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Abstract. Nonlinear vibration of FGM sandwich doubly curved shallow shells reinforced
by FGM stiffeners subjected to mechanical and thermal loading are investigated based on
the first-order shear deformation theory (FSDT) with von Karman type nonlinearity, tak-
ing into account initial geometrical imperfection and smeared stiffener technique. Four
material models of the FGM sandwich shells are presented. Explicit expressions for natu-
ral frequencies, nonlinear frequency-amplitude relation, and time-deflection curves of the
FGM sandwich shallow shells are derived using Galerkin method.
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1. INTRODUCTION

Functionally graded material (FGM) sandwich structures with advantage proper-
ties as: high stiffness, high structural efficiency, strength, ...have attracted attention of
many researchers. For FGM sandwich plates, Xia and Shen [1] considered the small-
and large-amplitude vibrations of compressively and thermally post-buckled sandwich
plates with FGM face sheets in thermal environments based on a high-order shear de-
formation plate theory (HSDT) and a general von Karman-type equation that includes a
thermal effect. Improved high-order sandwich plate theory is used to analyze the free
vibration of sandwich plates with functionally graded face sheets in various thermal en-
vironments by Khalili and Mohammadi [2]. Pandey and Pradyumna [3] investigated the
free vibration of sandwich plates made of FGM in the thermal environment by using a
layerwise theory.

For FGM sandwich shells, by employing the generalized differential quadrature
method, Aragh and Yas [4] studied the effect of continuously grading fiber orientation
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face sheets on free vibration of sandwich panels with functionally graded core using
generalized power-law distribution. Dey and Ramachandra [5] investigated the buckling
and post-buckling responses of cylindrical sandwich panels subjected to non-uniform in-
plane loadings by analytical method. The dynamic instability of three-layered cylindrical
shells containing a functionally graded interlayer subjected to static and time dependent
periodic axial compressive loads were presented by Sofiyev and Kuruoglu [6]. Dung and
Dong [7,8] analyzed the nonlinear thermo-mechanical stability of FGM sandwich doubly
curved shallow shells resting on elastic foundations based on FSDT and HSDT.

Recently, the nonlinear dynamic response and vibration of imperfect eccentrically
stiffened FGM doubly curved shallow shells subjected to mechanical and thermal loads
on elastic foundation were studied by Bich et al [9] using FSDT, and Duc and Quan [10]
based on the classical shell theory (CST). In their papers, a simple power-law distribution
(P-FGM) was used and the shell was reinforced by homogeneous stiffeners. The thermal
elements of stiffeners in expression of force and moment resultants weren’t considered.
The present paper extends the previous work [7] to investigate nonlinear vibration of
FGM sandwich shallow shells with some contributions: FGM sandwich doubly curved
shallow shells reinforced by FGM stiffeners; the thermal elements of stiffeners in expres-
sion of force and moment resultants are considered; analytical expression for Young’s
modulus, thermal expansion coefficient and mass density of shells and stiffeners are pre-
sented for four material models of FGM.

2. ECCENTRICALLY STIFFENED FGM SANDWICH SHALLOW SHELL
(ES-FGM SANDWICH SHALLOW SHELL)

Consider a sandwich doubly curved shallow shell which has the principal radii of
curvature R, and R;; the in-plane edges a and b; the thickness 1. The shell is reinforced
by closely spaced eccentrically longitudinal and transversal FGM stiffeners and rested on
a Pasternak elastic foundation as shown in Fig. 1.

Fig. 1. Geometry and coordinate system of a sandwich doubly curved shallow shell reinforced
by FGM stiffeners on elastic foundations

Assume that shell consists of three layers, the top face sheet, core layer, and bottom
face sheet with thickness h;, h. and hy, respectively. These layers are made of FGMs or
homogeneous materials.

