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DAO BQNG CUA V!T RAN TRONG MO HlNH DAN -NHOT 
HUC ~- MACXOEN 

NGUYE:\T VAN £>~0 

C H t N G ta da biet kha day du cac tinh chat cua dao d¢ng cua v~t 
ran khi g~n n6 vao thanh lam tli v~t li~u Hue. :\-10 hinh CO' hQC cua lo~i 

. thanh nay khi lrQng ltrqng cua n6 khOng dang ke Ia m¢t 16 xo (tuyen tinh 
ho~c phi tuyen) . Ngay nay nguoi ta sir dt,mg nhieu lo~i v~t Ii~u tong hqp khOng 
tuan theo dinh lu~t Hue. C6 nhfrng v~t H~u him vi~c theo mo hinh Mtcxoen g~m 
b(> can mac noi tiep v<'ri m¢t 16 xo ph\1. Trong bai nay chung tOi sir d1,1ng Ii thuyet 
tong quat xay dt,rng hQ nghi~m luan hoan hai thong so trong h~ cap ba (1 ,2,3] de 
nghien cliu dao d(>ng cua v~l ran khi gan n6 vao thanh lam tir v*t li~u dan-ah<'rt 
Huc-Mac-xoen (hinh 1). Nhtr se thay ve sau, a day c6 nhieu thay doi ve bien d¢ 
dao d(>ng va mii:~ ·n ~n d~nh cua dao d(>ng cua v*t d .n so v<'ri mo hinh dan hoi Hue 
quen biet. 

PHAN I - DAO Dc)NG ~V' KICH THICH 

§ 1. PHUONG TRiNH VI PH.AN CC.A CHUYEN BONG 

Xet dao d(>ng ciia v*t (coi Ia v~t diem) duqc gan vao m¢t thanh 'lam tir 
v~t Ii~u dan-nh<'rt Huc-Macxoen (hlnh l.a). Yfo -hinh co hQc ciia h~ · bao gom v~t 
khoi luqng m d~t lren 16 XO chinh CO dQ Cting C va ffiQl bQ can mac noi tiep ·V<'ri 
mQt 16 xo ph~l (hinh l.b). a day ta xet truong hqp khi h~ so can h va d(> cirng k 
cua 16 xo ph1,1 la nho. Lt,rc kich thfch dao d<)ng cua v~t m la (( rna sat am» F (x.x) 
gay ra boi ro to khi quay tiep xuc voi v~t m. 
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GQi X, z luang ung h\ nhfrng d<) roi khoi vj tri can bflng cua v~~~ rn va cua 
diem cuoi Ju xo phl,l. Ta cil plnrong trinh. vi j)han cua chuyen d(mg ctw V{_tl m 
nbu sau : . . . . . i : . 

m :r +ex + Ef3:r3 + sh(x- z) = sF ( x. x) , 

E h ( Z - X) .+ E kz = 0 , . (1.1) 

trong do t la tham s<i b~. s6 h:;tng s~xs d~c tnrng cho linh chat phi tuyen ciia 16 
x:o chinh. ·Phuo-ng tririh thtr nhat · m6 ta chuyen d<?ng cua v~t m, con phuong 
lrinh thu bai-Sl,l' .djch cbuy~n cua diem dau' 16 XO pb1,1. . . 

Khir z gifra hai phuong trinh (1.1) La duqc: 
. . . .. . . . . 
x + ~ x + Q2 x + ~ n ~x = E R ·(x, x, x ), . 

& day ki hi~u 
k , c 

~ = -. Qo. = -. 
· ·h . ·· m · 

-·· ··~ -~-- • •• . 1' •. ·• . . - . - . ._ . . . . - . . . . 
R (x,x, x) = - l F ( x, x) + ~ .F (x. x) - 3 ~ x~ x - kx- £~:x:s). . m 

Dau ~ham- ~iren· cac chfr chi d~o ham. t~y~t d:oi .theo thai gian . 

