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_VE CAC PIRU mn THEO DOI PUQC TRONG cAc
HE PHI TUYEN |

" NGUYEN THANH BANG.

MUC dich clia cong trinh nghién ctu ndy la xic dinh céc digu kién ma véi
; chung thi cac hé phi tuyén sé& theo ddi dugc theo nghia Kalman, dong the&i
d& ra thudt tinh giai gin ding bai toan theo ddi dwge, chitng minh sy héi ty cia
qué trinh gidi va danh gia téc. 49 héi tu clia 2 cach gidi gin dung khéic nhau.

§1. PAT BAI TOAN

Gia st rdng hé dong lyc _hqc ma ta mudn khio sat duogc md ta b&i phuong
irinh vi phan c6 dang sau day: ' .
= {;ti =AM z+ul (@) Ly
trong d6 x la (n X 1) — vecto cac toa dd pha, f(x, 1) latpx 1) — vectcr cac ham
phi tuy&n, A (t) 1A ma trin vudng cdp (n X n), g 1A tham s& bé.
Gia st ring trong quﬁ trinh khio sat hé thdng déng lue hoc néi trén ta ¢6 -
thé do duoc cac glé tri cia vecto

ZH=P @) =zt (1.2)
-(mX1) . {mXn) (X1) .
tai moi kh&i di€m t bat ky va cé thé nhé cie gid tri ciia né (rén khodng thoi gian
t,—z < t<t,, trong @6 P'(t) 13 ma tran chuyén vi, m < n.
Van de dat ra la theo cac gia tri cta Z(t) trén doan trt, —ze <t L,
hé xac dinh gi4 (ri cla cac toa d¢ pha tai.t =t, hay khong? Va voi nhu-pg dleu
kién nao thi bai toan dit ra trén day co nghlem tie hé (1.1) 14 theo dai duge ?
Pé gidi bai toan dit ra trén day ta gia (hiét 12 khi g = 0 hé tuy&n tinh
twong ng voi (1.1) 1A theo ddi dwgc hodn toan, tirc theo cac gia tri cha vecto.

_, Z@ () = P (1) =( (b ' (1.3)
xac dinh trém doant, — v <t t, ta hoan toan co thé xac dinh duge veclo
_x(®)(t,) cta hé:
dx( (1)
o dt

= A (t) 1) , : (b



Nghiém clia phuong trinh (1.1) c6 thé viét dwdi dang:

() =X )X )z(l,)—p S XOX=1E) (). Bde |, —r IS, (1.5)
i
trong 6 X(1) Ia ma tridn co s& cua hé tuyén tinh (2.4), X-? (1) 12 ma trén nguoc.
Khi &y, trén co so (1.2) va (1.5) la c6: .

ZO=P Mz O+PO q 2) 18

Trong bit¢u dién (1.6) P (1) va q (1, x) 1a ky hiéu cac veclo sau dfn
Z () = X)X~ (t)z(t,) (1.7)
NL@=_¢Sxauﬂ@ua@@mg (1.8)

t

Nhtr va3, ta c6 thé ddn bai toan da ditra & trén v& bai loan theo ddi duoc
d6i véi hé tuyén tinh:
: dx(l)
dt

trén co so cac thong tin v& dai lugng 2(t), xdc dinh trén doan t, — <t <t theo
cong thire sau day: S
ZW=P Oz =Z1t-P1 q ) (1.10)
RO rang bai toan theo doi duge trong cac hé phi tuyén (1.1) véi diéun kién
(1.2) la twvong duong véi bai toan theo ddi duoc trong cac hé tuyén tinh (1.9) véi
diéu kién (1.10), nhung didu khac nhau co ban & day la: trong diéu kién (1.2) thi
cac gia tri clta veclo Z(t) trén doan t, — r <t 1, 1a biét trude, con Z () trong
. bidu dién (1.10) 12 dai lwong chwa xac dinh, vi ngoai Z(l) no6 con chira z(t) dudi
dang in. M#c du v4y, cach bién dbi trén d4y cho phép ta vén dung cac két qud
trong If thuyét theo doi duoc d8i voi cac hé tuvén tinh dé giai gan dung bai
toan theo doi dugc lrong cac hé phi tuyén.