2.1. Sandwich shallow shell of FGM-homogeneous core-FGM model

Four material models of FGM sandwich shallow shells are shown in Figs. 2(a)
and 2(b). In these cases, the effective properties of the shell are varied in the thickness
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Fig. 2. Four material models of the FGM sandwich shells with FGM stiffeners

direction according to general sigmoid law distribution as

2z +h\ "k h h
(Ei, &, pi] + [Ek1, @K1, Okil] ( o ) for — 5 <z< ~5 + hy,
h h
[Eshs s, psn] = § [Ej, &, 0] for — > +h <z< 5 hy,, (1)
—2z+h\" n h
i 0 ez 2 <z< L
(Ei, &, 0i] + [Ek1, k1, Okil] < o > for 5 hy <z < >

where i = ¢,j = m, kIl = mc for case 1A and i = m,j = c,kl = cm for case 1B and

Emc (T) = En (T) — Ec(T), ame (T) = an (T) —ac(T), pmc (T) = pm (T) —pc (T),

Eem (T) = Ec(T) = En (T), aem (T) = ac (T) —am (T), pem (T) = pc (T) — pm (T),

ki and k; are volume fraction indices of top FGM face sheet and bottom FGM face
sheet, and the subscripts m, ¢, sh denote the metal, ceramic, shell, respectively.

It is worth noting that, from these laws when h; = h, = h/2 and k; = k;, we obtain
known-well symmetric S-FGM laws.

2.2. Sandwich shallow shell of homogeneous-FGM core-homogeneous model

Figs. 2(c) and 2(d) show sandwich shells of homogeneous-FGM core-homogeneous
model. The effective properties of sandwich shell of these models are expressed as follow

h h
[Ec, &c, 0c] for — 3 <z< -3 +hy,
2z 4+ h—2h)\* h h
[Esh/ &sh, psh] = [EC, lXC,pC] + [Emc/ ‘xmc/pmc] g for — = + ht <z< - hb/
2h, 2 2
h h
[Em/lxmzpm] for ) —hy, <z< 7

2)
where i = ¢,j = m, kIl = mc for case 1A,i = m,j = ¢, kIl = cm for case 1B:
The law (2) generalizes the power law distribution. It can be seen that when h; =
hy = 0, this laws return to the known-well P-FGM laws.
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2.3. FGM stiffeners

In order to guarantee the continuity between shell and stiffeners, effective proper-
ties of stiffeners are given by

2z—h
2h,

2z — h\®
[Esy/ Xsy, Psy] = [Ei; D‘i/pi] + [Ekl/ &k, pkl] < 2 ) , h/2<z<h/2+ hy-
y

ko
[Esx/ Ksx, Psx] = [Ei/ D‘i/pi] + [Ekl/“kl/ Pkl] < > ’ ]’1/2 <z< h/z + hx;

)

For case 1A and case 2B: i = ¢, kIl = mc and for case 1B and case 2A:i = m, kIl = cm.
In Eq. (3), k2, k3 are the volume fraction indices and hy, h, are the thickness of
longitudinal and transversal stiffeners, respectively; the subscripts s denote the stiffener.

3. GOVERNING EQUATIONS

The strain components across the shell thickness at a distance z from the middle
surface are [7,9]

1
£ Uy —w/Ry + W% + wwk Prx y ——
& |=| vy w/Rytqwytwywy 2| Py ) <7xz> B <¢x + w'x>' @
; , . ,
Yy Uy 0 0 10 310 W W 10y W Yry+Pyx y Y Y

where ¢, ¢, are the normal strains, 7., is the in-plane shear strain, and 7., 7. are the
transverse shear deformations; whereas 1, v and w are the displacement components
along the x,y,z directions, respectively. ¢, and ¥, are the rotations of normal to the
middle surface with respect to y and x axes, respectively. Also, w* = w*(x,y) is the
initial imperfection and assumed very small in comparison with the shell thickness.

