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Abstract. Dynamic analysis of FGM Timoshenko beam is formulated in the frequency do-
main taking into account the actual position of neutral plane. The problem formulation en-
ables to obtain explicit expressions for frequency equation, natural modes and frequency
response of the beam subjected to external load. The representations are straightforward
not only to modal analysis and modal testing of FGM Timoshenko beam with general end
conditions but also to study coupling of axial and flexural vibration modes. Numerical
study is carried out to investigate effect of true neutral axis position and material proper-
ties on the modal parameters.
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1. INTRODUCTION

The functionally graded material (FGM) that usually composes of metal and ce-
ramic constituents has been proved to be an advanced composite compared to the lay-
ered ones. The fundamentals of manufacturing technology, modeling and analysis of
that material were reviewed in [1,2]. Since the FGM is increasingly used nowadays in
the practice of high-tech industries the dynamic behavior of FGM structures becomes a
vital problem. Though the powerful methods such as finite element [3-5], dynamic stiff-
ness [6] and spectral element [7] have been all developed for analysis of FGM structures,
the analytical method shows to be most simply and accurately applied for beam-like
FGM structures. Aydogdu and Taskin [8] have examined different high-order shear de-
formation theories by computing natural frequencies of simply supported functionally
graded beam and shown that the classical beam theory gives higher results. Li [9] de-
veloped a theory of functionally graded Timoshenko beam based on the assumption that
axial and flexural deformations are uncoupled and used to study flexural waves and free
vibration of Timoshenko beam. Pradhan and Chakraverty [10] studied natural frequen-
cies of both Euler-Bernoulli and Timoshenko functionally graded beams in dependence
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on material power-law exponent using Rayleigh-Ritz method. Authors of Ref. [11] in-
vestigated effect of slenderness ratio (L/h) and the material distribution index (1) on
natural frequencies of a functionally graded beam using the first-order shear deforma-
tion theory of beam. Wei et al. [12] and Aydin [13] studied free vibration of functionally
graded beam with edge cracks and dynamic responses of FG beams to moving loads
were obtained in [14, 15].

Note that most of the aforementioned theories developed for dynamic analysis of
functionally graded beam are based on the assumption that neutral plane coincides with
the mid-plane of beam. This is not true for functionally graded beam, especially, in the
case of high gradient of elasticity. Recently, Eltaher et al. [16] have studied effect of ex-
act position of neutral axis on natural frequencies of functionally graded Euler-Bernoulli
beam and stated that the mid-plane theory of FGM beam leads natural frequencies to be
overestimated. The authors of present paper have investigated material constants calcu-
lated for functionally graded Timoshenko beam based on the neutral-plane theory [17].
Objective of this study is to apply the neutral plane theory for modal analysis of func-
tionally graded Timoshenko beam. Namely, the dynamic problem of functionally graded
Timoshenko beam is first formulated in the frequency domain that would be then solved
to obtain analytical expressions for natural modes and frequency response functions. The
obtained analytical solutions enable not only to investigate the effect of true position of
neutral axis on the natural frequencies and mode shapes but also to study coupling of
axial and flexural vibration modes. The numerical analysis of frequency response func-
tions shows that natural frequencies and mode shape of functionally graded Timoshenko
beam could be surely measured by conventional modal testing technique.

2. GOVERNING EQUATIONS

Consider a beam of length L, cross-section area A = b x h made of FGM with the
parameters

E(Z) Eb Et — Eb 2 1 n
G(z) p={ G, v+ G—Gy <h + 2) . —h/2<z<h/2, (1)
p(z) Pb Pt = Pb

where E, G and p stand for elasticity, shear modulus and material density and indexes
t and b denote the top and bottom materials; z is ordinate of the point from the central
axis at high h/2. Assuming linear theory of deformation, the displacement fields in the
cross-section at x are

u(x,z,t) =up(x,t) — (z—ho)8(x,t), w(x,zt)=uwy(x,t), (2)

with ug(x, t), wo(x, t) being the displacements of neutral axis that is located at the high g
from the central axis; 6 is slope of the cross-section. Therefore, constituting equations get
the form

