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HOMOGENIZATION OF AN INTERFACE
HIGHLY OSCILLATING BETWEEN TWO
CONCENTRIC ELLIPSES

Do Xuan Tung, Pham Chi Vinh, Nguyen Kim Tung
Hanoi University of Science, VNU

Abstract. The main purpose of this paper is to find the homogenized equation and the
associate continuity conditions in the explicit form of a boundary-value problem in a two-
dimensional domain with an interface oscillating rapidly between two concentric ellipses.
This boundary-value problem originates from various problems in practical applications.
By the homogenization method and following the technique presented recently by Vinh
and Tung [P. C. Vinh and D. X. Tung, Mech. Res. Comm. 37 (2010), 285-288; P. C. Vinh,
D. X. Tung, ASME J. Appl. Mech., 78 (2011), 041014-1; P. C. Vinh and D. X. Tung,
Acta Mech. 218 (2011), 333-348], the homogenized equation and the associate continuity
conditions in the explicit form are derived.
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method, homogenized equation.

1. INTRODUCTION

Boundary-value problems in domains with rough boundaries or interfaces is closely
related to various practical problems such as scattering of elastic waves at rough bound-
aries and interfaces [1], transmission and reflection of waves on rough interfaces [2, 3, 4],
mechanical problems concerning the plates with densely spaced stiffeners [5], flows over
rough walls [6] and so on. When the amplitude (height) of the roughness is much small
comparison with its period, the problems are usually analyzed by perturbation methods.
When the amplitude is much large than its period, i.e. the boundaries and interfaces are
very rough, the homogenization method [7, 8, 9] is required.

In [10], Nevard and Keller investigated a boundary-value problem in a two-dimensional
domain with an interface highly oscillating between two straight lines (see Fig. 1), namely

(0Up)x + (0U,), — XU = f(z,2), (,2) ¢ L (1)

[U]LZO; [UUn]LZO (2)
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Fig. 1. Two-dimensional domains Dy and D_ have a very rough interface L ex-
pressed by equation z = h(x/e)=h(y), where h(y) is a periodic function with
period 1. The curve L highly oscillates between the straight lines z = 0 and
z=—A(A>0).

where ¢, := 0¢/0z, ¢, = 0¢/0z,..., o, = Gy Ny + G5 Nz, Ny, N, are the components of the
unit normal to the curve L, U = U(z, z) is unknown, f(z,z), o, A are given and

3
o_, A_for (z,2z) € D_ ®)

- {a+, Ay for (z,2) € Dy
04,0_, Ay, A\_ are constant and [w]; = wy — w— on L. The interface L is called a very
rough interface.

By using the homogenization method the authors derived the homogenized equa-
tion and the associate continuity conditions in the explicit form. This problem was then
considered in a two-dimensional domain with an interface highly oscillating between two
concentric circles [10], and the corresponding homogenized equation and associate conti-
nuity conditions were also found.

The main purpose of the present paper is to extend the results of Nevard and Keller
to the case when the interface oscillates rapidly between two concentric ellipses. To do
that we first write Eq. (1) and the continuity conditions (2) in the generalized polar
coordinates. Then, by employing the homogenization method and following the technique
presented recently in Refs. [11, 12, 13], the authors obtain the homogenized equation and
the associate continuity conditions in the explicit form.
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2. INTERFACES HIGHLY OSCILLATING BETWEEN TO
CONCENTRIC ELLIPSES

Now we consider the boundary-value problem (1)-(2) in D = D4y U LU D_, where
D4, D_ are separated by the interface L expressed by

=ay h(f/c 0
T=arh(B/e)eosd oy o (4)

z =01 h(0/c)sinb
where a1,b; are given positive numbers, 0 < ¢ = 27/N << 1, N is a sufficiently large
positive integer number, h(y) , ¢ = 6/, is a periodic function with period 1 and its
minimum value is 1 and its maximum value is k = a9 : a1 > 1, ao is a given positive
number. One can see that the (closed) curve L oscillates highly between two concentric
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Z A