Hooke’s law for FGM sandwich shallow shell and FGM stiffeners taking into ac-
count the temperature is defined as

For shells

(a;h,ajh) = E“Y'EZ;/Z) [(ex,ey) +v (ey,6x) — (T4 v)ag (2, T) AT (1,1)],

) . Esh (Z/ T) (5)

= m (’)’xy/ Yxzs 'sz) .

sh sh h
(ny/ Oxzs sz

For stiffeners
0y = Esx (z,T)ex — Esx (2, T) asx (2, T) AT, 0y = Esy (2, T) &y — Esy (2, T) asy (2, T) AT,
0y, = GsxVaz, U]jz = Gsy')’yz~
(6)
Using the Lekhnitskii smeared stiffener technique and integrating the stress-strain
equations through the thickness of the shell, we obtain the expression of the force and
moment resultants of a ES-FGM sandwich doubly curved shallow shell [7]
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1xlx d 1 d
Ny <H11 + ) e+ H12€ + (G11 + Fax x> Prx + Grathyy — (P1 - ?x¢ix,
x Sx x
Eyyd, d 1 d
Ny = lesg)c + <H2 + > e, t Glzlpx X <G22 + y) lljy,y - 1 qpih - (Piy’
ny = H66'ng + Ges (wx,y + 1Py,x) ’
7)
E>.d, Es,d 1 d
Mx = <G11 + ) &y -+ Glzf + (Ll] + 3 X> be,x + L121/Jy,y - fy(Pah - f@%x/
Sx Sx x
d Ej 1 d
My = G12€9( + <G2 + > &+ lelIJx x <L22 + L y> ltb]/y —v (Pih Sy @;y/
y Y

Mxy = G66’)’2y + Les (lpx,y + I,Uy,x) .
(®)

The transverse force resultants are

Qx = Hyw x + Hyy1y, Qy = H55w,y + H551,by ’ 9)
where s, and s, are the spacing of the longitudinal and transversal stiffeners, h,,d, and
hy,d, are thickness and width for longitudinal stiffeners (x-direction) and transversal
stiffeners (y- direction), respectively. Expressions of Hjj, G, Lij and E;, E;y, Ej (i=1+3)
and @3, 9%, ¢’ (i = 1,2) are given in Appendix L.

In systems of Egs. (7)-(9), FGM stiffeners and thermal elements are taken into ac-
count in calculations for sandwich shallow shell. This is one of important contributions
of the present study.

The stress function f = f(x,y) is introduced as

Nx - f,yy ’ Ny — f,xx ’ ny - _f,xy- (10)
The nonlinear motion equations of an imperfect FGM sandwich shallow shell on
elastic foundations with damping force based on FSDT are of the form [7,9]

H44w,xx + H55w,yy + H44¢x x t H551Py,y + f,yy (w,xx + w,*xx) — Zf,xy (w,xy + w,*xy>

+ f,xx (w,yy + ?/Ul*yy) + fyy + == fxx + E] — Klw + Kz (w,xx + w,yy) = Ilw,ﬁ + 2£Ilw,t ,

oo
Gﬁlf,xxx‘F (Gfl - GZ6) ﬁxyy+LT1¢x,xx+L26¢x,yy+( T2+Lé6) ¢y,xy_H44 (w,x +¢x) = I3lpx,tt ’
(12)
szf,yyy‘f‘ (G52 - Gg6) f,xxy+ (Lél +L26) ¢x,xy+L§2¢y,yy+Lgé¢y,xx —Hss (w,y ‘H/’y) = 13%,& ’
2 (13)

where ¢ is damping coefficient and L =— 1—2 + I3, in which

1
h/2 h/2+Ty h/2+h,

(I, I, I) /pzT 1zz)dz+b /pssz (1zz)dz+ /pssz (1,z,2?) dz.
—h/2 Y ay 12
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The deformation compatibility equation is given by [7]
Hi favex + (Hgg = 2H12) froxyy + Hao fayyyy — Gorthxcex — Gia¥yyy + (Gos — Gi1) Py

w w
* * 2 * * * Y XX\
+(Gos—G22) Py xxy — (w,xy =W 3 W,y — W xx Wy, 200 0y Wy =W 1 Wy — R. R ) =0.
X Y
(14)

where Hj;, Gj, Lj; are determined in Appendix II.

Egs. (11)-(14) including four dependent unknown functions w, ¢, ¥, and f are
used to investigate the nonlinear vibration of ES-FGM sandwich doubly curved shallow
shell on elastic foundations.