€x = 0up/0x — (z —hp)00/0x, 7y, = dwy/dx — 6, 3)
and
ox = E(2)ex,  Taz = PG(2)Yxz 4)
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Suppose that the beam is subject to distributed loads (axial —p,(x,t) and flexural
—pp(x, t), the Hamilton principle allows the equations of motion in the time domain

(Iyii — Apu”) — (Inf — A120") = pa(x,t),
(11211 — Alzu”) — (Izzé — Azz@”) + A33(w’ — 9) =0, (5)
I3 — Azz(w” — 0') = py(x, t),
where

(Awi, Ay, Ap) = /E(z)(l,z “ho, (2 —ho)2)dA, Az = / G(z)dA,
A A

(6)
(Ii1, ho, I) = /p(z)(l,z — ho, (z — ho)?)dA.
A

Note that using the power law (1) for FGM material the constants (6) can be calculated as

(Ri+n) (Roy+n) » [2R1+n Ri+n ]
A11=DbhE , 11 =bhpy,~—————, A1o=bh"E — ,0=1/2+ho/h,
11 b (1) 1 Pb (n) 12 b | 2024 n) (1+n)“ a=1/2+ho/
2Ro+n  Ry+n 3Ri1+n  2Ri+n Ri+n Gt
I :bh2 — ,A :thE - 2 /R ==
] e e B e e e
3Rr+n  2Rr+n Ro+n (R3 +n) E; 0t
Iy =bh® - 2],/1 =bhpGy--——-, Ry = —, Ry = .
S [3<3+n> @) ATy TR R T
)
As the deviation of neutral plane from the central one is determined
H(Rl — 1)”1 = H(Rl — 1)
ho = ho =ho/h = , 8
O St Ry O MR = e T ’y) ®
the coefficient A1, = 0 and
2 _ —
112 . bh Pb(RZ Rl)l’l or T IlZ . (R2 R1)Tl (9)

T 22+ n)(Ry +n) 2 b2, — 224 n)(Ry+n)

It can be seen from Eq. (5) that the coefficient A1y, I1» represent coupling of axial
and flexural vibrations. Indeed, if I;» = Aj» = 0 the first equation in (5) is uncoupled with
two other equations that means obviously uncoupling of the axial and flexural vibrations.
Therefore, condition for uncoupling of axial and flexural vibrations is Ry = R, or n = 0.
In this uncoupling case the Eq. (7) yields

An _An B _ By _
Iy o ot Py

and system of equations (5) is separated into the well known equations of uncoupled
axial and flexural vibrations [4, 18]

Liii = Anu” + pa(x, ), (11)
Izzé = Azz@“ + A33(w/ — 9), Inw = A33(ZU// — 9/) + pb(x, t). (12)

Shift of the neutral axis as function of elasticity ratio (R1) calculated by Eq. (8) for
various values of power 7 is shown in Fig. 1. From the graphs it can be observed that the

R, (10)
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neutral axis moves up if Ry > 1 and down R; < 1. It is monotonically increasing with
the elasticity ratio but the growing rate is first raises to a maximum at n = /2R, then

reduces with further growing n.
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Fig. 1. Neutral axis dislocation in dependence on the elasticity ratio and power n

As the coupling coefficient (9) is linearly dependent on the material density ratio
(Rz), there is given in Fig. 2 only the coefficient as function of elasticity modulus ratio
for various values of n. It can be seen that the coupling coefficient is monotonically de-
creasing with growing elasticity ratio and rate of the decrease is strongly dependent on
the power n, namely, in the case of Ry > 1 the rate is increasing with n and decreasing
for R; < 1. Note that if neutral plane is assumed to be the mid-plane of beam then the
coupling coefficient becomes constant (independent even on the index 1) when R, = 1.
So, involving the actual position of neutral plane not only leads the coefficient Ay, to
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vanish but also makes the mass and elasticity properties coupled through the coupling
coefficient (9). Introducing the displacement amplitudes

(u,e,w} = / {10 (x, ), 0(x, 1), wo(x, £) ye~"dt, (13)

{Pu(,0), Pu(x,0), P, @)} = [ {palt), (), polx )} e, (19

Egs. (5) become
(WU + ApU") — 0’10 = — P,
(@010 + Ap®@") — WU 4 Azs(W — @) = Py, (15)
W IyW + Ap(W' —@') = —P,.
Using the following matrix and vector notations