Fig. 2. The interface L, expressed by (4), oscillates highly between two concentric
ellipses Eq and Es defined by (5).

ellipses £ and Fs (see Fig. 2) defined respectively by

2 22 2 22

Y i —tand L4 =1 agiar=by b=k >1 5
a%er% an a§+b§ az:ay =bg: by (5)
The domain D_ (D) lies inside (outside) the closed curve L. We also assume that any
ellipse 22/a® + 22/b®> = 1, a1 < a < az, by < b < by, a:b=ay : by = as : by, has exactly
two intersections with the curve L. From (4) we have

ng :n, = —2'(0): 2'(0) (6)
the continuity condition (2) thus takes the form

[U]L =0, [U{bl (5_1h’sin9 + hcos@) U, — a1 (6_1h'cos«9 - hsin@) UZH L= 0 (7)
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Remark 1:
Through the mapping
X=z/a1,Z =z/b (8)
the curve L belong to the plane (x,z) is mapped to the curve L* belong to the plane
(X, Z) defined by
X = h(0/e)cost, Z = h(0/c)cosh, 0 <6 < 2w 9)
that oscillates highly between two concentric circles X2 + Z2 = 1 and X? + Z% = k?,
denoted by Ej and E3 (see Fig. 3). These circles are respectively the images of the ellipses

Fig. 8. The curve L*, expressed by r = h(f/¢), oscillates rapidly between two
concentric circles By : X2+ Z%2 =1 and Fy : X2+ 22 = k2.

E; and Ej through the mapping (8). In terms of the polar coordinates r, 6 of the plane
(X,Z) (i. e. X = rcos#, Z = rsinf), the curve L* is expressed by r = h(6/e). Since
x = ayrcost, z = byrsinf, r, 0 are the generalized polar coordinates of the plane (z, z).

Our purpose is to study asymptotic behavior of the boundary-value problem (1),
(7) when € — 0. In particular, we want to find the explicit homogenized equation of the
problem (1), (7) and the associate boundary conditions in terms of the variables r, 6. Note
that o and A are defined by (3).

From Remark 1, it is convenient to study the problem (1), (7) in the plane (X, Z). By
D and D* we denote the images of D and D_ through the mapping (8) (see Fig.3). The
domains D and D* are separated by L* which highly oscillates between two concentric
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circles: EY with radius 1 and E3 with radius &, and it is expressed by equation r = h(6/¢).
In terms of the variables X, Z, Eq (1) becomes

1
o —(oUx)x + 2 (UUZ)Z -\U = f(X,Z), (X,Z2) ¢ L* (10)
1
Since X = rcosf, Z = rsinfl, we have
R Y )
ox ~ “Tor T r o0
(11)
0 in 92 00592
0z~ "or T T o0
Introducing (11) into (10) yields
k k k 2ks
ki(oUy)r + TQ (UUQ)(,*??’[(UUQ) + (U, )] + —20U +5 “DoUp— AU = f,r £ h(0/e) (12)
where
cos?f sin26 sin20  cos?6 1 1N .
kl:T% ?, kQZT% ?7 k3: <a%_b%) sin 6 cos 6 (13)

Similarly, in terms of the polar coordinates (r, ) of the plane (X, Z), the continuity con-
dition (7) is of the form
n ks n
[U]1- =0, [O‘Ur<k‘1 n —kg) - UU9< 2k2)] —0 (14)
er er L

3. EXPLICIT HOMOGENIZED EQUATION

Following Bensoussan et al. [7], Sanchez-Palencia [8] we can suppose that U(r,0,¢) =
u(r, 0, p,e). Then we have

1
Ug = ug + guﬁo (15)
Substituting (15) into Eq. (12) and the continuity condition (14)2 leads to
k k 2k
2,3 (ue)e + Sl0up) + (oua)] = Z(oue)r + ()] + S5 0up + k(o)
ko k k 2k
+7(UUQ)0 = lour)o + (gug)y] + our + = Foug = hu = f, v # h(e)
B ks W ks I