(1.2) 

(1.3) 

. Nhu v~y la. khac vc:Ji t\1' dao d(>ng trong m6 hinh dim hoi Hue, a day t~· 
dao d(>ng ciia v~t rn duqc m6 ta bbi m¢t phuong trinh vi phan thm)ng, a tuyen 
linh cap 3 (1.2). Phll'ong trinh nay da duqc lac gia nghien ClrU trong rn(>t bai M.o 
.ruc:Jc (xem [3]). 

§ 2. XAP XI NGHIEM CUA PHUONG TRiNH (1.2) 

Phuong phap ti~m c~n de tim h9 nghi~m rieng phv, thu(>c hai thong s6 eta 
phuong trinh {1.2) da d ugc trin h bay chi tieL trong f3 J. o· day chi neu 16m tat · 
:rui tac.LhJ!c hanh de tim nghi~m. 

D~t : Ro = R -(acoscp, -ansincp, -aQ2 coscp), ta co trong xap Xl lhu nhal 

X= aCOS (Qt + 'ljl), 
;6-i a va '\j:· duqe xac d!nh llr h~ phuong trinh vi phan 

da 
dt 

d1,p E 
- = [Q <Ro sincr > -: <Rocoscp> ]. 
dt Qa(;2 + n2) 

Er day (f) la toan ti'r trung binh h6a ham i theo tho·i gian. 

J8 

Phuong trinb lhir nhat cua (2.2) c6 d:;tng 

da 
-- =E¢(a). 

dl . 

(2.1) 

(2.2) 

(2.3) 

. t 

t 



r 
Nghi~m dung a =ao cua (2.3) la on djnh neu <I>' (a 0 ) < 0. Do vf).y. neu a= 0 la m(> 
nghi~m cua (2.3) vil ¢'(0) >0 thi nghi~m a0 vua n6i se cho ta bien d(> II! cha1 
cua n~t m lrong :dp .xi thtr nhat. 

Phuong trinh thu hal cua (2.2) cho ta pha ll! chan bo sung. Vi~c tinh ca· 
xap xi cao hon- tuy phuc t~p. song·khong c6 gi kh6 khan ve nguyen tlic (xem [3)) 

De minh h<;>a chimg ta xet m(>t tnr<':tng hqp don gian khi ~=o va F c6 d~n, 

F (x, x)= p ( 1 - fxt }];· (2.-J 

trong d6 p. r lil cac h~ng so dtrong: Phuong trinh vi phan cua dao d(>ng (1.2) kr 
dose la: 

·x+;·x+Q2x+~Q2r= ~ [p(t-rx2)x+~p(t- ;x.2)x-kx ]· <2.~ 

Bieu thfrc R0 bay gio co d~ng 

R0 = ~ [- paQ 2 (l-ra2Q2sin::!cp) coscp -;pan ( 1- ; a2Q2sin2cp )sincp+ kaQ sinq> : 

va do d6 

- · af22 ( r ? ) < R0 coscp> = 
2

m p TQ2a- - 1 • 

Cac phuong trinh xap xi thu nhat (2.2) se nhu sau: 

da Ea 
--= 

dt 
[ p (~2-+ Q2)- ;k- : ·p rQ2 <a2+Q2)a2]· 

dljl akQ 
-- = ----::----
dt 2m <s2 + Q2) 

(2.6 

Tl.r day, bang cac ly lu~n quen thu<?c c6 the di den ket lu~n. 
1. Neu ;k > p (~2 + !l'), tr~ng thai c:in bang ciia v~t m {a=O) se on djnh -v: 

khong xay r~ hi~n tugng ll! dao dqng. Dieu nay CO the lhl!C hi~n dU'<;YC chin1 
h~n khi \(rna sat am)) co gia trj du nho. 

2. Neu ~k < p (;2 + Q2) ·thi v~t m se thl!c hi~n Ll! dao d(>ng v6i bien d9 :<:i 
xi b~ng · 

Nh~in rei. ~eu thanh mang v~U m lam tu v~t li~u <bn hoi Hue lhi phuon 
trinh dao d¢ng cua m c6 d~wg 

.. ( r . ) . m:r -7- c:r = t::fJ I- J .t~ :r. 



