha vat ran bay gio duoc duwa veé dang cap 3 (3.2). Nghi¢m trong xdp xi thir
nhit duogc viét duéi dang thu&n tién cho tinh toan (4.10), (4.11) (4.12). Bién dé dao
dong dirng dwoc xac dinh bdi cac cong thire (4.14) (4.16). Cac diéu kién &n dinh
clia nghiém dirng duge viél dudi dang (5.5).
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4. Trong hé co hoc cu th& khio sat & day, diu ki¢n on dinh cia dao dong
cudng birc khong ddt rang budc gi vé tinh chdt phi tuyén cta 10 xo chinh (hé sé B).
Buéng cong hudng (h. 3)-cé dang twrong tw nhu trong bai toan Buy-phinh co ké
d&n lye cin nhat ngoai & hé cip hai [5]. Do viy vat liéu dan—nhét Hue—Macxeen

“han ché s ting clia do cyc dai cha bién d¢ dao déng.

Tac gia chan thanh cam on ddng chi Nguyén Xuin Hiang di giip mo hinh
héa bai toan trén may tinh lwong tlu.

Bia chi ’ Ngiay nhan 15/5/1978
Vién Co hge, Vién KHVY
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SUMMARY
VIBRATIONS OF RIGID BODIES IN THE VISCO — ELASTIC HOOK-MAXWELL MODEL

In this pager the self-excited and forced vibrations of rigid bodics fastemed to visco-
elastic beam are considered. Two parameters solutions of motion equations of third order
are found in the asymptotic series and their stability is investigated. It was shown that in
comparison with Hook material the Hook — Maxwell malerial of beam limits the growih of
amplitudes of both self-excited and forced vibrations. The theoretical resulls agree well with
experimental ones.
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