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Abstract. This paper deals with solving the problem of interior ballistics for a concrete
personal underwater gun. The governing equations of the problem are carefully discussed
because the water resistance force acting on the bullet is quite different from that of the air.
These equations are used to create software for analyzing and designing an underwater
gun. The calculated results are in very good agreement with the experimental data.
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1. INTRODUCTION

In practice every gun has been created for some early chosen operational aim in
some specific fighting conditions. All these factors lead to the designing the geometrical
form of the gun and its bullet that might make the gun more efficient in use for reaching
the chosen aim. When the geometrical sizes and weight of the gun and the bullet are
defined the interior ballistics should work out a propellant charge that will give the bullet
the desired muzzle velocity without any damage to the weapon.

The theory of ballistics including both the interior and exterior ballistics had started
long ago. Before the end of the World War II the theory was mainly developed for guns of
different caliber. Next the ballistic theory has been expanded for rockets. Fundamentals
of the theory of ballistics can be found in numerous books such as [1–4].

Ballistic calculations for underwater weapon are not as popular as for guns used
on the ground. The main difficulty of underwater ballistic calculations relates to the high
density of the environment. This paper deals with only interior ballistic problem for a
underwater personal gun. Let x be the position of the base of the bullet in the barrel tube
(see Fig. 1), V is its velocity. The governing equations of the interior ballistic problem
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Fig. 1. Characteristics of the gun and bullet

look like that {
ẋ = V
(q + mad) V̇ = pSS− R (1)

where the dot denotes the derivative respect to t, q is the bullet mass, mad is the so-called
added mass that represents the water mass expelled by the motion of the bullet from the
barrel at moment t. ps is the pressure of the gas on the bullet base, the area of which is S,
R is the total resistance force acted on the bullet when it moves in the barrel. To solve (1)
we should work out the dependence of ps and R on t or on x.

2. THE PROBLEM DESCRIPTION

The gun design is shown in Fig. 1. As mentioned above when such parameters as
the barrel size (length - lg, interior diameter - db, initial chamber length - l0), projectile
characteristics (total length - lb, length of the cone part - lh, base diameter - db, mass - q)
and the charge characteristics (propellant impulse - λ, burning rate - β, diameter of charge
grain - dc, grain geometrical coefficient - θ) are chosen then the target of interior ballistic
calculations is to determine the propellant amount (ω) needed to accelerate the bullet to
the desired muzzle velocity with an appropriate estimation of the environment reaction
to the projectile motion in the gun tube. So a good model for the water resistance force
is very important factor. Thus numerical simulations based on a good enough governing
Eqs. (1) of the problem will give the dependence of the muzzle velocity on the charge
mass. This is also the primary interest of the gun designing.

First of all let consider the acting force on the bullet created by the propellant com-
bustion in the gun chamber. This force obviously equals the pressure on the bullet base
times its area. So we have to obtain the pressure distribution in the barrel length. Here
we need some assumptions. The first is that the gas (the product of the propellant com-
bustion at any time t) is homogeneous in the space behind the bullet, so

ρ = ρ(z, t) , (2)

where z is the location of the center of the gas mass. This assumption is reasonable be-
cause the combustion process of the charge lasts in an interval measured by milliseconds
and it occurs in a very small volume. Denoting η as the length of the part of the charge
that had been burned at time t (η = 0 at t = 0 and η = −l0 at the burnout) one has

z = (x− η) /2 . (3)



On the interior ballistics of an underwater personal gun 217

Using this relationship after some transformations we can get

Vz

z
=

V
x

, (4)

where Vz is the velocity of the gas center of mass. For gas motion in the volume behind
the bullet in the barrel tube we apply the one-dimensional Euler equation neglecting the
gravity force of the gas

dp
dz

= −ρ
dV
dt

= −ρ

(
∂Vz

∂t
+ Vz

∂Vz

∂z

)
. (5)

Substituting Vz from (4) into (5) and after some transformations we can get

dp
dz

= −ρ
z
x

ẍ . (6)

It is obvious that the exact expression for the gas density at any time is

ρ = ω |η| /[S(x− η)] = ω |η| /[2zS].

where ω is the charge mass before the ignition. However here we take

ρ = ω/[S(x + l0)],

that equals to the gas density at the moment of the charge burnout. This approximation
is quite reasonable when the charge combustion time is very small. So Eq. (6) now can be
rewritten in the form

dp
dz

= − ω

S(x + l0)
z
x

ẍ . (7)

Integrating (7) in respect with z and doing some transformations we can get

p(z, t) = pS +
ωẍ

2S(x + l0)

(
x− z2

x

)
, (8)

From (8), it is easy to obtain the pressure at the breech (pB) and the average pressure
behind the bullet (p̄) in the form

pB = pS +
ωẍ

2S(x + l0)
x, p̄ =

1
x + l0

x+l0∫
0

p(z)dz = pS +
ωẍ

2S(x + l0)

[
x− (x + l0)2

3x

]
. (9)

It is shown from (8) and (9) that at all time pB > p̄ > pS. Note that expressions (8)
and (9) are more exact than that given in [2]. Now we use (1) to determine pS. We have

ẍ = (pSS− R) / (q + mad) .

