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FREQUENCY OF A VANDERPOL OSCILLATOR 
WITH LARGE CUBIC RESTORING NONLINEARITY 
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In [2] , a modified Poincare method has been presented and applied to evaluate 
the period (frequency) of free oscillation in an undamped Duffing oscillator with 
large cubic restoring nonlinearity. There, the system examined is supposed to be 
near certain linear one with unknown (to be evaluated) frequency. 

In this article, the same modified method is used to study the case of a Vander­
pol oscillator: the self-excitation is assumed to be weak while the cubic restoring 
nonlinearity is assumed to be strong enough. It is shown that stationary self-excited 
oscillation nearly retains its amplitude while its frequency strongly depends on the 
cubic nonlinearity. The frequency obtained from the standard Poincare method can 
only be used for small cubic nonlinearity; that obtained from the modified method 
is practically acceptable even for large cubic nonlinearity. 

1. Systems under consideration. Original amplitude and frequency 

Consider a Vanderpol oscillator described by the differential equation 

x + x = - 1x3 + h(l - x 2 )x, (1.1) 

where x is oscillatory variable; overdots denote differentiation with respect to time 
t; I > 0 is coefficient of the cubic restoring nonlinearity which may not be small; 
h > 0 is a small intensity of the self-excitation h(l - x 2 )x. 

For I = 0 (without cubic nonlinearity) , in the first approximation, stationary 
self-excited oscillation is a stable harmonic one 

x = acos 'ljJ (1.2) 

with amplitude a= 2 and with frequency w = ~ = 1. For small 1, the amplitude 
and the frequency are lightly modified. The question to be answered is how the 
amplitude and the frequency depend on the cubic nonlinearity if the later is strong 
enough. 

2. Frequency from the standard Poincare method 
For the sake of comparison, the standard Poincare method [1] is used first to 

evaluate the frequency in the case of small f. 
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Introducing the new dimensionless time T = wt, we rewrite the differential equa­
tion (1.1) in the form 

w2x" + x = c{-1x3 + h(l - x2 )wx'}, (2 .1) 

where primes denote differentiation with respect to T; w is the unknown frequency; 
c is a formal parameter indicating the smallness of the right hand side. 

The problem of interest is to determine the frequency of stationary self-excited 
oscillation satisfying initial condition 

x' ( T) I T=O = x' ( 0) = 0. (2.2) 

According to the standard Poincare method, both unknowns x and w are expanded 
in powers of c, that is 

x = Xo(T) + EX1(T) + c2x2(T) + . . . , 
w = 1 + cw1 + c2w2 + . . .. 

Corresponding to the initial condition (2.2), those of x0 , Xi (i = 1, 2, ... ) are 

x~(O) = 0, x~(O) = 0 (i = 1, 2, ... ) . 

(2.3) 

(2.4) 

(2.5) 

Substituting (2.3), (2.4) into (2.1), equating the terms of like powers of c yield 

(2.6) 

(2.7) 

(2.8) 

With regard to the initial condition x~(O) = 0, the general solution of the differential 
equation (2.6) is 

x0 = a0 cos T , a0 = const. (2.9) 

Using (2.9), the differential equation (2.7) becomes 

x~ + X1 = 2w1ao COST -1a~(~ COST+~ cos 3T) 

( a6) . 1 3 . - ha0 1- 4 smT + 4ha0 sm3T. (2.10) 

To eliminate secular terms in (2.10), the unknowns a0 and w1 should be taken as: 

ao = 2, 
3 2 3 

w1 = - 1a0 = - 1. 
8 2 

(2.11) 
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Then 

11 ')'a~ ha~ 
x1 +Xi= -4 cos3T + 4 sin3T = -27cos3T + 2hsin3T, 

/' 3 h . 3 b' X1 = 4 cos T - 4 sm T + a1 cos T + 1 sm T, 

where a 1 , b1 are constants to be determined. 
To satisfy the condition (2 .5) for i = 1, b1 should be taken 

3h 
b1 = - · 

4 

(2.12) 

(2.13) 

(2.14) 

With regard to (2.9) , (2.11) , (2.13), (2.14) , the differential equation (2.8) can be 
simplified as: 

II ( 15')'
2
+h

2
) . X2 + X2 = 4W2 - 6)'a1 + 

4 
COST+ h(2a1 + r) Slll T + ... , 

where non-written terms do not contain the first harmonics. 
Eliminating secular terms in (2.15) gives 

-1 
w = -(2"\12 + h2

) 2 16 I • 

Thus, the first two formulas for frequency are: 

3)' 
WJ = 1+2 ' 

3)' 27)'2 + h2 

WIJ = 1 + - - ----
2 16 

(2 .15) 

(2.16) 

(2.17) 

(2.18) 

Preliminary remark: . for large )', the frequency wn becomes negative (wn = 0 
if r ~ 1.3333 ... ) ; this announces that the frequency obtained from the standard 
Poincare method is not reliable for large r. 

3. Frequency from a modified Poincare method 

In this section, the problem of interest is treated by the modified Poincare method 
as presented in [2]. 

Assuming that the strongly nonlinear Vanderpol oscillator considered is near 
certain linear one of unknown frequency w, we rewrite the differential equation (1.1) 
as: 

x + w 2x = µ{ (w2 
- l)x - [ X

3 + h(l - x2)± } , (3.1) 

or , with the new time T =wt: 

w2(x 11 + x) = µ{ (w2 
- l )x - [X

3 + h(l - x2 )wx'} , (3.2) 
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whereµ is a small formal parameter introduced to indicate the smallness of the right 
hand side. 