=AUz (1.9)

§ 2. CACH GIAI
Trén co s¢ cong thire (1.7) d€ dang nhén thay ring:

z(l,)==x(,) (2.1)
Duéi day sé trinh bay 2 cach giai gan dung d& xac dinh dai lwong = (1,).
1. Cach giai the nhét (tayén tinh héa toan phén)

P? xac dinh vecto z (1) ta dung phu-crng phap gin dung lién tiép. Trong
gin dung khoi dieém ta 1y :
lll

;k(o) t,) = S <Z (o)(t). u(k) (O >dt; k= 12... (2.2)

-T
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trong dé 2(0)(0 =Z (l) 12 vecto biét trude, con u“‘) (t) 12 vecte -xic dinh tu'
phwong trinh:
t ‘ o ‘ .

S [X-1t,)] X‘(L)P(t) u® ) dt = e®, k = 1,2...,n 2.3)

ta—7

trong d6 ek) 13 vecto cot chi cé thanh phin trén hang tht k bing 1, con tdt ci
cic thanh phin khic bdng khong.

Theo. cac diéu kién ctia bai toan thi hé tuyén tinh (1.4) tu:crng ung voi (1.1)
khi p = 012 hé disu khidn dwgc hoan toan, cho nén nghiém u(® (t) clia cie phwong

"trinh (2.3) 180 tai va c6 thd x4c dinh qui lugt thay ddi cla vecto ulk)(t), (zem [2]).
Nhu viy, tir céng thirc (2.2) hoan toan cé thd xac dinh vecto z (@) '(t,) va sau d6
gidi ngroe phuong trinh (1.4) v6i didu kign 20 (1,) = £ ) (t,) ta s& x4cdinh duge
vecto (%) (t) trén doan t, — 7 < t < t,. Pua cac gia trj cla vecto z(% (t) vao vé
phal (1.10), ta duge: y

' ZWOwy =2z — P m)q, = @)y (2.4)

Bay gi¢ d& xac dinh z.(t,) trong gin ding thir nhat ta liy:

te : : "

7D (1) = S <ZW @y . u® @y >dt, k=12, n, (2:5)

te=T

‘Sau khi z ¥ (t,).da dwgc xac dinh, ta ¢ the tim =V (1) theo cong thirc:
‘ : : 8 o :
2 ) =X X1ty ) — & S XOXT @ EE. D (@6

& s
hodc gidi nguoc phwong trinh vi phan . .
; 9%? =AMz 4 pf(x° (t),rl) i 2.0

voi digu kién ‘

I(l)‘(t') 2= E(i) (tu) (2.8)
Gia sur rgng gin ding th j dd dwge xac dinh, tic ta. da xac dinh dugec chc

vecte z (D (1,) va z () (t). Khi 4y gin dang thie (j + 1) d6i vei z (t, )Cé thé xac dinh
theo cong thire sau day:

te
T, 00 ) = 5 < ZUHV (. u®@ @) > dt k=1,2.. 0 (2.9)
lg—T
lrongAdé: _ .
Z W =20=Pg 1. 2D @10
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¢oHn z(”,‘)(t) thi ¢6 thé xac dinh theo cong thic:
t

o4 -] —_—
z4 l’(l)= 1(1)1"‘(1.)1(“' )(l.) —p J.'l('l)’l"(‘é) o (2), B)ds (2.11)
: ; T
hodéc giai ngwoc phuong trinh vi phan
G*h (j*1 ()
, S —Apz) tptEO y @12)
voi didu kién & olhemd __

‘ . IU l)(l == G (1) (2 13)

" Cén lu'u ¥ la trén tu-ng buéc lip ta phai x4c dinh veelo q (t, x(l)(t)) Vecto
nay c6 the tim béng cach liy tich phan:
: Ay

¥ )=q0zP0)=—p _[ 2t @@ e (2.19)