[U]L* = O, |:0'Ur (k’l + gk:ﬁ) - UU@( + ?kQ) UU<P<€T + Wk?)]]f =0 (17)

Following Vinh and Tung [11, 12, 13], u(r, 0, ¢, €) is expressed as follows
u=V +e(N'V+ NV, + N'?Vj)
+2(N?V + N2V, + N2V + N2V, + N2V, + N?Vg) + O(e%)

where V = V(6,r) (being independent of ), N, N, N¥¥ are functions of ¢ and r (not
depending on 6) and they are @-periodic with period 1. The functions N?, N% N are
chosen so that the equation (16) and the continuity conditions (17) are satisfied.

(18)
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From (18), it is clear that the continuity (17); is satisfied if
[Ni]L* =0, [NZJ]L* =0, [Nljk]L* =0 (19)

Substituting (18) into (16) and (17)2 yields equations which we call (e;) and (e2), respec-
tively. In order to make the coefficients of % and £° of (e1) zero we take

%(aNl) V+(k2 NG~ ]f’a)wwjtg[a(l\ffﬂ)]@%—o (20)
an

{ (oN2), Ij? (oND), + (0N + k3 oNS}V+
{ (oN2Y), _ ks [aNl (JN1)¢+(JN;1)T+(UN11)¢,] 2k3 oNI + ia}VH—
{[eon +—Nﬂ—§{<N”> wNP»}2“<N”+w 5 (N2, Ve

{k [aN“ +0N;1+(0N312)¢] —%[U(N;QHH(UNH)@HWW (21)
(0w, - ot + 03] it
f; {(GNZ2)g + (oN'2), + o (NL2 4+ 1) } Vo

k
k(W) = 2 (oVo)e = AV = f

Vanishing the coefficients of e~! and ¥ of (e3) gives

h/kg 1 n ko 11 th 12 _
S [N¢]L*V { N} ]{330'} Vi + { (N} +1)L*V9_O (22)
and
Rks | ks, hko
(Mo oy i) v
hk k hk
oft s M B )] s
h/k’3 12 k3 12 hlk? 22 1 23
_U{ITNT /T(NQD +1) 7”"2 (N@ +N )}/:|L*‘/0+ / ( )
rhksh 10 hiko 11 212 hks in Pke oon
L, r oN r2 (N + N, )]L*V;e—i_{(f( r N r2 Ny )]L*VM
h ko

[U(NH + Ngﬂ)} Veo =0

2
r
To make (20) and (22) satisfied, the functions N, N, N'2 are chosen as follows (taking
into account (19))
(ONG)e =0, 0<p <1, p# @1,
[oNJ]z- =0, [N']p- =0, N'(0) = N'(1) =0 (24)
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(O[NP +1]), =0, 0< 9 <1, p#p1, ¢
(o(N22 + 1)]p- = 0, [N'2]. =0, N12(0) = N'2(1) = 0 (25)

3
(ZoN ko) =0, 0<0<1, 9 # 01 v
)

[(’f oNI — k;ga)h* —0, [N"]z- =0, NL(0) = N1 (1) =0 (26)
where ¢1 and 2 (0 < 1 < p2 < 1) are two roots of the equation h(p) = r for ¢ in the
interval (0, 1) in which r, as a parameter, belong to the domain (1, k). The functions ¢1(r)
and p9(r) are two inverse branches of the function » = h(y). Note that, from a mentioned
above assumption, any circle X2+ Z2 = ¢? (1 < ¢ < k) has exactly two intersections with
the curve L*.