A11 0 0 0 0 0 w2111 —w2112 0
Ar=|0 An 0 |, A1=|0 0 Ax|,Aj=|-w?’hy «?lpn—A4; 0 |,
0 0 A33 0 —A33 0 0 0 w2111
(1
z={U,0,Ww}, q={P,—P,DP}". (17)
Eq. (15) are rewritten in form
Az’ + A7 + Agz+q = 0. (18)

3. FREE VIBRATION
Egs. (18) in the case of free vibration are
Aoz’ + Az + Az = 0. (19)

A continuous solution of Eq. (19) can be sought in the form zy = de’* that yields
the equation

[A2Ap 4+ AA; + Ag]d = 0. (20)

The latter equation would have nontrivial solution with respect to constant vector
d under the condition

det[A?Ay + AA; +Ag] =0,
that can be in turn expressed in the form

(A2 A1+ ) [(A* Azz+w? I11) (A2 App+ w? Inp) —w? 11 Asz) | — (A* Azz+w? 11 )w* I, =0.
(21)
This is in fact a cubic algebraic equation with respect to 7 = A2

n’+an® +byp+c=0,
a=w(li/Ass+ Iin/An + I/ Az),
¢ = w(w? 1/ As) (Inlo — 1%) / (A1 An) — (I3 / A Ax)],
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b=w*[(lnly — I§,)/ (AnAx) + (In/Ass) (1 / A1 + Lo/ Ap)] — w?(ln/ Ax),

that can be elementarily solved and gives three roots 771, 172, 3. Therefore, roots of Eq. (21)
are

)L1,4 = :|:k1 , )\2,5 = :|:k2 , )\3,6 = :|:k3 , k] = \/17] ] = 1, 2, 3. (22)
Now, general continuous solution of Eq. (19) can be represented as
6
zo(x,w) =) djeAf", (23)
j=1
or in the matrix form
A
diy dip .. dig er
Zy) = d21 drr d26 .
d31 d32 d36 e)\(,x
Taking into account the first and last equations in (20) one gets
din dip ... die aydyr wodyy .. wedos
dn dyp .. dy | = dn  dx v o | (24)
dzn dzp .. dse Bidxn  Padar ... Pedze

where
DC]' = (4)2112/(6()2111 + )\]ZAH), :B] = )\]‘A33/(w2111 + )\;"Ag,g,), ] = 1, 2, e ,6. (25)

Using the notations introduced in (22) it is easily to verify that

Ky = K1, 05 = Kp; Kg = 0{3;’B4 = _,Bl;,BS = _ﬁZ;,B6 = _'33'
Hence, expression (23) can be now rewritten in the form
zo(x,w) = G(x,w)C, (26)

with C = (Cl,. . .,C6)T = <d21,. . .,d26)T and
G(x,w) = [G1(x,w) Ga(x,w)],

oclekl" Oézekzx (X3€k3x (xle_klx 062€_k2x 0(3€_k3x
Gl (x’ (U) — eklx ekzx ekgx , Gz(x, CU) — e—klx e—kzx e—k3x
,Bleklx ‘Bzekzx ﬁ3ek3x _ﬁle_klx —[326"‘2" —,33€_k3x
(27)
The solution (26) should fulfill conditions at the ends of the beam that can be rep-
resented in the form

Bo {Z}‘x:():() P BL {Z} |x:L:0/ (28)
where By, By, are differential operators of dimension 3 x 3. Decomposing the constant
vector C = {Cy,C}T with C; = {Cy,C,, C3}T;C, = {Cy,Cs,C6} T the condition at the
left end of beam can be expressed as

Bp1Ci + BCy =0, (29)
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where
Boi(w) = Bo {G1(x,w)} [x=0, Boa(w) = Bo{Ga(x,w)} |x=0 -
Obviously, Eq. (29) allows eliminating one of the vectors C;, C; and as result one is
able to reconstruct the solution zy(x) as

zo(x,w) = Go(x,w)D, (30)

with Go(x, w) being 3 x 3 dimension matrix function (see Appendix) and arbitrary con-
stant vector D = {Dy, Dy, D3}T. Applying boundary conditions at the other end (x = L)
of beam for solution (30) one gets