4. NONLINEAR VIBRATION ANALYSIS

Two boundary conditions are considered in this study as follows.
Case 1. The four edges of the shell are simply supported and freely movable (FM),
so that the boundary conditions are

w:Mx:ny:lpyZO, Nx:Nx(),Ol’lX:O,ﬂ,

15
w:My:ny:lPx:O, Ny:NyO, Onyzo,b. ( )

Case 2. The four edges of the shell are simply supported and immovable (IM), so
that the boundary conditions are

w=u=1¢, =My =0, Ny= Ny, onx=0,4,

w=v=9, =M, =0, Ny= Ny, ony=0,0. (16)

where N, and Ny are prebuckling force resultants in directions x and y, respectively.
The approximate solutions of Egs. (11)-(14) and satisfying the boundary conditions
(15), (16) are assumed in the form

(w,w*) = (W, &h) sinax sinBy, ¢, =¥ cosaxsinfy, ¢, =Y, sinaxcospBy, (17)

where & = mm/a, = nm/b and m,n are numbers of half waves in x and y directions,
respectively,and W, ¥, Y, are amplitudes of deflection and slope rotations, respectively.
The coefficient { € [—0.5, 0.5] is an imperfection size of the shell.

Substituting the expressions (17) into Eq. (14) and solving the resulting equation,
the expression of the stress function f is obtained as

1 1
f = ficos2ax + fp cos2By + + f3sinax sin By + ENxoy2 + §Ny0x2, (18)
in which
ﬁZ 062

f ! <ﬁ2+“2)w+ (19)
3 = * * * * o Bl
[Hn"‘4 + Hypt + (H66 - 2le) “252] Ry Ry
(G307 + Gy + (G — G) af?¥x + (G5, — Gig) a*BY |
[HT1“4 + Hyp* + (Hgé - 2Hf2) “252]

+
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Substituting the expressions of f, w, w* into the Egs. (11)-(13) and applying Galerkin
method to the resulting equations yields

1111W —+ ﬂlz‘{fx + 1113‘Fy + a4 (W + §h) "Fx + a5 (W + C]’l) ‘Yy
+ DyW (W + Eh) + bW (W + 28h) + bsW (W + Eh) (W + 2&h)

(20)
N N .. .
+bag — (Nwowy; + Nyo B3) (W + &) + by ( =+ Ry‘)) = LW +2e,W,
x y
anW + apn¥x + ax¥y + bsW (W + 22h) = ¥y, 1)
asW + an¥x + ax¥y, + bW (W +20h) = Y, , (22)

where 8, = (—1)" — 1,6, = (—1)" — 1 and 4y, b; are given in Appendix IIL.

The system of Egs. (20)-(22) is used to analyze the nonlinear vibration of the im-
perfect stiffened FGM sandwich shallow shells on elastic foundations under mechanical
and thermo-mechanical loads.

4.1. Nonlinear vibration analysis of the shells only under external pressure

Consider an imperfect ES-FGM sandwich shallow shell with all freely-movable
edges (Case 1) subjected to uniformly distributed transverse load g = Qsin Q)t. In this
case, Egs. (20)-(22) become

a11W + au‘I’x + a13‘1’y —+ a4 (W + Ch) Tx + ais (W + éh) Ty
L BIW (W + &) + bW (W +281) + bsW (W + &l) (W + 2&h)

(23)
. Ny N . .
+ bsQ sin Ot — (Nyoa, + Nyop3) (W+Eh)+bs < R"O +Ry°> =L W+2eh W,
X Y
a21W + azsz + a23‘1’y + b5W (W + 26}1) = I31?x , (24)
aziW 4+ az3¥y + El33‘{fy + bgW (W + 26’1) = qu}y . (25)

From these equations, dynamic responses of ES-FGM sandwich shallow shells are
obtained by using the four-order Runge-Kutta method. The following will present some
cases which we can obtain explicit expressions to determine the natural frequencies, non-
linear frequency-amplitude relation of the sandwich shell under the mechanical load.