~~c:-i cac dieu ki¢n da neu trim. tr~ng thai can b:ing cua v~t m sc luon luon kbong 
on d~nh (du ch<> 'I:Da s:ll am)> co gift trj nho). V~l m st' thtrc hi¢n lt! dao d(>o~ 
Ycii bien de) A(\ Jon bon an : 

. ,• 

/ 

Hinh 2b 

., 

') 

A.:::; -
nvr 

/linh 2a 

So s~nh v&i Jdt qua tJu,c nghi¢m : 

H¢ phuang trinh xuat phat (l.l) (2.4) da dugc 
mo hinh h6a · tren .may tinh tuong ltr MEDA 41-TC 
v6i cac thong so s~u day: e:h/m = 0.1, e:pfm = 0.1. · 
r = 3, ~ = Q = 1. De thay r:ing trong tnrang hgp 
nay cong Lhirc JS· lhuyel (2.7) cho la gia .tri cua bien 
d<) dirng: ao::=0,81, con neu do trtrc liep lren bieu 

.X do dao d<)ng (hinh 2) la dtrQ'C max I X ,'-- Li8. 1\'hu 
"~Y nhfrng k~t qua 1)' thuyet phil hgp ve m~L d!nh 
tinh cling nhu djnh lm;mg v6i cac ket qua · thtrc 
nghi~m. Hinh ~a cho dao d<)ng cua LQa d<) X lheo 
thai gian: con hinh 2b -qui d~o pha cua dao d(>ng. 

Phan II - DAO DONG CUCYNG BUC 

. ... . 
§ 3. PHU'aNG TRINH CHCYE~ BONG 

Giii sir ng.ol;l.i h,rc lac d1,mg len v~t m Ht h~m dieu boa Po sinrt. I\.hi d6 ta. c6 
!~e viet phuong trinh dao d<)ng cucmg birc cu·a v_l).t m nhu sau: 

·l j c ·-~~· t m x + ex + e:h ( x - ~ ) + e:~ :rs = P 0 Sin n . 
e:h (i.- ;) + e:kz = 0 

__ ....,.,._ .... __ 
I 
i 0 .1) 
i 

~hl.r z gifra hai phtrcrng trinh nay ~~ drrgc : ;.-, 
.•. .. . p .. J ~ · ~· ~.,.. 
:r + ~ x + Q2 :r + ~ Q2 :t· = __..£.. (T co.sTt +; sinrt) "i \l. •· · 

m (, ,z rl., 
E: • - ; .... .-..,~,, ... !. <': ...... 

-- [(k + 3~:t-~) :r +; ~:r3 ] · 1 l ;~'-- ( ~L:2) 
rn . _l.~---.---

Ta xet truung hgp c¢ng huang chinh . kh_i gifra 
~c r c6 h~ thirc: 

(3.3) 

() 



r 

va khi Po nho: P<) = eP. Phuong trinh (3.2) khi d6 co dq.ng 

trong do: 

.•• .• • ""'t c:P .. . R . 
x +; x + rs x + ;1 x =- (rcosYL+ ~smn} + s (x. x), m . 

. 1 • . . 
R (r. x) =-- [ rna x + m;ax + (k + 3~ :.r2) x + ;~ :.rlJ. 

m 

_(3.4) 

(3.5) 

a day ta sl' nghien cll'U dao d¢ng khong chi a tan so e(>ng huang, rna d. v vung 
!an c:,in t~in s6 nay (a+ 0). 

§ -!. XA Y 0{/NG HQ NGHIEM RIE0:G PHI; THU()C HAI THONG s() 

Nghi~m tong quat cua phll'ang Lrinh ... i phan (3. -!) ph~ thu¢c vao ba thong 
s6 tuy ~-. Trong so cue nghi~m etta (3. -!) ta chu y den hQ nghi~m tuan hoan chu ki 
9~ . 

_:::__ phu Lhuoc hai thong so: T . . 