[BL()((U)]{D} =0, (31)
BLQ((U) = BL {Go(x,w)} |x:L . (32)

This equation has nontrivial solution only under the condition
L()((.(J) = det[BLo(w)] =0, (33)

that provides the so-called frequency equation for FGM beam. This equation can be
rewritten in the explicit form
Lo(w) = bu(w)[baa(w)bss(w)bsa(w)bsz(w)] + bia(w)[bs1 (w)bas(w) — bar (w)bsz(w)]+
+b23(w) [b21 (w)bz2 (w) — bz1 (w)ba(w)] = 0,
(34)
with bjx(w), j, k = 1,2,3 being elements of the matrix Bio(w) defined by (32) and given
in Appendix. Each root w;) of the frequency equation is related to a mode shape

¥ (x) = CJGo(x,w))D;, (35)

where C? is an arbitrary constant and D is the normalized solution of (31) corresponding

0
tow]..

4. FREQUENCY RESPONSE TO EXTERNAL LOAD

This section is devoted to construct solution of Eq. (13) referred to as frequency
response of FGM beam. As well known in the theory of differential equations general
solution of the inhomogeneous equation is

z2(x,w) = zo(x,w) — z4(x, W), (36)

with z,(x, w) being a particular solution of inhomogeneous equation and zy(x, w)-general
solution of homogeneous equation. General solution of homogeneous equation satisfy-
ing boundary conditions at the left end has been found in previous paragraph in the form
of (30). The particular solution can be calculated by

z;(x,w) = /H(x —1,w)q(T,w)dr, (37)
0

where H(x, w) is so-called matrix of fundamental solutions conducted from the matrix
equation
AH' +AH +A)H=0, H(0)=1[0, H(0)=1I. (38)
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Solution of latter equation can be obtained in the form
hi(x,w) = Hi(x,w)] - {a1}, ho(x,w) = [Hi(x,w)] {22}, hs(x,w)=[Hs(x)]-{as},
(39)
a1 = {an,a12,013}", a = {an,am,an}’, as = {as1,a3,a33}", (40)
aq sinhkix  apsinhk,x  agsinhksx uq coshkix wycoshkrx wscoshksx
H;=| sinhkx sinh kyx sinhksx | ,H3=| coshkix cosh krx cosh kzx
B1coshkix Bacoshkox B3coshksx B1sinhkix PBarsinhkyx Bzsinhkzx
(41)
and
an = (ka2 —kaP2) /A1, a2 = (kifz —ksp1)/A1, a3 = (k2f1 —kif2) /A1,  (42)
ay = (axkoPs —aszksPa) /A, axn = (asksfr —arkiBs)/ A1, axs = (a1kif2 — ackar) /A,
a3 = (a3 —a2) /Dy, azp = (01 —a3)/Dy, a3 = (a2 —a1)/Ay;
A1 = Bikoks(az — az) + Bokiks(ar — az) + Bakika (a2 — a1), (43)
Ay = Brki(az — a2) + Boka (w1 — a3) + Baka(a2 — aq). (44)
Namely, the first and last vectors in (39) can be rewritten as

3
hi(x,w) = Y a1, {sinhk,x; a, sinh k,x, B, coshk,x}7,
r=1

3
hs(x,w) = Zagr{cosher; a, coshkyx; B, sinh k,x} 7.
r=1
Obviously, such particular solution satisfies conditions z,(0,w) = z/;(0,w) = 0,
so that solution (36) satisfying boundary conditions at the left end of beam can be ex-
pressed as

z(x) = Go(x,w)D — z4(x, w). (45)
Applying now boundary conditions at the right end for solution (45) leads to
[Bro(w)|{D} = {bg(w)} (46)
where
b,y (w) = Br {z(x,w)} |x=1 . (47)
From the latter equations one gets
D = [Byo(w)] {by(w)}. (48)
Thus, the frequency response of FGM beam to arbitrary load is finally obtained as
2(x,0) = Go(x, @) [Bro(w)] " {by(w)} — zg(x, ). (49)