4.1.1. Natural frequencies

Taking linear part of the system Egs. (23)-(25) and putting 4 = 0, the natural fre-
quencies of the perfect shells are determined by solving the following determinant

2
an + hw a1y a3
an1 ax + Lw? a3 =0. (26)
o2
asi asp az3 + Lw

If ¥, and ¥, are assumed to be very small and can be ignored, by solving ¥, ¥,
from Egs. (24), (25) and substituting them into Eq. (23) gives

11W —|—2811W — El]W — azw (W + ZCh) — 613W (W + (Zh)

— agW (W 4 Ch) (W + 2¢h) = byQsin O, @7)
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where a;(i = 1 + 4) are given in Appendix IV.
From Eq. (27), the explicit expression of the natural frequency of perfect shell
is given
a

4.1.2. Frequency-amplitude relation

Consider the perfect shell and the vibration is nonlinear forced vibration, Eq. (27)
is of the form

W+ 2eW + wfnn (W — XW? +YW?3) — QsinQt =0, (29)
in which X = M — Q__*Q

Seeking the solutlon form of Eq (29) as W = Asin ¢, and applying procedure
like Galerkin method to Eq. (29), the frequency-amplitude relation of nonlinear forced
vibration is obtained as

de 8X  3Y o)
2
=(1—-—A —A - , 30
T o ( 3t ) Aw?,, (30)

where 1 = )/ wy,;, is the non-dimensional frequency parameter.

4.2. Nonlinear vibration analysis of the shells under external pressure and thermal
load

In this section, we consider an imperfect FGM sandwich doubly curved shallow
shell reinforced by FGM stiffeners with all immovable edges (Case 2) and exposed to
a thermal environment uniformly rised from initial value T; to final one Ty and AT =
T — T; is independent to thickness variable z. The condition on immovable at all edges
is fulfilled on the average sense as [7-9]

//ﬂzxd —0, // % dydx = 0. @31)

Solving Eq. (31), we get Nyo, Ny, then substituting these expressions into Egs. (20)-
(22) gives

byyW + b ¥, + blgqu + b14¥ (W + (',‘h) + b15‘1jy (W —+ gl’l)
+cW (W + (f]’l) + oW (W + Zéh) + W (W + éh) (W + Zéh) + b4l] (32)
t ey (W +Eh) AT + csAT = LW — 2e[,W,

anW + apn¥x + axn¥y + bsW (W + 22h) = LDy, (33)

aziW +az¥y + (133“IIy =+ b6W (W + 2@]’1) = T3d5y , (34)

where b;; and ¢; are found in Appendix VI.

By applying the fourth-order Runge-Kutta method for the system of Egs. (32)-(34)
combined with initial conditions, the nonlinear dynamic response of the sandwich shell
with all immovable edges under external pressure and thermal loads is investigated.



Nonlinear vibration of functionally graded material sandwich ... Part 1: Governing equations 253

The natural frequencies of the perfect shell are determined from the system of Eqs.
(32)-(34) as

b11 + c4 AT + Ilwz b17__ b3
ax ay + Lw? a23 =0 (35)
as1 asp azs + Lw?

If ¥, and 1'I"y are ignored , the system of Egs. (32)-(34) become
LW +2elW — dyW — ¢, AT (W + ¢h) — doW (W + 28h)
— dsW (W + Ch) — dyW (W + ¢h) (W +2¢h) — ¢sAT = byQsin O,
in which d; are found in Appendix VII. By the same method as in the case of shell only
under mechanical loads, from Eq. (36), the explicit expressions of the natural frequency

and the frequency-amplitude relation of the perfect shell are received as below.
The natural frequency is given by

(36)

d AT
Wy = _(1+IC4)' (37)
1
The frequency-amplitude relation of nonlinear forced vibration is obtained as
4 8X 3Y o) 4esAT
2 2

— hn=|1—-——A+—A") — — , 38
T g M < 3T > Aw?,  Anw?, (38)

