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THAI MANH CAU, NGUYEN VAN KHANG 

Hanoi University of Technology 

ABSTRACT. The influence of the exciting force to resonant characteristics in a model 
of the small oscillation is invest igated. Averaging method is used to determine resonant 
stationary solutions of all possible resonant oscillations and their stability. The numerical 
simulations used for oscillations in time domain and the analytic approaches give consistent 
results. 

1. Introduction 

Investigation of non-linear problems in dynamics of machines is actual in en­
gineering practice. Interaction of various kinds of non-linear oscillations is one of 
significant technical problems. Some researches are shown in [1, 2, 3]. The differen­
tial equation of some oscillatory models in machines is written in the form 

.. b . b . 2 b . 3 2 3 · 2 B E "t X - iX + 2X + 3X + /2X + / 3X + WoX - O = COS H . (1.1) 

This paper presents an examination on the influence of the exciting force to 
resonant characteristics in a model of the small oscillation. Averaging method and 
numerical simulation are used to determine stationary solutions and their stability. 
Numerical simulations by using the MATLAB program are applied. 

2. Averaging Method 

Assume the oscillation to be small, let x0 be a root of the equation 

3 2 2 B o /3X + / 2X + WoX - O = · 

By using the new variable 

U = X - Xo , 

the equation ( 1.1) is transformed into the following form 

ii,+ w2u = cf(u, u) + E cos fit , 

where w2 = 313x6 + 2/2Xo + w5, 
c is a formal parameter indicating the smallness of the right side, 
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f ( . ) * 2 3 b . b . 2 b . 3 c U, U = -/2 U - /3U + 1 U - 2U - 3U , 

and 12 = 'Y2 + 3/3Xo . (2.2) 

2.1. Case of small exciting force 
Assume the exciting force to be small. Let transform the time t into a nondi­

mensional quantity r, 

n 
7= -t, 

m 

where mis some positive integer. 
The equation (2.1) becomes 

u" + >..u = c[f(u, u') + Eo cosmr], 

where 

m2 m2 m2 
>.. = 02 w

2, 92 = 02 12, 93 = 02 /3' 

m n ~ 
/31 = [2 bi, /32 = b2 , {33 = m b3 , Eo = 02 E, 

f(u , u') = -92u2 - 93u3 + /31u' - /32u'
2 

- f33u'3. 

In order to examine resonant regimes of the system, one assumes 

where n is some positive parameter, a is a detuning parameter. 
The equation (2.3) has the form 

u" + n2u = c[n2ua + f(u , u') + Eo cos mr] . 

A solution of (2.5) is found in the form 

u = r cos nr + s sin nr, u' = -nr sin nr + ns cos nr, 

where r ( r) and s ( r) are unknown functions of r. 
Averaging equations have the form 

dr E' { 2 3 2 2 3 3( 2 2) } dt = -
2
n n sa - 493(r + s )s--'- n{31r + '4{33n r + s r , 

ds E' { 2 3 ( 2 2) 3 3 ( 2 2) n } dt = 
2
n n ra - 493 r + s r + nf31s -

4
n {33 r + s s + E08m , 

where 8~ is Kronecker symbol. 
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(2.4) 

(2.5) 

(2.6) 

(2.7) 



It is worth mentioning that there is only resonant case when m = n in this case. 
It is main resonance w ~ n. 

The stationary oscillation (r = r0 = const, s = s0 = const) satisfies the system 
of equations 

where 

<I>1(r, s) = 0, 
<I>2(r, s) = 0, 

() 1{2 3(2 2 3 32 2} <I>1 r, s = -- n sa - -g3 r + s )s - nj31r + -j33n (r + s )r , 
2n 4 4 

( ) 1 { 2 3 ( 2 2) 3 3 2 2 } <I>2 r, s = 2n n ra - 493 r + s r + n{31s - '4{33n (r + s )s + E0 , 

(2 .8) 

Denote A2 = r 2+s2, frorh (2.8) one gets the amplitude-frequency formula of resonant 
curve (r) 

E 2 3 2 
_Q - (f31n - -{33n3 A3) A2 4 . (2.9) 

Let (a+) and (a-) be branches of (r) on the plane (a, A) when the sign, which is 
before the symbol of square root , is "+" or "- ", respectively. 