_ 1
hodc gidi ngugc phuong trinh
) : _
-‘13—- =A@ q +pi (:r )(t), t) (2.15)
vé&i digu kién , ‘
qfi)([“) =0 (2.16)
Va nhu vay, thuél tinh gidi gan dung trén day da hoan loan dua irén co
sO tuyén tinh hoa toan b cac tham s6 cin xac dinh trén tirng buéclap (nén {a goi
la phurong phap gin dang lién tiép tuyén tinh hoa toan phin) va co thé thuc hién
dugc trén may tinh trong ty hodc may tinh van pning. Vdn dé hcn tu cta phuonﬁ
phap giai ta sé xél sau.

2. Cach giai the hai (nira tuyén tinh hoa)

Gin diang khéi diém trong cach gidi nay cting x4c dinh nhwr trong cach
5idi thir nhit (xem cong thire (3.2)). Sau khi da xac dinh 2 ¢t,) = = @ () ta
yiai nguge phwong trinh phi tuyén (cht khong tuvén tinh hoéa nhu treng cach
siai thu nhét) .

dz(
dt

‘&1 didu kién D)=z @) (2.18)

€ tim cac gia tri cia veclo 2™ (1) trén doan t,— r <1< 1. Khi dy. ta ¢o thé xac
inh gin dung thir nhil d&i x6i veclo theo cong thuce sau day:

=AMz £ @My (2.17)

() =J< Z o uy>d, k=120 (2.19)

{,—%
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trong do6 u® (1) 13 nghiém cta phuong trmh (2.3) nhu & cach gidi thi nhdt, con
2 (1) 1a vecto sau déy:
M m=z-P Wtz (1) (2.20)
Gia sir gin ding thir ] déi voi veclo T (t,) da duge xac dinh, tie dﬁ xic
dinh veclo:c(”(t ). Khidy gidi ngu'cc hé phuong lrinh phi tuyén. .

dz(l D —'A(l) Uy _H.(x(l‘l) H @21)°

véi diéu kién : ]

' ) ‘ 20D ¢ ) =20 (t.) , (2.22)
tren doan l, —t <t <<t, vA gin dung t1ép theo d6i voi z (t,) s& xac dinh tir .
codng lhu'c ) <

z It )= J._< zUy u®y > d, k =1,2,..,n (2.23)

t,—T
trong dé '

(j+1)

290 = 2y — Pyaets T Py) (2.24)

Pé xac dinh veclo q(H' )(t) =qi(t :s(-""“(t)) ta ¢6 thé 14y tich phan:
t

q"*“ —u 3 -ttt e, nag (2.25)
t ’ ‘
hodc gléx ngugc phu-orng trinh
(j+1) _— ; _
o B V0t A Je AR O C O (2.268)
véi diéu kién - ;
(]‘H.) (t) = ' (2 27)

Nhu vay, theo phuong phap nay dé x4c dinh gn dung thi (j+1) bdt ky ta
chi tuyén tinh héa viée xac dinh vecto gu+u (t), trong khi 4y d& xic dinh vecto

L3+ (1) doi héi phai g1a1 phwong trinh phi tuyén (2.21). Vi ly do d6 ta goi phwong
phap gin dung lién tiép & ddy la nira tuyén tinh héa.

Vin d& hoi ty ta s& xét trong phan tiép theo.

!

§3. CAC PIRU KIEN THEO DOI PUQC TRONG CAC HE PHI TUYEN
VA CHUNG MINH SU HOI TU CUA CAC CACH GIAI

1. Dinh 1y 1: Gid s& rdng:

1. H¢ tuyén tnh twong teng véi (1.1) khi p = 0 [4 theo dbi &wge hodnr todn.
2. Vecto ham f (z.t) lién tuc theo moi bidn trong mién D:

D=|(xt): | z—zNt) | €O, I, — v St <1, ] 3.1
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trong d6 (%) (t) l¢ nghiém ciia qphurong trinh tugén tinh (1.4) tiwong tng véi (1.1) khi
¢ = 0 va véi dicu kién ban dau = (¢,) = £ (1), con A la 1 dai lrong duong. Qua
| z | ta ky hiéu chu@n cia vecio, hodc ciia ma irdn,
3. Trong mién D vecio, ham f (z,t) théa man diéu kién Lipschitz theo z, tirc véi
2 digm bt ky =™, 1) €D, (a:(l), t) € D ta c6 bdt phuong trinh