Substitute this expression into (9) we get p̄ = pS +
ω

2S(x + l0)

(
x− (x + l0)2

x

)
pSS− R
q + mad

.

Hence
pS = ( p̄ + R∆) / (1 + S∆) , (10)
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where ∆ =
ω

2S (x + l0) (q + mad)

(
x− (x + l0)

2

3x

)
. To complete the system of governing

equations of the problem we add some results of the theory of combustion [5]. They are
as follows

dc ḟ = −βpB , p̄ =
ωλ (1− f ) (1 + θ f )

S (x + l0)
.

The algorithm for calculating the solution of the interior ballistic problem now can
be presented by the following cycle

f → p̄→ pS → ẍ → pB → f . . .

To resume the above discussions we write out the system of equations that should
be integrated in implementation of the above cycle

dc ḟ = −βpB , (11)

p̄ =
ωλ (1− f ) (1 + θ f )

S (x + l0)
, (12)

pS = ( p̄ + R∆) / (1 + S∆) , (13)

ẍ = (pSS− R) / (q + mad) , (14)

pB = pS +
ωẍ

2S(x + l0)
x. (15)

The initial conditions at t = 0 for this system are

x = 0, V = 0, f = 1. (16)

It should be noted that Eqs. (11), (12), (13) and (15) are valid only for f > 0. After
the moment of charge burnout ( f = 0), the above system equations should be replaced
by the following one

ẍ = (pSS− R) / (q + mad) , (17)

pS = p̄∗ (ρ/ρ∗)
γ , (18)

where p∗ and ρ∗ are the average pressure and gas density respectively in the barrel at the
burnout moment of the charge whilst γ is the adiabatic compressible coefficient of the
gas. Relationship (18) is valid with the assumption that the expansion of the gas behind
the bullet in the barrel after the burnout is isentropic [6]. This assumption can be adopted
because the expansion process happens in a very short time interval and in a very small
volume so the heat transfer from the gas to the environment may be ignored.

Next consider the resistance force R exerted on the bullet by the water. This force
is much greater than that similar when shooting in the air because both the water density
and viscosity are very significant in comparison with those of the air. The resistance force
in this case can be split into two main components R = R1 + R2. The first component is
related to the water hydrostatic pressure increasing with the depth and the second term
is the essential friction caused by the bullet motion and water viscosity. We estimate the
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first component by

R1 =
∫
Sh

−Ph sin αds,

where Ph is the hydrostatic pressure of water at depth h, α is the cone angle of the bullet
head and Sh is its area. It is easy to get

R1 = −PhS. (19)

Before estimation of the second term we make some notes as follows. In fact during
the motion of the bullet in the barrel, there is an amount of the gas moves out through
the very small gap between the bullet and the interior surface of the barrel. This motion
makes the water flow fully turbulent right it begins. So when estimate the friction force
of the water we should take this into account. In our case the water flow with very
good approximation can be regarded as asymmetric. So for calculating the friction force
exerted by water on the bullet we can rely on the theory of boundary layer that presented
in detail in [7]. For our problem the model of turbulent flow over a flat plate is applicable.
So if the friction force acted on the bullet is presented in the form

R2 = C f SρV2/2, (20)

where C f , ρ, S and V are the friction coefficient, water density, area of the bullet base and
bullet velocity respectively then for C f we can take the following empirical formulae

C f =
0.455

[log(Re)]2.58 , 5.105 < Re < 109 , (21)

where the Reynolds number is defined by Re = ρlb ∗V/µ with µ being the water dynam-
ical viscosity. In our case the Reynolds number reaches value of 1.2× 106 at the muzzle
velocity around 240 m/s.

To complete our model we discuss the added mass mad in Eqs. (14) and (17). When
the bullet moves in the barrel tube it always expels some water amount from the barrel.
We consider this amount as the added mass to the bullet mass at any time moment. It is
obvious that this mass exists when x + lb < lg or x + lb − lh < lg. And we have

mad =

{
ρS
(
lg − lb − x + 2lh/3

)
if x + lb < lg

ρ
[
S
(
lg − x− ld

)
− π tan2 α

(
l3
h − (lg − x− ld)

3) /3
]

if x + lb − lh < lg
(22)

Thus our problem of the interior ballistics consists of (11) - (16) for the stage before
the charge combustion process ends, and of (17), (18) after the burnout. This system of
equations can be integrated by any technique available for ordinary differential equations
provided in [6], for example by Runge-Kutta fourth order procedure.