Conditions of asymptotic stability of stationary oscillation are 

where 

an+ a22 < 0, 

ana22 - ai2a21 > 0. 

(2.10) 
(2.11) 

8<I>1 I an= -- , or (ro ,so) 

8<I>1 I ai2 = -- , as (ro,so) 

8<I>21 a21 = -- , or (ro ,so ) 

8<I>21 a22 = -- · as (ro ,so) 

(2.12) 

By calculating from (2.8), (2.9) one obtains 

3 3 2 an + a22 = /31 - 2f33n A , (2.13) 

1 { EJ 3 2 2 ( 3 3 2) 3 A2 ( 2 3 ) } a11a22 - ai2a21 = 
4

n2 A2 - 2f33n A nf31 - 4f33n A - 2,93 n a - ·
493

A2 

A2 { E5 3 2} da 
= - 4n4 ± A2 - ( n/31 - 4f33n3 A2) dA . (2.14) 

Hence, the condition (2.11) depends on ~~ · Geometrically, on the plane (a, A) 
stationary oscillations correspond to the points of the resonant curve. For the branch 
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(a+) the condition of stability is ~~ < 0, i. e. the part sloping down corresponds 

to stable stationary oscillations. For the branch (a-), the condition of stability is 

~~ > 0, i. e. the part sloping up corresponds to stable stationary oscillations. 

Denote by ( C) a line a11 + a22 = 0. The condition (2.10) satisfies for the part of 
(r) lying upon or below ( C) if (33 > 0 or if (33 < 0, respectively. 

Fig. 1 shows the resonant curve for parameters: g2 = 0.01, g3 = 0.001, b1 = 0.5, 
b2 = 0.01 , b3 = 0.1, E = 0.5, w = 40, n = 40. The solid part of the curve 
corresponds to stable regimes, the dot one corresponds to unstable regimes. 
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-J \r -, J J ~'I 
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0.05 
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Fig. 1 (w = n) 

2.2. Case of finite exciting force 

0.1 

Suppose that exciting force is finite , i. e. E0 is not a small quantity. The 
differential equation of oscillation has the form 

u" + >.u = cf(u,u') + E0cosmT, 

where>. and f(u, u') are determined by (2.4). 
In order to examining resonant regimes of the system, one assumes 

where n is some positive integer , a is a detuning parameter. 
The equation (2.15) becomes 

u" + n2u = c[n2au + f(u, u')] + Eo cosmT. 

A solution of (2 .16) is found in the form 

u = r cos nT + s sin nT + e cos mT, 

u' = -nr sin nT + ns cos nT - me sin mT, 
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Ea 
where e = n 2 _ m 2 , (n =I- m) and r = r(T), s = s(T) are unknown functions of T. 

Averaging equations have the form 

dr 
dt = c<I>1(r, s), 

ds 
dT = c<I>2(r, s), 

(2.18) 

where 

(2.19) 

The stationary oscillation (r = r0 = const, s = s0 = const) is the solution of the 
equation · 

(2.20) 

where 8{ is Kronecker symbol and A = J r 2 + s2 . 

It is worth mentioning that there are resonant cases of the system when m = 2n, 
m = n/2, m = 3n, m = n/3. 

For A =I- 0 it follows from (2.20) a formula relating amplitude to frequency. The 
results obtained are recapitulated in the Table 1. 

Now we determine the stability conditions of the resonant oscillations. By using 
conditions of asymptotic stability (2.10) and (2.11) one can establish the stable 
conditions for stationary solutions. 

a) Case of m = 2n. For stationary solution A =I- 0 the stability conditions are 

da da 
dA < 0 or dA > 0, 
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for the sign before the symbol of square root in amplitude-frequency formula is 
positive or negative, respectively. 

For the trivial solution A= 0, the stability condition is 

b) Case of m = n/2. For stationary solution A =I- 0 the stability conditions are 

da da 
dA < 0 or dA > 0, 

for the sign before the symbol of square root in the amplitude-frequency formula is 
positive or negative, respectively. 

The trivial solution A = 0 does not exist. 
c) Case of m = 3n. For stationary solution A =I- 0 the stability conditions are 

da da 
dA < 0 or dA > 0, 

for the sign before the symbol of square root in the amplitude-frequency formula is 
positive or negative, respectively. 