Both unknowns x and ware now expanded in powers ofµ, that is: 

(3.3) 
(3.4) 

where w0 is the approximate frequency of order µ 0 (not 1 as in the standard Poincare 
method) 

Substituting (3.3), (3.4) into (3.2), equating the terms of like powers ofµ yield 

w5(x~ + xo) = 0, (3.5) 

w5(x~ + x1) = (w5 - l)xo - f'X~ + h(l - x6)wox~, (3.6) 

w5(x~ + x2) = -2wow1(x~ + x1) + (w5 - l)x1 + 2wow1xo - 31x6x1 

+ h(l - x6)(wox~ + w1 x~) - 2hxox1 wox~, (3.7) 

The general solution x0 satisfying the initial conditions x~(O) = 0 is 

x 0 = a0 cos T, a0 = canst. (3.8) 

Substituting (3.8) into (3 .6) gives: 

(3.9) 

To eliminate secular terms in (3.9), a0 and w0 should be taken as 

a0 = 2, 
2 3')' 2 

w0 = 1+ 4 a0 = 1+3"(. (3.10) 

Using (3.8), (3.10), the differential equation governing x1 becomes 

1a3 hw a3 · 
w6 ( x~ + x1) = - - 0 cos 3T + ____Q_Q sin 3T = -2')' cos 3T + 2hw0 sin 3T 

4 4 
(3.11) 

and the general solution x1 is: 

'Y 3 hwo · 3 b · x1 = - 2 cos T - - 2 sm T + a1 cos T + 1 sm T, 
4w0 4w0 

(3.12) 

where a1 , b1 are two constants to be determined. 
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To satisfy the initial condition (2.5) for i = 1, b1 should be taken as 

(3.13) 

The differential equation (3. 7) can be simplified as: 

2( ,, ) hw ( I) . ( 31
2 

+ 6h2wJ) w0 x2 + x2 = o 2a1 + 2 sm T + 4w0 w1 - 61a1 - 2 cos T 
w0 4w0 

+(higher harmonic terms). (3.14) 

Eliminating secular terms 'in (3.14) gives: 

I 
a1 = -2w6 ' 

912 + h2w2 
w - - 0 1 

- 16wJ 
Thus, the two formulas for frequency are 

WI* = Wo = \/1 + 31, 

{ 
912 + h 2 ( 1 + 31) } 

W II* = Wo + W1 = J 1 + 31 1 - ( l + 
31

) 2 , 

or , by neglecting h2 (if I is large enough) we have 

{ 
91

2 
} 

W II* = J 1 + 31 1 - ( l + 
31

) 2 · 

4. Comparison and conclusion 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

For h = 0.05 and for different values 1, using (2.17) and (3.16), (3.17), ap­
proximate frequencies w1 , WII (from the standard Poincare method) and w1*, WII* 

(from the modified Poincare method) are shown in the third, fourth and fifth, sixth 
columns, of the table standing at the end of this article, respectively. The frequen­
cies We in the second column are obtained by analyzing the amplitude spectrum [3] 
of stationary self-excited oscillations x(t) (t E [O, l27r], number of times N = 2048) . 
It can be seen that, the first approximate frequencie w1 obtained from the standard 
Poincare method can be used only for I« 1 (for I= 1, the relative error is 203), 
the second approximation WII must be rejected. On the contrary, the frequencies 
w1*, WII* obtained from the modified Poincare method are practically acceptable 
and WII* is better than w1* (for I= 20, the relative error of WII* is of order 2.23). 
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Table 1 

I We WJ Wu WJ* Wu* 

0 1.0000 1.0000 0.9999 1.0000 0.9999 
1 2.0000 2.5000 0.1324 2.0000 1.9296 
2 2.5000 4.0000 2.6457 2.5342 
3 3.0000 5.5000 3.1623 3.0021 
4 3.5000 7.0000 3.6055 3.4450 
5 3.8333 8.5000 4.0000 3.7802 
6 4. 1666 10.0000 4.3589 4.1144 
7 4.5000 11.5000 4.6904 4.4233 
8 4.8333 13.0000 5.0000 4.7120 
9 5.1666 14.5000 5.2915 4.9840 
10 5.3333 15.0000 5.5678 5.2418 
12 5.8333 19.0000 6.0828 5.7228 
14 6.3333 22 .0000 6.5574 6.1664 
16 6.6666 25.0000 7.0000 6.5802 
18 7.1666 28.0000 7.4162 6.9694 
20 7.5000 31.0000 7.8102 7.3380 
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"' ,./ ' ~ ' TAN SO CUA CHAN TU VAN-DER-POL 

c6 PHI TUYEN Ho1 PHVC MA.NH BAc BA 

Khao sat chan tu Vanderpol c6 phi tuyen hoi ph\].c mi;mh b~c ba va kich d<}ng 
t\l' chan yeu. Xet quan h~ gifra tan sod.ache d9 t\l' chan dung v&i h~ so phi tuyen 
hoi ph\).c. Phuang phap chuan Poincare khong ap d\).ng duqc nen m<}t bien the cua 
n6 trlnh bay a [2] duqc SU d\).ng. Ket qua a xap xi thu hai th\fC te chap nh~n du qc. 
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