As an example, the frequency response of FGM beam subjected to an impulse force
is derived below. In this case, assuming that

pa(x,t) = Pood(x — x4)0(t), pm(x,t) =0, pp(x,t) = Pyd(x — xp)5(t), (50)
one has got M = 0 and
Pi(x,w) = Pyod(x — x5), Py(x,w) = Pypd(x — xp).
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Therefore,
24(x, X4, Xp, ) = Pyohy(x — x4, w) + Pyoh3(x — x4, w), (51)
with vector-functions hy(x), k = 1,3 given in (39). Putting (51) into (47) yields
by(w) = Br {z;(x,w)} [x=r = Pao[Br1(w)]{a1} + Pyo[Brs(w)]{as},
Bri(w) =B {Hi(x — xq, w} |x=1, Brz(w) =Br{Hs(x —xp, w} |x—1 - (52)
Therefore,
D = [Bro(w)] " {Pao[Br1(w)]{a1} + Pyo[Brs(w)]{as}}, (53)

Thus, frequency response of the beam to impulse load (50) given by (45) would be
completely determined

h(x,w) = Pyo[Ha(x, x4, w)] - {a1} + Ppo[Hp(x, xp, w)] - {a3}, (54)
H,(x, %, w) = [Go(x,w)[Bro(w)] 'Bri(w) — Hi(x — x4, w)], (55)
H, (x, %, w) = [Go(x,w)[Bro(w)] 'Bra(w) — Ha(x — xp, w)], (56)

with (51)-(52) and matrices Bro(w), Br1(w), Brs(w) provided in Appendix for conven-
tional cases of boundary conditions. The matrices H,(x, x,, w), Hy(x, xp, w) defined in
(50) and (51) can be called transfer matrices for axial and flexural loads respectively. As
consequence, the vector functions

h, = [H(x, %0, 0)] - {1} = {harhay, has}', by = [Hy(x, 5, @)] - {as} = {hy1hug, his} T,

(57)
are called frequency responses of beam to respectively axial and lateral loads. Among
the six frequency response functions given in (52) it has to specify the functions

ha1 (X, Xa, w), hyg (X, Xp, W), haz (X, Xa, W), hpy (X, Xp, W). (58)

The two former functions in (58), hg41, hys are the conventional frequency response
functions (FRFs) respectively for axial (longitudinal) and flexural (bending) vibrations
which are termed hereby auto-axial and auto-flexural FRFs. The latter functions measure
the amplitude of flexural vibration excited by unite axial load (h,3) and the amplitude
of axial vibration excited by unite lateral load (/). Therefore, they are called respec-
tively cross axial-flexural and cross flexural-axial FRFs. While the conventional FRFs
enable to extract natural frequencies and mode shapes in the modal testing, the cross
FRFs provide a useful tool for investigation of coupled vibration in functionally graded
Timoshenko beam.

5. NUMERICAL ILLUSTRATION

For illustration of the developed above theory in this section modal parameters
such as natural frequencies, mode shapes and frequency response functions of simply
supported FGM Timoshenko beam are computed in dependence upon the material and
geometrical constants. First, to check validity of the governing equations and compu-
tational programs, first three natural frequencies of homogeneous beam are computed
and tabulated in Tab. 1 where the obtained herein results are compared with exact solu-
tion provided in [18] and with those obtained by Su and Banerjee in [6]. It can be seen
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excellent agreement of the compared results, especially in the case of large slenderness
ratio L/h.

Table 1. Comparison of natural frequencies for homogeneous Timoshenko beam

Freq. L/h =10 L/h =30 L/h =100
No |Present|Ref. [18]|Ref. [6] | Present|Ref. [18] | Ref. [6] | Present | Ref. [18] | Ref. [6]

1 28023 | 2.8020 | 2.8023 | 2.8437 | 2.8438 | 2.8439 | 2.8486 | 2.8486 | 2.8496
2 |10.7087| 10.6947 - 11.3118| 11.3116 - 11.3887 | 11.3887 -
3 [15.7080| 15.7080 - 25.2208 | 25.2183 - 25.6030| 25.6030 -
4 |22.5613| 22.4466 44.2849 | 44.2718 45.4628 | 45.4627