(2™, ) —F (=D, ) 1 <7 12® =2 |, r = const (3.2)
4. Tham s§ p zéc dinh tir didu kién: |
. o A
A °< B ey = DR (1+vphr)hrt ' (1+vpht)Fhs. F3.3)
trong dé v, h, p, F la cac dai lrong sau day: . .
v=sup|UW |, h=sup |H(LE) |, H(LE) = x({)X1(E) -
. t 1 S
p=sup | P |, F=maz |f@h]|,
t ‘ (z,)ED .
- f u(l)(t) u(l)(t) - u(l)(t)
1 v 2 n
: Ay v @0ty u ey "
Wty WY cosu' () . "
Oy < || . B0 X -

| i) P ol

Ehi @y phwong phdp giai gin ding theo cdch thir nhét s héi tu va hé phi
fuyén (1.1) sé theo ddi dwroc hoan toan theo nghia Kalman.

Chirng minh

Trudce tién phii ching minh 12 véi cac diéu.kién cua dinh 1y 1 moi gin
dung theo cach gidi thir nhét thuée mi&n D. That vay, theo cach do ta c6:

fe

2Ot = U0 XH,)Z ) (1), 2O (1) = MO (1) Tall,)— _[X(t)x-l(s)f (©)E),E)ds

Gén dung khéi digm x(® (1) thude D la didu rat hidn nhién. D& bist =V (1)
co thude D hay khéng. ta xél dai lwgng 2V (1) — 2/9() va thiy riing

() — 2 ) <h |z ) =z (t,)|+ g hFr
Theo cac cong thire (2. 2) va (2. 5), thi
[z (1) —Z(® ()i < pvphF re
DBua danh gia nay vao vé phai clia bdt phwong trinh trén ta dwoc:
(2D (1) =2 ()| <ph Fr (1 +vpht) <Ot —T1<L< I, (3.4)
Gia sir ring = (1) € D ta chirng minh 13 =+ (1) ciing thuée

i4



That vdy. theo cic cong thae (2. 2) va (2. 11) ta s . .
o 1) = 2 | < h[E0H,) — 2Ot |+ ph Fr
Trén co s& (2.2) va (2.8) ta dugc :
]x(.|+lJ (t.) — z:("’(t ) !< p.vpthg
Do d6, ta ¢ danh gia sau déy: ,
|23+ () — 2 (ty < p b Fr (1 + vph) < At —1<t {t

Nhe vy, moi gin ding theo cach giai thir nhit thuéc D. Biy gio dé chirng
minh qué trinh giai bai toan theo cich thir'nhidt 1a héi tu, ta xét:

|20 — 2D ()| << h|ZUHD (1) =z r,) | + w hr o [20)(1) — 2-D|
Mit khac, trén co s& cbn.g thire (2,9) ta c6: ,
20D () —ZD (1) |[<wyhpr o |#0t) — 2U-D ) 1, —r <t <L, s
Do d6 ta ¢6 danh gia sau day: .

i) — =D () |<phre(l+ vph'r)]:c(l’(t)— =D Wt —c < E<t, (3.5)

bigu kién (5.3) cha dinh 1y cho ta thdy ring dai lugng phr v (1 4- vphr) < L
" va do d6 qua trinh giai théo cach thit nhédt héi tu (theo ddu hiéu Dalambe).

