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BALANCING CONDITIONS OF PLANAR 
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Abstract. This paper presents a new method for deriving the balancing conditions of planar 
mechanisms with multi-degree of freedom. The method has advantage of being suitable for 
the application of the widely accessible computer algebra systems such as MAPLE. In the 
example, the conditions for complete shaking force and shaking moment balancing of a 
planar five-bar linkage are given. 

1. INTRODUCTION 

One of the problems of the complete shaking force and shaking moment balancing 
of planar mechanism consist of the deriving the so-called balancing conditions. These 
balancing conditions will be used to determine the size and location of counterweights or 
supplementary links which must be added to the initial mechanism, in order to eliminate 
the shaking force and the shaking moment caused by all moving links. The balancing 
methods for planar mechanisms with one degree-of-freedom can be found in a large num­
ber of publications [2-7] . However , the development on the balancing theory of planar 
mechanisms with multi-degree of freedom is still limited and the literature on this respect 
therefore is very little. 

In the paper, we presents a new method for deriving the general balancing conditions 
of planar mechanisms with multi-degree of freedom and an arbitrary structure. The de­
veloped algorithm is suitable for the application of the widely accessible computer algebra 
systems such as MAPLE. In the following example, the conditions for complete shaking 
force and shaking moment balancing of a planar five-bar linkage are given . 

2. BALANCING THEORY OF PLANAR MECHANISl\!IS· WITH 
MULTI-DEGREE OF FREEDOM 

We first consider an arbitrary link of a planar mechanism with multi-degree-of-freedom 
shown in Fig. 1. The mechanism consist of a set of n links in a closed loop structure with 
holonomic and rheonomic constraints. 
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Fig. 1. Definition of coordinates 
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The shaking force and the shaking moment transmitted to the ground link 1 from all 
moving links can be expressed in the form [1 , 8]: 

(2.1) 

(2.2) 

where pis the resultant linear momentum and Lo the resultant angular momentum of the 
mechanism taken about fixed point 0 . Assuming t hat only planar linkages are considered, 
three components of the linear momentum p and the angular momentum Lo are given by 

n n 

Px = L md:si , Py = L mi'fJsi, Pz = 0, 
i= 2 i=2 

n 

Lox = Loy = 0, Loz = L [mi(xsiYSi - YSiXSi) + Jsi'f?i], 
i= 2 

(2.3) 

(2.4) 

where m i is the mass of the i-th link and J Si represents the moment of inertia of the 
link about the axis passing through the center of mass Si and perpendicular to the plane 
of motion. Now we choose f generalized coordinates q = [q1, q2, .. . , qJ]T corresponding 
to t he f degrees of freedom of the system, the velocity of the center of mass Si and the 
angular velocity 'f?i can be written as 

(2.5) 

Substituting (2.3), (2.4) and (2.5) into equations (2.1) and (2 .2), three components of the 
shaking force F* and the shaking moment M 0 can be written in the form 

F* = _!!:__ ~ ( . 8xsi) . 
x dt L..,, mi a q, 

i=2 q 

F* = _!I:_ ~ ( . 8ysi) . 
y dt L..,, m i a q' 

i=2 q 
F; = 0, (2.6) 

(2.7) 

So, the planar mechanism can be completely balanced if the shaking force and t he shaking 
moment vanish, this yields 

n 

L miXSi,i = 0, j = 1, 2, ... , f , 
i= 2 

n 

L miYSi ,j = 0, j = 1, 2, ... , f , 
i =2 

n 

L mi(xsiYSi,j - YSiXSi, j) + Jsi'Pi ,j = 0, j = 1, 2, ... , f , 
i=2 

(2.8) 

(2 .9) 

(2.10) 
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where x · · = Bxs; · · = ~ · · = £<Ei Si ,J 8qj , Ysi ,J 8qj , 'Pi,J 8qj · 

Equations (2.8), (2.9) and (2.10) are the general conditions for complete balancing of 
a arbitrary planar mechanism with multi-degree of freedom. 