5 |37.1427| 36.7082 47.1239| 47.1239 70.9284 | 70.9279

E =70 GPa, p = 2700 kg/m3, u = 0.3

5.1. Natural frequencies and mode shapes
For illustration, let’s consider the FGM beam with material constants [6]:

E, = 210 GPa, p, = 7800 kg/m?, E; = 390 GPa, p, = 3960 kg/m>, n = 10, g = 0.0653.
(59)

First, five lowest dimensionless natural frequencies A = (wL?/h)+/pp/E} of the
beam are computed for different length-to-thickness ratios L/h by using the developed
above theory with (NA) and without (CA) taking into account of neutral axis dislocation.
The results are also compared to those obtained by the dynamic stiffness method in [6]
where neutral axis position is assumed to be centroid (g = 0). Mode shapes related to the
computed frequencies are also examined and shown in Figs. 3 that allow identifying axial
(Ay) and bending (By) modes of vibration. The identified vibration modes corresponding
to the computed natural frequencies are shown also in the table under the frequencies
(see Tab. 2). Numerical examination shows that mode shapes are dependent rather on
the slenderness than material properties of the beam.

Comparison of present results with those given in [6] shows that the proposed
above integrated method and the dynamic stiffness method developed by Su and Baner-
jee [6] are similar in predicting natural frequencies of flexural vibration modes. Nev-
ertheless, they give different results in computing the axial vibration modes which are
coupled with the flexural modes in FGM Timoshenko beam. The discrepancy may be ex-
plained by the fact that the dynamic stiffness method is often used in combination with
Wittrick-Williams algorithm, to the author’s knowledge, what has not been verified for
the structures with strongly coupled vibration modes such as FGM beam. While, since
the proposed in this study method provides an explicit expression for frequency equa-
tion, the natural frequencies are computed simply by the secant method. Furthermore,
as shown in Fig. 4, taking account of true position of neutral axis, in general, leads to
small change in natural frequencies. The deviation of frequencies decreases with raising
slenderness ratio and natural frequencies computed based on the neutral axis (NA) and
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Fig. 3. First five mode shapes of FGM beam with simply supported ends, L/l = 5,10, 20,30, 100

centroid axis (CA) theories are almost identical for L /h = 100. Error in predicting natural
frequencies based on the CA-theory reached its maximum for the maximum shift of NA
from CA. First (flexural) and third (axial) natural frequencies of the beam with material
constants (59) in dependence on the power n are given in Fig. 5 for various ratio L/h. It
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Table 2. Comparison of natural frequencies for FGM Timoshenko simply supported beam

L/h M ) A3 Ay As
Ref. [6] | 2.9513 | 10.176 (10.1162) | 16.686 (16.6665) | 19.331 (19.2502) | 29.194 (29.1011)
Present | 2.9359 | 8.3233 10.1441 19.2500 | 24.9647 29.1027
5| (€A
Present | 2.9369 | 8.3405 10.1304 19.2538 | 24.9626 29.0944
(NA) | (B1) | (A1) (B) (B3) (A2)  (Bg)
Ref. [6] | 3.0959 11.805 24.799 33.371 40.700
10 Present | 3.0802 11.7469 | 16.6775 24.6903 40.5127
(CA)
Present | 3.0805 11.7476 | 16.6850 24.6834 40.5205
(NA) | (By) (Bz) | (A1) (B3) (By4)
Ref. [6] | 3.1363 12.383 27.291 47.214 66.743
Present | 3.1205 12.3206 27.1452 | 33.3651 46.9994
20 | (CA)
Present | 3.1206 12.3218 27.1584 | 33.3718 46.9904
(NA) | (By) (B2) (B3) | (A1) (B4)
Ref. [6] | 3.1440 12.502 27.861 48.888 75.163
Present | 3.1282 12.4394 27.7209 48.5505 | 50.8179 74.8179
30 (CA)
Present | 3.1282 12.4399 27.7242 48.6527 | 50.0582 74.8093
(NA) | (By) (B2) (Bs) (Bg) (A1)  (Bs)
Ref. [6] | 3.1496 12.591 28.304 50.253 78.388
Present | 3.1337 12.5285 28.1641 50.0073 78.0119
100 (CA)
Present | 3.1338 12.5285 28.1668 50.0095 78.0140
(NA) | (By) (B2) (B3) (B4) (Bs)
Ay —k—th mode of axial vibration; By — k—th mode of bending vibration
CA - centroid axis; NA — neutral axis