X= :1 COS (Tt + lp) + E U 1 (a, •p, Yl) + E~ U2 (a, 1p, rt) + .... , (4. l) 

trong do ui (a, IJl, rt) la cac ham Luan hoan chu k~' 2l"C theo cac doi s6 ~ va Tt, 
con a va 'P lit cac ham s6 uuqc x:ac djnh tu h~ phuang trinh: 

da c ,, ( , ·2 , ( · ) + - = ~ .-,.1 a, tp) 'T" s .-,.., a. tp ••. • , 
dt . 

dd~ = ~:: B1 (a, tp) + sz B2 (a, \f.l) + . . . . . (-!.2) 

Be tim c:'tc bieu thuc u; (a, 'P· Tt). A1 (a. 'P), B; /a. 'P) tru&c het ta thay O.l). 
( 4.2) vao (3..!). . 

Sau khi sap xep l~i theo cac luy thira cua eta duqc 
·"3 u ~! u 

~:: [2r (a r B1 - ; At) sin cp - 2r (T At + a ; B1) cos q> + 1 + ; --1 + 
. " t3 " tl 

~ Ut E p . + T2 --+ ; T' u1] + g2 •• , • = -- (T cos rt + ; Sin Tt) + 
"t m 

+ s R (a con rp, - a r sin rp) + s2 • •• • .• (4.3) 

r.p = r t + \f.l. 
So sanh cac he s6 cua E trong (4. 3) ta co 

. 3 I 

2T (a r Bt - ; At) sin m- 2 r (rAt + a; Bt) cos rp + ~ + s 0 
Ut + T2 OUt ..L 

-r ~tJ a t2 at ' 

+ E T2 u1 = _!:_ (T cos n + ; sin T t) + R (a cos rp,- a r sin rp). (4.4) 
m 

Bay gia ta khai trien ham R thanh chuoi Phuarie : 

• 
R (acos cp, - aT sin <p) = L (rt. cosn <p + r.~8 sinnq>). 

Ham u1 ciing <lttqc lim du&i d~ng chuoi : 

u1 = ~ (uu cosj <p + v1i sin.i~l), ct.o> 
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v6i dieu ki~n u 1 kh6ng chua cac so h~ng co mau so tri~L lieu. Nhtr sc .thay duui 
day, dieu ki¢n ni1y tuang duong v6i j + 1. . 

Thay (4. 5). (·L_G) vao (4. 4) r6i so sitnh cac h~ so cua sin <p, COS<p la.dugc: 

~ 2T (T A1 +a ; B1) = ~ (T cos1p - ; ~in~)+ r 11• 
m 

2 r (ai B1 -; A1) = ~ (r sin 'P + ~cos 1Ji) + r 21 . m . 
(4.i} 

So sanh cac h~ so cua nhfrng ham · di~m hoa khac· trong (4. 4) se c6: 

j! ( 1 - j2.) (~ UJj + ji Y Jj) = fJj• . ,~ ~ j -/= 1 
:'. , _ ·;2 (1- j2) (~ V}j :- jT UJj) = r 2j.-_ ~,, (4.8) 

Cac phtrang lrinh (4. i}, (4. 8) cho ta : 

A __ r r11 + ~ r21 _ P · .cos'~'· 
1

- · 2Y(T2+~2) 2Ym 

B
. -~-~i1 + 1'-r~n + _, P . 

1 = · . s1n .'!'. 
2Ta(12+~') 2ara -

, ; 

(4.9) 

Vi~c tinh cac 'xap xi tiep the.9. khong c6 gi kh6 khan ve nguyen Hie. Ninr "*Y·· 
· trong xap xi thu nhat -ta c6 : .(.-

x = acos (Yt + 'IJ'), __ (4_.10) 

vcri a va 1p thba man h~ phtrong trinh : 

da J r ru + s r21 P l 
dt = - E l 2 r (T2 + ~2) + 2 r m cos 1l' I' ( 4.11) 

d 'P E l - ~ r 11 + r r 21 P . .:. ~ --=- + --sm 't' • 
dt ~ 2 r (T2 + ;2 ) 2 r m 

X a p x! th 1r nha L d U'Q'c hoan thi~n se la ; 

x =-aces (ll + 'IJ') + _£ ~ (;rll- ,iYr2J) cosjCfJ + (.i'Yr1i + ;r2J) sinJ cp (4.12) 
• j2 j=o , (1- .fl) (;2 + j2 T2) 

j=Fl 

trong d6 a \'a 'I' dugc :\.ac djnh tir (4.11). 