By introducing the new vector z which contains functions of the variables Qj, the 
coordinates of the center of mass Si in the fixed coordinate frame { x, y} can be expressed 
as [3]. 

xsi = e*· +aTz 
xi i ' 

YSi = e;i +bf z, i = 2, 3, .. ., n, (2.11) 

where t he vectors ~ and b i contain components which are independent of q , e;i and e;i 

are constant parameters. Analog to the equations (2.11), the kinematic relationships for 
the links of the mechanism (i.e. loop equations) may be written in the form 

Cz = / , C = [C1, Cu]. (2.12) 

Here the matrix C and the vector f include the components which are geometrical pa­
rameters and independent of q. A partitioning of vector z from equation (2.12) 

z·= [ ~] ' (2 .1 3) 

leads to the following relation 
C1v + Cnw = f. (2.14) 

The matrix Cn is chosen so that it must be a square matrix and nonsingular. The 
dimension of vector w and the number of the loop equations are equal. By solving (2.14) 
with the vector of variables w, we have 

w = C/}(f- C1v). (2.15) 

By using equations (2.13) and (2.15), the coordinates of the center of mass Si and their 
partial derivatives can be expressed in terms of the reduced vector of variables v as 

where 

T hT XSi = exi + 9i v , YSi = eyi + i v , 
r8v r8v 

XSi,j = 9i -a ' YSi,j = hi -a ' 
Qj Qj 

T T T c-lc 9i =ail - ail! II J, 

* T 0-11 exi = exi +ail! II ' 

hT bT bT c-lc . 
i = il - ill II J, 

* bT a· -11 eyi = eyi + i II II · 

Substituting equation (2.17) into balancing conditions (2.8) and (2.9), we obtain 

(~ r) av (~ r) fJv Lmigi a,= 0, Lmihi a,= 0. 
i=2 qJ i=2 . qJ 

(2.16) 

(2 .17) 

(2.18) 

(2.19) 

(2.20) 
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Finally, the conditions for complete shaking force balancing t ake t he compact form 

(2 .21) 
i = 2 i =2 

In order to extract the conditions for the shaking moment balancing, some additional 
transformations are required. Substituting (2.16) and (2.17) into equation (2.10) , we have 

[t m i (exihT - eyign] :v +VT [t mi (gihT - hign] :v. + t Jsii.{Ji, j = 0. (2 .22) 
i=2 qJ i = 2 qJ i = 2 

By introducing the vector u 
n 

u = L m i ( exih[ - eyigT) 
i=2 

and the matrix S 
n 

i=2 

Equation (2 .22) takes the form 

r8v r8v ~ 
u ~ + v s~ + L.,, Jsi1Pi ,j = o. 

q] q] i=2 

If the vector z has the following form 

z = [cos <p2, cos <p3, ... , cos !.{Jn , sin <p2, sin <p3 , ... , sin 1Pn]T , 

the partial derivatives i.{Ji ,j can be expressed as 

(2 .23) 

(2.24) 

(2 .25) 

(2.26) 

i.{Ji ,j = Zi-lZ(n+i-2),j - Zn+i-2Z(i-l),j 1 i = 2, 3, .. . , n . (2.27) 

As can be seen from equation (2.27) , the third term in equation (2 .25 ) can be written in 
the matrix form as 

~ T 8z 
L.,, Jsi1Pi ,j = z D~, 
i=2 qJ 

(2 .28) 

where the matrix D contains the components which are independent of q. The matrix D 
can be partitioned in four sub-matrices corresponding to the vector of variables v und w 

as follows 

(2.29) 

(2.30) 
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By introducing t he vector u* 

u* = (C /} Jf (D21 - D22C/} 1) (2.31) 

and the matrix S* 

S* =Du+ (C/}C1f(D22C/}C1 -D21) -D12C/lC1 , (2 .32) 

equation (2 .25) takes the form 

T OV T OV 
(u + u*) -;::;- + v (S + S*)-;::;- = 0. 

uqj uqj 
(2 .33) 

Finally, the fo llowing conditions for complete shaking moment balancing are found from 
equation (2 .33) 

u +u* = 0, S + S* = 0. (2 .34) 

The described algorithm allows to derive t he balancing conditions (2.21) and (2.34) for 
planar mechanisms with multi-degree of freedom systematically. 

3. EXAMPLE 

In the following example we introduce t he application of t he balancing theory described 
above to a planar five-bar linkage with two degrees of freedom which is shown in Fig. 2. 
Five revolute pairs are required to connect the five links. The driving links are termed as 
link 2 and link 5 which are hinged to the ground link 1. 