is obviously that natural frequencies are not clearly distinct for L/h > 20 and they de-
crease monotonically with growing 7, but their decreasing is rapidly only for n < 1 and
becomes very slowly for n > 5. Typical variations of natural frequencies versus neutral
axis position (hy), elasticity (R; = E;/E;) and mass density (R, = p;/pp) ratios for vari-
ous values of power n are depicted in Figs. 6-7 that show obviously monotonic increase
(decrease) of natural frequencies with growing neutral axis dislocation and elasticity ra-
tio (mass density ratio). It is observed from Figs. 6-7 that natural frequencies are more
sensitive to the ratios for n < 1 and slowly varying from n = 10.
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5.2. Frequency response functions

Frequency response functions (53) for the beam of material constants (59) are com-
puted for various slenderness ratio L /h (Figs. 8-9 and different values of power n (Figs. 10-
11). The auto FRFs are shown in Figs. 8, 10; the cross FRFs — in Figs. 9, 11 and all of them
have been examined independently on the solution of free vibration problem. Obviously,
in the plots of auto-axial or auto-flexural FRF (Fig. 8 there appear only natural frequen-
cies of axial or flexural modes. So, both natural frequencies and their modes (axial or
flexural) of vibration can be identified directly from measured auto-axial or auto-flexural
frequency response functions. Results of extracting natural frequencies and mode shaped
from FRFs plotted in Fig. 8 are coincident with those given in Tab. 2 obtained by solving
the frequency equation. This enables to make a conclusion that modal parameters such
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Fig. 8. Auto-flexural (a) and auto-axial (b) FRFs for various slenderness ratio
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as natural frequencies and mode shapes of FGM Timoshenko beam could be identified
by using the conventional modal testing method.
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On the other hand, both the axial and flexural vibration modes are observed in the
plots of cross frequency response functions (Fig. 9) that demonstrate the actual effect of
axial load on the flexural response and lateral load on the axial response, i. e. coupling
of the vibration modes. Fig. 10 shows also that axial modes appear clearly on the cross
flexural FRF (Fig. 9(a)) only for low slenderness (L/h = 5) but the flexural modes are ap-
parently observed on the cross axial FRF plot (Fig. 9(b)) just for L/h = 10. This confirms
the fact that axial modes of vibration are predominated for beam with low slenderness
while flexural modes are leading for slender beam.

The auto-flexural and auto-axial FRFs plotted in Fig. 10 for different show mono-
tonic decrease of natural frequencies at all with growing n that is well agreed with the
graphs shown in Fig. 5. It can be observed from Fig. 10 that the flexural mode is pre-
vailed for n = 1 (see Fig. 10(a)) while the axial mode - for n = 10 (see Fig. 10(b)) what
can be seen also in Fig. 11. The frequency response functions computed for various elas-
ticity ratio are presented in Figs. 5 that demonstrate the increase of natural frequencies
with growing the elasticity ratio as shown in Fig. 8. Moreover, the graphs of FRFs given
in Figs. 12-13 show that axial mode peaks are prevailed for R, = 1/6 and the flexural
modes get predominated when R, = 1/4 and 4.
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6. CONCLUSION

The main results obtained in present study are as follow:

1. A general vibration theory of functionally graded Timoshenko beam is formu-
lated in the frequency domain with taking into account true position of neutral plane
instead of centroid one. In the framework of the proposed theory, there were obtained ex-
plicit expressions for frequency equation, mode shapes and various frequency response
functions of the beam.

2. Numerical analysis has shown that natural frequencies computed by assuming
neutral plane coincident with the centroid one are slightly deviated from those obtained
accordingly to the actual neutral plane position. However, the vibration theory based on
actual position of neutral plane is straightforward to study coupling of axial and flexural
vibration. Namely, there has been obtained a condition for uncoupling of the vibration
modes.