For the trivial solution A = 0, the stability condition is 

27 2 2 
f31 - 4f33n e < 0. 

d) Case of m = n/3. For stationary solution A =I- 0 the stability conditions are 

da 
or dA > 0, 

The trivial solution A= 0 does not exist. 

Resonance 

possi­

bilities 

m=2n 
(w~ ¥) 

Amplitude-frequency formulas 

Table 1 

m = n/
2 n2a = ~g1 (A2 + 2e2) ± · / (92 - ~f32n2)~ - [f31n - ~{33n3 (A2 + e;)J 2 

(w ~ 20) V 

~ ~ ¥) n2a = ~g3(A2 + 2e2) ± V (¥ )2
(g1+9f31n6

) - [f31n - ~f33n3 (A2 + 9e2)] 
2 

~ ~ ~~~ n2a = ~g3 (A2 + 2e
2
) ± J (:~) 2 

(g1 + 2~f3gn6 ) - [f31n - ~f33n3 (A2 + ~e2 ) J 
2 

78 



Fig. 1 shows the resonant curve for parameters: g2 = 0.01, g3 = 0.001, b1 = 0.5, 
b2 = 0.01, b3 = 0.1, E = 0.5, w = 40, 0 = 40. The resonant curve for parameters: 
92 = 0.04, 93 = 0.001, b1 = 0.03, b2 = 0.001, b3 = 0.005, E = 10, w = 4, 0 = 2 
is shown on Fig. 2. Fig. 3 shows the resonant curve for parameters: 92 = 0.01, 
g3 = 0.001, b1 = 0.02, b2 = 0.0001, b3 = 0.03, E = 5, w = 6, 0 = 2. On Fig. 4 
the resonant curve for parameters: 92 = 0.3, 93 = 0.3, b1 = 0.003, b2 = 0.0001, 
b3 = 0.0005, E = 50, w = 4, 0 = 8 -is shown. Fig. 5 shows the resonant curve for 
parameters: 92 = 0.01, 93 = 0.3, b1 = 0.001, b2 = 0.0001, b3 = 0.005, E = 50, w = 4, 
0 = 12·. The solid parts of the curves correspond to stable regimes, the dot ones 
correspond to urn~_table regimes. 
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Fig. 4 (w ~ 20) 

A 

3 

2 

a+ C 
.-" ,J' -~ I 
: _ - 1 - - - - ~ - - - _...1 - - - - L - - - -

I 

0 -----1-
-0.05 0 0.05 0.1 0.15 0.2 0.25 

a 

Fig. 5 (w ~ 30) 

3. Numerical Simulations 
By using MATLAB program [10], we integrate the differential equation of os­

cillation (2.1) with the parameter determined from the amplitude-frequency curves, 
respectively. 

Fig. 6, 7, 8, 9, 10 represent the oscillations in time domain that correspond 
to parameters used in fig . 1, 2, 3, 4, 5. The oscillations shown on fig. 6, 7, 8 
correspond to a= 0, but ones on fig. 9, 10 correspond to a= 0.05. The figures a) 
show displacement-time and figures b): phase orbits, respectively. 
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3. Conclusion 
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Fig. 7 (w = D/ 2) 

This paper presents an application of averaging method for examination of the 
influence of the exciting force to resonant characteristics in a model of the small 
oscillation. An analytic approach has provided amplitude-frequency equations and 
enabled to examine stability regimes of possible resonant oscillations in cases of 
small and finite exciting forces . 

The numerical simulations used for oscillations in time domain and the analytic 
approaches give consistent results. Further investigations of influence of parameters 
on oscillation regimes of dynamics of machine will be published later. 

This work is completed with financial support from the Council for Natural 
Science of Vietnam. 
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VE TUONG TAC GIUA DAO DQNG TV KfCH vA cuoNG Bue 

Bai bao trlnh bay chih hu&ng cua h.rc kich d<)ng den d~c tnmg c<)ng hu&ng cua 
m(>t mo hlnh dao d(>ng be thuang g~p trong dao d(>ng may phi tuyen. SU. d\mg 
phuang phap trung blnh de xac d!nh phuang trlnh cua duang cong c<)ng hu&ng va 
khao sat cac che d(> on d!nh cua tat ca cac dao d(>ng c(>ng hu&ng c6 the xay ra. Cac 
mo phong so cho ket quit kha phu hqp v&i tfnh toan bang giro tfch. 
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