Pinh ly 2 Gid sir réng : .
1) H¢ tuyén tinh twong ttng véi (1, 1) khi p. =0 la theo doi d'u-qc koan todn,
2) Vecto ham f(z, t) lién tuc theo moi bién trong mién
D = [z |z—z )< 24,1, — 7 <E<t, | _ (3.6)
frong dé z(°) ( t) la nghiém ciia phuong frinh tfuyén tinh (1,4) véi dign kién ban
diu z(®) (¢,) = z (9 (t,). con A la 1 d&at lrgng duaong. )
3. Trong mién Dg") vecto ham [ () théa man diéu kién szsc]utz theo = :

f (m(ﬁ)’ f) f_(xfl)' f) l< T lx(2) _ i const ($f2) o, (z(l) e D(o)

4. Tham s8 p xdc dinh tr difu kién

(3.7

5 A A
O<P' < WK, =.mm ‘

A
hFz 'vpFh*z2’ (14vph)hTz

Khi @y qud trinh gidi theo cach thir hai sé héi tu.

Chfmg minh:

Trén co s& phuwong trinh (2.17) didu kién (2.18) va cac didu kién trong dinh
ly 2 dé dang ching minh sy tdn tai nghiém z(M) () € Dg) < D;‘K va théa min
danh gia sau diy: : -
1z M) -z <phFr<a (3.8)

Gid sir ring, z'¥ (1) € DY) ta chirng minh la g0FY (1) cang thuge pfe)..
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Tha4l vay, trén co s¢ phwong trinh (2.2) va diéu kién (2.22) ta suy ra la:
. ta _
2 =F0O—pu[X 03 ®1 " @.pae (3.9)
t

trong 4o : " _
M B = X (1) X ) zW @)

D& dang nhén th&y ring z() (1) € D‘°’ C D(") bdi vi:
1290 — =2 1) < b] 2P (1) — -.-:“’) (1,)] < p vpFh2rs < A

Do @6, tdn la1 nghiém 2+ (1) cha phucng trmh 3. 9) va th6éa mamr danh gia
sau.day: :

| 2G+D 1y — ‘1‘(t)|§phFr<A Lb—r <<,
Tir cac két qui trén va dua vao quy. tic tam giac ta co 1
|20 @) - 2] < =00 - 2P0+ 20 0= 1) I < 2
‘Digu do ching td nghiém :r:(J"H)(t) & D(A) , titc moi gin dung theo cach
giéi thir bai thuéc midn xac dinh ciia cac thanh phin phi tuyén.

- Bé ching minh sy héi tu cha qua trinh giai ta xét:

|20+0 ) — 20 <bl 2@ ) — ZU-D ] + phre | 29+ {H—azPy) |
hay la : ‘

I(j+”([) — z(])(t)l< (J) (t ) — :L'(-]__I) (t )

e
Mat khac, Ui cac cong thire (2.23) ta suy ra:

17D ) — 207Vl < pepTher| D) — 26D )]

Do d¢ ta co: >
: . . 0.2 . = 4
129 y—20y < u Iprhh- 129 ) 29 VL -, (310)
' —phre

Trén co so digu kién (3.7) ctia dinh 1y 2, b4t phuong trinh (3.9) cho ta thdy .
réng qua trinh gidi gin ddng theo cach thi hai héi tu (theo ddu hiéu Palambe)-
2. Ve t6e do hoi tpn caa hai céch giai:

a) D¢ danh gia t6c ¢ hoéi tu cha cach giai thir nhil la s& sit dung cac-cong
thire (3.4) va (3.5);
Tir cong thire (3.5) ta suy ra:

(291 (1) —2D (1) | < [rhr (1 + vpho)]i |2 () — 242 (1) |
Va irén co s& bit phwong trinh (4.4) ta’duge

]:CU"L” L :E(j) O<p (+1) ['(I + ‘,ph.r)hﬂj.x HF (3.11)
16



vai diéu kién

b) b d.’mh gia téc dé hoi ty- theo—caeh gla) thir hai ta v:é[ la hﬁ'g phu'ong‘
trinh (3.10) dudi dang:

D (1) — 2D (1) < pvprh%' (1 +;;hr1) lx“) ) — :c("'“ ® t(

G )

ol e em T el

< [rpvh* v (1 + urrm}trzt“ (t) — @ W 2w * e
"; va trén co s& tu-ong guan (3. 6) fa c6:- S ; % %
:1:(1"'1) (1)._.3;(1) W< u""‘” {l +p.hr-:)l (1!“7)""1 (“Pl‘ awe (3-13L
Cac bit phu-crng trinh: (3. 11) va,(3 12) clm phép ta dAnk’ gla tée d& hﬁl tu cua
2 cach giai nél trém. - e _ B