Dao d(mg dt!ng c6 bien d(> a
0 

va pha ~·o khong doi thoa man h~ thuc: 

(4.13} 

~:hi'r pha gifra hai phuong lrinh nay ta s~ dtr<,YC' h~ thuc lien h~ gifra bien d(l a., 
·,r~ tan s6 T cua ngc~i I t!C: 

(e:2 ~ ..,~) 
2 o • ' I p! 0 r11+r;;1- = · 

~ m2 
(4.14) 
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Tude bieu tht'rc (3.5), (-!.5) suy ra 

r11 = - ~ (~~;a a+ T ; ~ :13), (-!.15) -

r 3 r~n = - (m r a·a + - r~ :1a + k r a) . 
m 4 

.. •j 
r13 = - _i_ ~a3 , r23 = -·- ~ r a a, 

-!m . 4m 

ftj = f:,?j = o. j + 1,3 

Do v~y . trong xap xi thu nhat ta ~6 the viet (4.14) dtroi dq.ng 

11 2 = 1 + m~~ [Q2 ~ ;z k + ~A+ Q:l ~ ~2 V ~· _ Q2 ;~ k2 ] , 

Trong do 

(-!. lti) 

_ r \ _ ~ , p• _ 3 (Q2 + ~:l)ll p2 11-- .'"\. - a, - " . 
Q ' 4 ° 4 

Hinh ve 3 dtrQ'C dl!ng theo cong lhtrt: (4.16) cho trtrong hqp.:...:... = 0.01, 
m 

Q = ; = k = 1, P• = 0.5, ~ = 10. ~eu ~ < 0 thi dtrong c9ng huang se ngii ve ben 
trai. Ve m~t d~nh tinh thi dtrong c9ng 
htrang tuang tg nhu lrong h~ cap 
hai d6i voi bai loan Buy phinh c6 ke 
den lgc can nh6t ngo::_1i. Bay gio 
bieu th<rc (4.6) co d~ng 

u1 = 1 
., ~aa eos3 (It + ·'P) (4.17) 

32mr· 

Con nghi~m (4.12) se la : 

x=acos(rt+w>+ 

+ c: ~a a cos3 (Tt + 1p) (-U8) 
32mT2 

... . . 
§5. Sll ON BJNH CUA ='iGHIEM DUNG 

GQi 6a , 61J> Ia cac nhieu. ta d~L 
trong (4.11): 

d 
' i 

I t 

0.5 . 

a = a, + 6a , 'P = '.Po + t\ljl. 

. 
I 

' . 
I 

I . 
' ' I 

I 

' 

. 
I 

~ 
1.1 

Hlnh 3 

, a . 

a <lay a,, 'lin Ia nghi~m cua h~ phtrang trinh ( U3). De dang thtr L~i eac phtrang 
trinh bien ph<in sau day : 

dt\a [ . .. . ( l p . · 
~ = - Tr ll (:.J 0 } + ;r 21 a,) 1>:1 + I 510 1J.l0 ,S, 1p (5. 1) 



\ o-ong do 
, ( ) dr11 (ao) tt p _1_ (;2 + rt) P, 

r n .ao = dao • ,. = ·2r (es + T2) ' J: = m 

Phuong trinh d~c trtrng cua h¢ (.).1) c6 d~ng 
., o · ~t'r 

ao ).- + - [a0 (Trn + ;r11)] A.+-- = 0. 
b80 ba 0 

'\
• 1 2 1 (t" + T 2) P" = ru + r2l - -. ...· -. m2 

Do v~y di~u ki~n on dinh cua nghi~m dirng sc la: 
It . 