3. The established explicit expressions for frequency equation, mode shapes and
frequency response functions are essentials for not only modal analysis but also modal
testing functionally graded material beams. Moreover, the analytical representations
of vibration characteristics provide an efficient tool for identification of FGM beam by
vibration-based method.

4. Though numerical analysis was completed only for simply supported beam. The
governing equations established in paragraphs 3 and 4 for general boundary conditions
are straightforward to use for modal analysis of beam of other end conditions such as
cantilevered or clamped ends that have been described in Appendix.
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APPENDIX

Boundary condition operators and related matrices
1. Simply supported beam

1 0 0 A110y —Apdy O
Bp=| A120x —Axdr 0|, Br=| Apdry —Axnod, 0 |,
0 0 1 0 0 1
G(x, w) = Gi(x,w)Ris + Ga(x, w)Ros = [gix(x, w);j, k =1,2,3],
oq oy a7 —np  —ap  —og !
Ris = | k1521 koS k3Sa3 , Ros= | k1Sa1 k2Sx k3Sx3 ,
P B B3 B1 B B3

Bro(w) = |A12811(L, w) — Angh (L, w) A1agiy(L, w)—Angh(L,w) Angis(L, w)—Angy(L,w
g31(L, w) 83(L, w) g3(L,w)

[ Sllkl COShkl(L — xu) S12k2 COShkz(L — xa) Slgkg cosh kg(L — xa) ]

Allglll(L/ w) _A12gél(L/ (U) Allg/12(L/ w) _AlZgQZ(L/ (U) Allg/lf’,(L/ (U) _Alzgé:}(L/ (U)1

BLl (w) = 521k1 COShkl(L — x,l) Szzkz COShkz(L — xa) Sz3k3 cosh k3(L — xa)
B1coshky (L — x,) B2 coshkz(L — x,) B3 coshks(L — x,)

Sik = ax A1 — Ap, Sy = A —An, k=123

[ 511k1 sinh kl(L — xb) 512k2 sinh kz(L — xb) 513k3 sinh kg(L — xb)
BLg(w) = 521k1 sinh kl(L — xb) Szzkz sinh kz(L — xb) 57_3k3 sinh kg(L — xb)
,Bl Sinhkl(L— xb) ,52 sinhkz(L—xb) 153 sinhkg,(L—xb)

2. Cantilever beam
A1p0y —Axdy 0

100
—|l010]|, B, =
00 1 0 —Ass Aszdy

Gi1(x, w)Ric + Ga(x, w)Roc = [gjk; ],k =1,2,3],

A110x  —A120y 0

By
Gg(x, w

-1
-1 —&p —03
’ RlC - 7

N1 Ky K3
Rc=|1 1 1 -1 -1 -1

b1 B2 B3 B1 B2 B3
Angp(L, w) — Anagy(L,w) Angp(L w) — Angh(L,w) Angis(L, w) — Angy(L,w)
Apgii(L, w) — Apgy(L,w) A1giy(L,w) — Apng(L,w) Apgis(L,w) — AngsL, w)
Asslgn (L, w)—g5 (L, w)]  Ass[gn(L,w)—g5(Lw)]  Aslgs(L,w)—gs(L, w)]
i S11k1 cosh k1 L,z S12k2 cosh kzLa 513k3 cosh k3La
BLl = 521](1 cosh k1 L,Z Szzkz cosh kzLa 523k3 cosh k3La P Lu =L-— Xa ,
531 sinh k1 La 532 sinh kzLa 533 sinh k3La

i 511k1 sinhleb S12k2 sinthLb S13k3 sinhkng ]

Bro=

7

BL3 = Sz1k1 sinh k1 Lb 522k2 sinh k2Lh 523k3 sinh kng
531 cosh k1 Lb 532 cosh ksz 533 cosh k3Lb
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3. Clamped end beam
Bp=B. =1,
Gg('xlw) = Gl (X,CU)R]C + GQ(X,W)RZC = [g]kl]/k = 1/ 21 3]/
X1 Ny Q3 ! -1 —&2 —Q3 -
Re=|1 1 1 , Rie=| -1 -1 -1 1| ,
Bi B2 PBs3 B B2 Bs
BL()(CU) = GS(L,CL)), BLl ((U) = Hl(L — xa,a)), BL3((U) = H3(L — xb,w).
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