3. RESULT OF SIMULATION AND DISCUSSION

The simulation was carried out for two bullet models with different total length (lb)
and weight (q). For each parameter of the charge such as the mass (ω), grain diameter
(dc), and grain geometrical coefficient (θ) two values were chosen for simulations. The
typical variation of the gas pressure at the bullet base pS (in pascals) as a function of its
location x (in meters) in the barrel is shown in Fig. 2. The breech pressure as well as the
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average one has the similar behavior too. It is not necessary that the maximum pressure
occurs at the burnout. In fact this peak is usually reached before the solid grains of the
charge completely have been transformed into gas. It is because those pressures at any
time depend not only on the part of the charge that has been transformed into gas but
also on the volume behind the bullet in the barrel. The monotonous variation of the bullet
velocity in the barrel tube is presented in Fig. 3. The behavior of the pressure and velocity
given in Fig. 2 and Fig. 3 perfectly reflects their features in fact.
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Fig. 2. Variation of ps(x), lb = 0.115,
ω = 0.0005, dc = 0.0005, θ = 1.0
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Fig. 3. Variation of V(x), lb = 0.115,
ω = 0.0005, dc = 0.0005, θ = 1.0

It is interesting to elucidate the effect of water environment on interior ballistic
characteristics of the gun. For this purpose the above system of equations is integrated
with and without the resistance force R. The difference between these cases is shown in
Figs. 4 and 5.
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Fig. 4. Ratio of pressures pw(x)/pa(x), lb =
0.14, q = 0.026, ω = 0.0005, dc = 0.001, θ = 1.0
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Fig. 5. Velocity Va(x) and Vw(x), lb =
0.115, ω = 0.0005, dc = 0.0005, θ = 0.0

As indicated in Fig. 4, for all the simulations, at all the locations the water resistance
makes the pressure always slightly higher than that of the nonresistance case. This is
in the accordance with (10) as well as experiment data. Meantime the water resistance
decreases the bullet velocity at all the sections as shown in Fig. 5.
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In Tab. 1 the comparison of the calculated muzzle velocity (m/s) with experimental
data is provided for two cases shooting in air and in water.

Table 1. V(lg) for lg = 0.26, lb = 0.115, q = 0.0204, ω = 0.0005, dc = 0.0005, θ = 0.0

Calculated Experiment

In air (A) In water (W) (A) (W)

243.6 231.2 241 236.5

The error for case A is about 1.1% whilst for case (W) it equals approximately 2.2%.
It is worth noting that in practice to calculate the solution of a ballistic problem,

especially exterior one, a suitable law for the resistance force for a concrete projectile is
chosen. Then for fitting the calculated results with experimental data the so-called drag
coefficient is used to express the drag of the projectile by multiplying this coefficient and
the chosen law together. In our case, if we represent

R2 = c̄ C f SρV2/2,

where c̄ is the above mentioned drag coefficient for the bullet then c̄ can be chosen to
make the calculated muzzle velocity of the bullet equals to its measured value. Doing so,
for the bullet and the charge of the following characteristics (denoted by B1)

lb = 0.115, lh = 0.025, db = 0.0057, q = 0.0204,

we get c̄ = 0.68245. Analogously we have c̄ = 0.37145 for the bullet B2 with its parameter
set: lb = 0.14, lh = 0.025, db = 0.0057, q = 0.026. Using these coefficients we can simulate
the motion of bullets in the barrel. The Tab. 2 represents the simulation results for bullets
B1 and B2 with different values of dc and θ

Table 2. The muzzle velocity of underwater shooting

Bullet dc = 0.001, θ = 0 dc = 0.001, θ = 1 dc = 0.0005, θ = 0 dc = 0.0005, θ = 1

B1 228 238.5 231 233.5

B2 206.5 214.5 210.5 212

In Tab. 3 shown the impact of the extra weight and length of B2-bullet on its de-
crease of velocity in comparison with B1-bullet.

Table 3. The decrease of the muzzle velocity related to the extra weight

Muzzle deflection
dc = 0.001, dc = 0.001, dc = 0.0005, dc = 0.0005,

θ = 0 θ = 1 θ = 0 θ = 1

δV(%) 9.43 10.06 8.87 9.21

δV/grm, (δV/cm) 1.68 (3.77) 1.80 (4.03) 1.58 (3.55) 1.64 (3.68)
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4. CONCLUSION

The interior ballistic problem for underwater shooting is considered in details in
this paper. To work out the dependence of the pressure on the base of the projectile
on the combustion of the charge as well as the resistance of the water environment on
the projectile motion in the barrel tube are crucial for solving the problem. A software
suitable for gun-bullet design is created. The results of simulation based on this software
are quiet good in comparison with experiment data for the considered gun.
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