: - dy +ds - dy _ 65 o~ bQ

h h X — Y = , = —, = —,

mwhic — (dl + C4AT) ! (dl + C4AT) C5 L Q L

5. CONCLUSION

Nonlinear vibration of the FGM sandwich doubly curved shallow shells reinforced
by FGM stiffeners in thermal environment is investigated based on the FSDT. The mate-
rial properties of shell are assumed to be temperature-dependent. Four material models
with general power law distributions are considered. The explicit expressions of the force
and moment resultants depending on stiffeners and temperature are established. By ap-
plying Galerkin’s method, the analytical expressions for determining natural frequencies,
nonlinear frequency-amplitude relation, and nonlinear dynamic response curves of sand-
wich shallow shells are obtained. In the next part, nonlinear dynamic responses will be
numerically investigated by the fourth-order Runge-Kutta method.
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APPENDIX I
Eq Ev E E, Eyv
11 n=g Hu =g He = 5y Cu=0Cn=1—"7 Ge=17"_7
EZ E3 E3V E3
Ges = S Ly=Lyp=—2 Lp= Y L= —
T 24y TMT TR T I TR T2 MO T a1 4w
Eq dy  Eix Eq dy Eyy
Hy=K |-t 4221 | g K e ;
= 5[2(1+V)+sx2(1+1/) =5 vy 520 )
K is correction factor and
/2 h/2+h;
(Ey, Ea, E3) = / (1,2,2%) Eq, (z) dz and (Ey;, Ey, Esj) = / (1,2,2%) Eq (2) dz,
—1/2 h/2
h/2 h/2+h;
(pﬁh = / Eg, (z) agy (2) AT (z)dz, ¢ = / Esi (z) asi (z) AT (z)dz, i=x,y.
—h/2 /2
APPENDIX II
% 1 Elxdx " 1 Elydy H12
H,=—|H H,=—| H = —=
1=y < 11+ 5 » Hp =% 2+ 5 , Hip A
Ey.d Eyd 1
A= (H11+ Ix ") <H22+ Ll y)—H%Z, Hi = —)
Sy Sy Hege

EZxdx

X

) — Hi3G1z2,  Gip; = HpGra — Hyp <G22 + = y) ,

Gfl - H;Z <G]1 + S
Y

E>.d
Gy = Hy;G12 — Hyp (Gll =+ 2: x> ,

X

Gy = Hi; <G22 +— y) — Hj,Gi, Gig= 22,
Sy H66
Es,d E>.d
LTl =L+ ?’Sx z_ Gfl (G11 + 2 x> — G12G§1/
x x
. ) Epud )
le = le - G12 <G11 + ZSX X) - G12G22,
x

E,,d
L3 = Lip — G} <G22 + Sy Y > — GGy, Lis = Les — GesGie.
Yy
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APPENDIX III

6111:—<l32 ) — — Ky — Kp (a® + B*) — (Hua® + Hs5p8%) ,

R
2 1
a1p = —Hyu + (R ) (Gés — Gi1) ap* — Gy } M
- _H ,Bi “ G . G* 20 G* 3 i
a13 = —Hssp + R, é6 — G2) &’B — G2 M
 8u2B20,0, [(Gl G{l) ap? — Go?
f4 = 3mn7r2M !
we = BB [(Gig — Gip) a6 — Gipf?]
157 3mnm2M

802820,0, [ B* a2 Subn [ &P g

by = oo \ o +—), b= 2 * + ’
3mn®?M \R, ' R, 6mnm® \ H,R, = HiR,

b 3

TS (Hﬁ i H;2> '

2
ay = <£ R > [G310° + (Giy — Ggg) P ] — + Huwn,
x y

1

* * 2
az = Li10% + LggB” + Hua + [G310° + (Gfy — Geg) af’] M’

182 0‘2 * n3 * * 2 1
a31 = | 5=+ — | [G1oB° + (G5, — Ggg) *B] M + Hssp,

R, ' R,
* * * * * * * * 1
a3 = (Lip + Leg) aB + [G1253 + (G2 — Ggs) "‘2.5] [Gzl"‘3 + (G171 — Ggs) “.32] M
46,6, _ Gy 2nm
by = mn2 0 H, 3ab25 mOn,

* * * * * * * % 1
az = (L3; + Leg) aB + [Gzli" + (Gi1 — Ges) “,32] [Glzﬁs + (G322 — Ggs) "‘2,3} M