¢3 

¢s 

¢4 

172 

x 

Fig. 2. A planar five-bar linkage 

First, we introduce the fixed coordinate frame { x, y} and the moving coordinate 
frame ffi, 77i} as shown in Fig. 2. The configuration of the manipulator is also prescribed 
by rotation angles tp2, tp3, 'P4 and 'P5 · The independent generalized coordinates q1 = 
tp2, q2 = 'P5 are chosen. The loop equations of the mechanism can be expressed in the 
form 

l2 cos 'P2 + l3 cos 'P3 + l4 cos 'P4 - l5 cos 'P5 = li , 
l2 sin 'P2 + l3 sin 'P3 + l4 sin 'P4 - l5 sin 'P5 = 0, 

(3.1) 
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where li denotes the length of the i-th link. According to equation (2.26) we choose the 
vector z with the following form 

The coordinates of the center of mass Si (i = 2, 3, 4, 5) in the fixed coordinate {x , y} 
are expressed in term of the vector z as 

xs2 = [ (s2 0 0 0 -r;s2 0 0 0 ] z , 

YS2 = t T/S2 0 0 0 ( s2 0 0 0 ] z, 
X53 = l2 ( 53 0 0 0 -r;s3 0 0 ] z, 
YS3 = [ 0 T/S3 0 0 l2 ~S3 0 0 J z, (3 .3) 
X54 = f l2 l3 ~S4 0 0 0 -r;s4 0 J z , 
YS4 = 0 0 T/S4 0 l2 [3 fa4 0 J z , 
X55 = l1 + [ 0 0 0 ( ss 0 0 0 -r;ss ] z , 
YS5 = [ 0 0 0 T/S5 0 0 0 (ss ] z, 

where (Si, T/Si are coordinates of Si in the moving coordinate frame {(i, r;i} . It can be 
shown that the loop equations in (3.1) have the form 

(3.4) 

The reduced vector of variables v and the vector of eliminated variables w are selected 
from the original vector z as follows 

v = [cos<p2 , cos <p3, c~s<p5, sin<p2, sin<p3, sin <psf, (3.5) 

(3.6) 

So, the matrix C1 , C/} and the vector f described in equation (2 .14) can be determined 

c = [ z2 t3 -ls o o o ] c -1 = ~ [ 1 o ] 1 = [ ti ] (3_7) 
I 0 0 0 l2 [3 -[5 ' II [4 0 1 ' 0 . 

With the known coordinates of the center of masses and the matrix C 1, C"[}, the vectors 
g i and h i can be determined according to equation (2.18) without any difficulty. Then, by 
substituting all t hese results into equations (2.21), we find six conditions for the complete 
shaking force balancing 

m2l4r;s2 - m4l2TJS4 = 0, 

m3l4TJs3 - m4l3r;s4 = 0, 

m4l5TJS4 + m5l4TJS5 = 0, 

m3l4(53 + m4l3 (l4 - (s4) = 0, 

m4l5(54 + m5l4~55 = 0, 

m2l4fa2 + rn3l4l2 + m4l2(l4 - ~S4) = 0. 

(3.8) 

(3.9) 
(3.10) 

(3.11) 

(3.12) 

(3.13) 
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For the purpose of the shaking moment balancing, four additional links are added to the 
· initial mechanism (see Fig. 3) . Note that they have no influence on the kinematic function 
of the initial mechanism. The basis of this solution was proposed in several previous studies 
[2], [3] . 

!;7 

Fig. 3. The planar five-bar linkage with four supplementary gear-pairs for complete shaking 
moment balancing 

Assumed that the mass centers of the gears 6, 7, 8 and 9 are located on the rotating 
axes (i .e. ~S6 = ~S7 = ~ss = ~sg = 0, 'r/S6 = 'r/S7 = rJss = 'r/S9 = 0) . While maintaining 
the shaking force balancing, the supplementary gear-pairs create additional balancing 
moments, thereby eliminating the shaking moment. According to Fig. 3, the constraints 
for t he gear-pairs are 

T2C/)2,j + T6C/)6,j = 0, 
r5cp5,j + r7cp1,j = 0, 
r3cp3 ,j + rstps,j - (r3 +rs) 'P2,j = 0, 
r4tp4 ,j + rgcpg,j - (r4 + rg) 'P5,j = 0, 

(3.14) 

where r i is t he radius of i-t h gear and j = 1, 2. Based on equation (2 .28) and the vector 
z given from (3.2) we can determine the matrix D = [dmn] as follows 

dl5 = -d51 = Js2 - -Js6 + 1 + - Jss, r2 ( r3) 
r5 rs 
r3 

d26 = -d52 = Js3 - - Jss, 
rs 
r4 

d31 = -d73 = Js4 - -Jsg , 
rg 

d4s = -ds4 = Js5 - - Js1 + 1 + - Jsg r5 ( r4) 
r7 r9 

and every other dmn = 0. 
By partitioning of the matrix D related to equation (2 .29) , we obtain the submatrices 