1) - [a0 (T r11 +; r11)] > 0 
ll80 

2) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

Trong tnrimg hqp Cl,J. lhe cua bai loan neu trong §-4 dieu ki~n on djnh thir nhal 
·· dtrgc thea man vi: 

. . ao (Tr11 + £ rn) = _L k r a!, ; > 0, k > 0, i > 0. 
. m 

Dieu · ki~n · thu hai cho thay bien cua mien.on djnh Ia nhtrng di~m cua dtrang c<;mg 
huang t~f d6 tiep tuyen song song v6i tr1,1c a 0 

(xem [4]. Tren hinh 3 do~n ve dirt net tuong ung v6i chuyen d(>ng dirng khong 
on dinh). 

§6. KET LUAN 

Tir cac ket qua Lren day c6 the rut ra nhfrng ket lu~n chinh nhtr sau: 

1. Tt;r dao dQng cua v~t r~n trong m6 hinh dan..:..nh6t Huc-Macxoen dugc 
mo ta hoi m(lt phuong trinh vi phan cap ba d~ng (1.2). Dung phuo ng phap trinh 
b ay trong [1,3] c6 the viet nghi~rn cua (1.2) dtr6i d~ng (2. 1). (2.2 ). 

2. V6 i d?ng (( rna sal am)) quen thu(>c (2.4) ll,l' dao cua v?t ran CQJ :tay ra 
klli -~ k < p (;2 + 'Q 2) (dieu nay dugc thoa man, ch[ng h~n khi p du Io n). ~\'hu "*Y· 
neu dung thanh lam tir Y~l li~u dan - nhal Hue- Macxoen de mang n) l n~ng lhi 
hi~n tugng .tv ch~n kh6 xay ra hon va neu c6 xay ra thi bien d (l (2.7) ci'la no ciing 
nho thua bien d(> tuong irng (2.9) khi thanh dugc che t~o tl.r Y~t li¢u dan hoi Hue. 
Ket lu*n nay la m¢t gqi ~- cho vi~c tim bi~n phap kbi'r ho~c h:J.D dH:; tv dao d()ng 
CO' hQC. 

3. Dtr6i Lac dl;lng cua Ivc cuang bu·c die u boa h inh sin, phuong trinh cbuyh1 
d(>ng CUa V~t riin bay gi(r dtrQ'C dtra Ye d?ng cap 3 (3.2). :\ghi~m lrong Xap Xllhir 
nh~t duqc .. ·iet dtr&i d~ng thu~n ti¢n cho tinh Loan (-!.10), (-Lll) (-1.12). Bien d(l dao 
d9ng dung duqc xac d!nh hoi cac cong thirc (4 .1-1) (-LlG). Cac di eu ki ~n on dtnh 
CUa nghi~m dung dUQ'C Yiet dtr6 i d~ng (5.5). 
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-t. Trong h~ co hQC c~ the khao sat 0 day. dieu ki~n on dinh cua dao d¢ng 
cuong btrc khong d~L rang bu¢c give tlnh chat phi tuyen cua 16 xo chinh (h~ s6 ~}. · 
Buang c<)ng huang (h. 3-}-co dang tuang. Ll,f nhu trong bai toan Buy-phinh co ke 
den ll,fc can nhat ngo:,1i a h~ c::ip hai (5]. Do q.y ..,·~t li¢u dan- nhot Huc-Mac:coen 

· h~n che Sl! tang etta· d¢ cl,fc d~i C'ua bien d¢ dao d¢ng.-- -

Tac giii chan thanh cam on dong chi ~guy~n Xu:in Hung da gitip mo hinh 
h6a bai loan tren mity tinh tuang ll,f . 
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St;~IMARY 

VIBRATIO r\S OF RIGID BODIES IN THE VISCO- ELASTIC HOOK-MAXWELL MODEL 

In this paper the self-excited and forced vibrations of rigid bodies fastened to visco

elastic beam ar.e considered . Two parameters solutions of motion equations of third order 

a.re found in the asymptotic series and their stability is investigated. It waa shown that in 

comparison with Hook. material the Hook- Maxwell material of beam limits the growth of 

amplitudes of both self-excited and forced vibratio ns. Tbe t~eoretical results agree we!A wit~ 

experimental ones. 
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