G 2mm

bg = ——0mln,
© " T Hj 320"
% % * 3 * * 2212 1
azz = L22:B + Les“ + Hss + [Guﬁ + (GZZ - G66) & ﬁ] A
where

M = Hiyo* + Hyp* + (Hgg — 2Hip) a?p2.
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a =an +ap 13 ,
22033 — 23032 22033 — (23032
ax3be — az3bs azbs — axnbs
a = ap 13 + b,
a220a33 — A23032 22033 — 4230432
3 = ay 23031 — 433421 a3p0dp1 — A22431 b
- 1,
22033 — A23032 22033 — 230432
_ axbs — azzbs azpbs — axbe
ag = ai4

APPENDIX IV

(23031 — 433421

azpaz1 — a22431

A220a33 — A23032

5
22033 — A23032

APPENDIX V
Smbn_ | « o2 gy L] Omd . . .
M= 5 (H2p” — Hipe®) - o 5 [Gs (Hpp” — Hipa?) — Gia],
1 2 1 2 5m5n % 2 % 2 %
t14 — glx ’ t24 = gﬁ 7 13 — Mnnz [G4 (H22ﬁ — lelx ) — GlZIB] ,
om0 « 2 gy L] Smd . 2 ek o2 .
1 = mr:n;lz Gs (Hiza™ — Hip°) — Ry’ tn = mn;l;z [Gs (Hiio® — Hipp%) — Ghia],
Omd . . i
f23 = mn;l;z [Ga (Hllf"z - leﬁz) —Gnpl,
in which
1
Gs; = — [(G}, — Gt 2 Gual] —
3 [( 66 11) &p 214 } M,
1
Gy = — [(G} — GL) a?B — G5, B%] —,
4 [( 66 2) &P 12P } M,

B a1
G — — —— Y
> (Rx * R,/ M
where My = Hjja* + (Hf, — 2H;,) o> + Hj, B

APPENDIX VI

E Hikltn + Hfztm E H;2f21 + Hﬁtn

b1 =an

R, D R, D ’
o by Hfltn + Hfztp by Hfltzz + Hfztlz
bip =ap+ — — ,
R, D R, D
by Hijt13 + Hiptos by Hyytoz + Hiptiz
bia — bg gy 12 U4 Hp 12
13 = d13 + +Rx D R, D ,
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Hi t1o + Hiotm H3,tn + Hi t1n
b — gig — g2 1222 1ty 12412
14 =014 —« D B D
HY t13 + H5 b3 H:yts + Hi 5 t3
bz — o 2Hnh 12 _ p2it2 12
15 =a15 — & D B D ,
H: t11 + Hiotr H3,t1 + Hiot1q
— 201 12021 oMy 12°11
a=n-da D p D
by Hi t14 + H{ toy by Hi5toy + Hiot14
—p 24 12 by My 12
2 2+ Rx D + Ry D ’
H 14 + Hi5tg Hi bty + Histg
S N ek V1 14 12 _ p2ii22 12
c3=bz—a D B D ,
2
C4:le+5p+ 2Py + yﬁp&
- .X
1 1 1 d d
= — — 4 — ) byPy — —=-byPy — —L-byPs,
“ 1—V<Rx+Ry> 1T SR, 2T R,
in which D = Hj,H;, — H},”* and
h/2 h/2+hy h/2+hy
P = / Eg, (z) agy (z)dz, P = / Esx (z) asy (z)dz, Pz = / Esy (z) asy (z) dz.
~h/2 h/2 h/2
APPENDIX VII

23031 — A33421 a3pd1 — A22431
dy = b1 + b2 + b1z ,
22033 — A23032 22033 — (230432
a3be — azzbs azbs — axbe
dy =bpo + b3
22033 — A23032 22033 — A23032
3031 — A33021 azpdp1 — A22031
dz = by + bis
2033 — A23032 (22033 — A23032
ax3be — az3bs azbs — axbe
dy = Dby +bis
22033 — A23032 22033 — A23032

+c2,

+c1,
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