Du , D12 , D21, D22. Then, the vectors u and u*, the matrices S and S* are formulated 
by using equations (2.23), (2 .24), (2.31) and (2.32). Finally, according to equation (2 .34) 
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we find the following balancing conditions of the shaking moment for the mechanism with" 
additional links 

m3l2T/S3 = 0, 

m4l5TJS4 = 0, 

m5liTJs5 = 0, 

J S2 - ~ J SG + ( 1 + ~) J SS + (tr ( J S4 - ~ J 59) + m2 ( ~~2 + T/~2) 
+(m3 +m4)l~ + m4 (e)2 (~~4 +TJ~4) - 2 (i!) m4l2~S4 = 0, 

Js4 - ~: Jsg + C:) m3l4(s3 + m4 (d4 + T/~4 ) + m4 (l~ - 2l4(st1) = 0, 

Js4 - r
4 

Jsg + m4 (~~4 + T/~4) - m4l4~s4 = 0, 
Tg 

Js3 - ~Jss + (er ( Js4 - ~Jsg) + m3 (~~3 + T/~3) 
+m4l§ + m4 (er (~~4 + T/~4) - 2 ( e) m4l3~54 = 0, 

Js5 - 'f?;Js1 + (1 + ~) Jsg + (e)2 (Js4 - ~Jg) 
+ ( f) 2 

m4 (~~4 + T/~4) + m5 (~~5 + T/~5) = 0, 

T4 ( 2 2 ) [4 Js4 - -Jsg + m4 ~s4 + TJs4 + -l m5l4~s5 = 0. 
Tg 5 

(3 .15 ) 

(3 .16) 

(3 .17) 

(3.18) 

(3 .19) 

(3.20) 

(3 .21) 

(3 .22) 

(3 .23) 

Furthermore, the above equations can be simplified by inserting (3.20) into the remain­
ing equat ions. The obtained conditions become to be independent of Jsg. After assigning 
rg = 0, we get t he reduced conditions for the complete shaking moment balancing 

Js3 - ~: Jss + m3 (d3 + T/~3) + C:) (m4l4 l3 - m4(s4l3) = 0, 

Js4 + Js5- ~~ Js1+m4 (d4+TJ~4)-m4(s4l4+ C:)m4~s4l5 +~5(d5+TJ~5) = 0, 

m4l5~54 + m5l4~s5 = 0. 

4. DISCUSSION AND CONCLUSIONS 

(3 .24) 

(3 .25) 

(3 .26) 

(3.27) 

(3 .28) 

(3.29) 

As it can be seen from the above obtained conditions, the shaking moment of the 
mechanism can be completely balanced without using the gear-pair (4) and (9). Note that 
condit ions (3.24) , (3 .26) , (3.29) of the shaking moment balancing are fulfilled with five 
conditions (3.8) - (3.12) of the shaking force balancing. 



212 Nguyen Van Khang, Nguyen Phong Dien, Pham Van Son 

Conditions for the shaking force balancing (3 .8) - (3.12) can be satisfied by internal 
mass redistribution or adding counterweights mounted on the links. These conditions 
will be used to determine the size and the location of the counterweights. In practice, 
conditions (3.25), (3.27), (3.28) may give the design guidelines for the shaking moment 
balancing of the mechanism with supplementary links . 

The example has demonstrated that t he proposed balancing theory can be appropri­
ately used for deriving the balancing conditions of planar mechanisms with multi-degree 
of freedom. It is advantageous for application of the widely accessible computer algebra 
systems. 
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c.A.c DIEU KI~N c.A.N BANG cuA ca c.A.u PHANG 

NHIEU B-4.C TV DO 

Bai bao nay gi&i thi$u m<}t phuang phap m&i de thiet l~p cac dieu ki$n can bang ctia 
CCY cau phii.ng nhieu b~c tv do . Phuang phap nay co U'U diem la thich hqp v&i vi$c ap 
di,mg cac clmang trlnh dsi-i so Computer dang su di,mg n;mg rai nlm MAPLE. Cac h~ thuc 
can bang l\fC quan tinh va mo men l\fC quan tfnh cJia m(>t CO' cau phii.ng nam khau dll'Q'C 
trlnh bay trong m<?t thi dl,1 ap dl,1ng. 