From (24)-(26), it is not difficult to show that

k
N'=0, (N3 = 25 ((0) = (7)), (e(NR+ 1) = (7))
2
(27)
kar
11 _ ks —1y—1 12y _—1\—1
oN, —k—2(a—<a ) ), oN,S=(0"") -0
where .
(9) = /0 gde = (p2 = @1)g+ + (L + 1 — ©2)9- (28)
g+ and g_ are the values of g in D% and D*, respectively.
In order to make (23) satisfy we take (noting that N! = 0 by (27)1)
r h'k k h'k
oNZ| =0, ofk + BN - BN - 22N =0
! r L
T (h'k k h'k
o{TENE - (N2 1) - SN2 =0
T L* (29)
Kotz Byt ez <o, [o(Bam - Eae)] <o
L7 72 L L
N12 4 N222 } _
_O’( + Ng™) L. 0

By integrating equation (21) along the circle r = const, 1 < r < k from ¢ = 0 to
¢ =1, and taking into account (27) and (29), we obtain

[i(;ﬁ%—kQ)(a)—il]f(a_l)_le( 1—2’3)@ +2(< Y7 Vet

[QT]?<U_1>_1_%(<J_1>_ )r ]Ve—%( _1)_11/}9+[(kl—]]f><a>+£§(g—1)—1}mr (30)

k
+ o) Ve~ WV =, 1<r <k, 0<0<2r

This is the desired explicit homogenized equation that defies in the domain bounded by
two ellipses Fy, Fy in the plane (x,z). In the domains 0 < r < 1,0 < 6§ < 27 and
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r > k,0 <0 < 27 must be satisfied the following equations

2% k k 2%
a_(klwr— 2o+ Vi + Vi + 3V9>—>\_V:f,0<r<1,0§«9<27r (31)

2%k k ke 2k
a+(k:1Vm«— "o+ S Voo + 2Vi 31/9)—A+V:f,r>k,og9<2w (32)

which originate from Eq. (12). In addition to Egs. (30), (31) and (32) the continuity
conditions on the ellipses E; and F», are required, namely

k2 k2
V], =0, [({kl — 2 Ho) + ké<a*1>*1>w ~ By =0, i=1,2. (33)
2 2
The ellipses F1 and Es correspond to r = 1 and r = k, respectively. Note that the
continuity condition (33)2 originates from the condition: [cUy|g, = 0,7 = 1,2, n is the
normal unit to F;, or equivalently

k
{U(k‘lur — B+ 5_1u¢}>]E =0, i=1,2 (34)
r i

Introducing (18) into (34) yields an equation denoted by (e3). Equating to zero the coef-
ficient of € of (e3) provides

[(klo - %U]\Q?)V _ks (N12 n 1)\/9} —0,i=1,2 (35)

Integrating (35) along the lines r = 1 and r» = k from ¢ = 0 to ¢ = 1 and using (27) we
arrive at (33)2.

When the ellipses F; and Ey become the circles with radii a1 (= b1) and as (= ba),
i.e. ki =kos=1, k3 =0, Eq. (30) and the continuity (33) simplify respectively to

L(rtoW) 4l Mg — (WY = 7 (36)
and
Vg, =0, [()] =0, i=12 (37)

They coincide with Eq. (4.6) and the associate continuity condition in Ref.[10] obtained
by Nevard and Keller by a different way.

When the materials of D, and D_ are the same, i. e.: 04 =0_ =0, A = A_ =),
Eq. (30) becomes

2% 2 2 %
a(klm— T3Vr9+ 22 Vo + 2V+ 3V)—)\V:f (38)

that coincides with Eq. (31) and Eq. (32).
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4. CONCLUSIONS

By using techniques of the homogenization method the authors derive the explicit

homogenized equation and the associate continuity conditions of a boundary-value prob-
lem, originating from various problems in practical applications, in a two-dimensional
domain with an interface highly oscillating between two concentric ellipses. The obtained
results recover the ones derived by Nevard and Keller [10] for the interface oscillating
highly between two concentric circles. Since the obtained homogenized equation and the
associate continuity conditions are explicit, they are convenient in use.
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