_?§ 4. THUAT TINE YA SO BO THDC HIEN TREN MAY TINE
1. Thugt tinh d6i vei cich giii the nhat
- Buée 0: Xac dinhicac vecto uf® (t), k=12,..,n |
Buéc 1: Bit j=0 xac dinh vecto =¥ (t,) theo cong thirc ”
t, _
z(t,) = f< ZO@1).U® ()>dt,k=1.2..0, 2O =2Z @)
ta—g . ' - . -

Budc 2: giéi nguge phuong trinh, (véi j=0, p =0):
da(® |

Y | __=A(t)x<ﬂ+;sf<z‘*'7“(t)«t>

. dt.
véi digu kién

2t )_.,;(3) (t, )

dE tﬁc dmh cac glé tti clia vecto ) (t) trén: dmm t,—= {t <t
g Buwéc 3. Gidi nguge phuwong trinh

92 A wq® £t (D 0,

.q(l) (t,)=0

@ xac dinh céc gi4 tri cla vecta q@ (t) trén doan t_ —z < KQE

Bn-d-c 4: Xae dinh vecta ZG»P () theo cng thire
z‘j-!-n () =Z ()= P’ (1) P ]

Sau 46 trg lai bude 1 véi j=j+ 1.

Thu4t tinh trém ddy co theé thue hién 1 cach d& dang trén may tish twong lw
theo so dd sau day (hinh 1):

&
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i
Dty | xt) LW
L g piey L S0
: v | Lheo obx ? i j
I oo NN = i ; '
]
-'""""'-554”*?;3;? """""""" o ||
v [T\ wH-1 (B ] 4
: S : &) !
: ud) l
¢ 1
]
| =] - é
Y- MH-2 - ; TP(&) e i
L.. * W thing theo obi :

2. Thugt tinh d6i véi cach gidi the hai
“Bure 0: Xac dinh cic vecto u® @), k=12.., 1
.. Buéc 1: Pit j=0, xac ﬁin'h 2@ (t,) theo cbng thire
z, W) = S =zW, “‘)(t)>dt k=12 0, Z® ) =2(1)
‘.u_‘z' -
Buéc 2: Gidi nguoc phuong trinh phi tuyén
(j+1) A .
” Efat——= ARz 4w @0,y
voi digu kién 14y tir bé nhé -
20D ) = z0 ,)
d# xac dinh cac gi4 trj ca vecto zU%V (1) trén doan t, —r <<t t,.

Buéce 3: Gidi nguoe phwong trinh

G+1) . ;
'—‘—dqc;t D AqUtY ot G @, 0

voi digu kien U+ (1) =0
42 xac dinh cac gia tri cha vecto gli+1 (1)
Buéc 4 : Tinh cac gia tri cda veeto Z 4% (1) theo cong thire
ZUtD =2z - P i+t )

Sau d6 tré lai bwée 1 véi j=j+1°

Thu4t tinh trén day c6 the thyc hién 1 cach dé dAng trén may tinh trong
ty theo so d6 sau day (hinh 2) .
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. Can lwu ¥, nhung két qua trén 1& sy mé réng cac phucng phap ma lac gli
da sir dung d& giai bai toan didn khién duo'c (xem (6 —71) vao 16p bai toan Lheo

déi dugc trong cic bé phi tuyén
Nhén ngdg 2{4/1978. 5
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SUMMARY ‘ i
ON THE OBSERVABLE CONDITIONS, IN THE NONLINEAR SYSTEMS
THE FOLLOWING RESULTS ARE GIVEN IN THIS PAPER: = .
— The conditions that the nonlinear syslems are observable in Kalman's sense.
— An algorithm for approximative solution of the observable problem.

— Convergence and estimate of convergence speed for the two different approximative
solutions. i

. 19



