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ABSTRACT. The energy dissipated per cycle due to the hysteresis damping is one of 
the criteria for determining the vibration system. The experimental results reveal that the 
energy dissipated per cycle increases versus the cycles to fatigue of the rotating-beam steel 
specimen. 

1 Int roduction 

To determine the energy dissipated per cycle of t he rotating-beam steel specimens, we 
manufactured and performed the experiments on an electromechanical system as shown 
in Fig. 1. The electromechanical syst em consists of a DC motor, a flexible coupling, a 
revolution counter , bearing housings, ·a ·hydraulic jack, and t he specimen . In t he elec­
tromechanical system, the turning on t he motor rotates t he specimen, and under t he load 
from the hydraulic jack, the specimen is applied a pure bending moment. As t he specimen 
rotates at a point on its outer surface the bending stress varies cont inuously from maxi­
mum tension to maximum compression. Thus this electromechanical system is a type of 
the rotating-beam fatigue-testing machine. The specimen is a fat igue-test ing specimen. 

To evaluate the fat igue failure, we can base on one of the following fat igue criteria: the 
stress-strain criterion, the energy criterion, and the fatigue crack criterion. 

In other words, according to vibration of com-
pliant mechanisms we can consider the speci­
men as a forced vibration system with hysteresis 
damping. By measuring its vibration signals, we 
can determine its response and the energy dis­
sipated per cycle. The amount of energy dissi­
pated per cycle equals the area of the hysteresis 
loop, and t he hysteresis loop relates to the fa­
tigue strengt h of the specimen [4] . 

This paper presents the basis of theory and 
the experimental method for determining the 
change in t he energy dissipated per cycle versus 
the fatigue cycle of the specimens in a rotating­
beam fatigue-testing machine. 
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Fig. 1. The fatigue testing machine 



2 Basis of theory 

2.1 What is damping 

A structure subjected to oscillating deformation contains a combination of kinetic and 
potential energy. In the case of real structure, there is also an energy dissipative element 
as some of the energy is lost per cycle of motion. The amount of energy dissipated is a 
measure of the structure's inherent damping. In simple terms, damping is the conversion 
of mechanical energy of a vibrating structure into thermal energy, which is their lost 
to the structure's environment . There are many kinds of damping, such as Coulomb 
damping, viscous damping, hysteresis damping (structural damping), air damping, joint 
damping, magnetic hysteresis damping and piezoelectric damping. The most common kind 
of damping employed to solve noise and vibration related to fatigue strength is hysteresis 
damping . 

2.2 Hysteresis damping 

We consider the case of hysteresis damping which is 
sometimes referred to a structural damping . The in­
fluence of this type of damping can be seen in the 
vibration of solid material, especially metals . In gen­
eral, solid are not perfectly elastic, when they vibrate, 
there is an energy dissipated due to internal friction, 
as result of the relative motion between particles of 
the solid during deformation. It was observed that 
there is a phase lag between the applied force F and 
the displacement x, as shown by the hysteresis loop 
in Fig. 2. It is clear from the figure that the effect of 
the force does not suddenly disappear when the force 
is removed. 

F 

Fig. 2. Hysteresis loop 

The energy dissipated per cycle can be obtained as the enclosed area in the hysteresis 
loop, and can be expressed mathematically using the following integral : 

6E = J Fdx. (2.1) 

In system with hysteresis damping, the energy dissipated per cycle of motion is : 

6E = KkhX 2
, (2 .2) 

where X is the amplitude of motion during one cycle , h is the hysteresis damping coeffi­
cient , k is the stiffness of spring or system. 
In system with viscous damping, the energy dissipated per cycle of motion is: 

(2 .3) 

where Cv is the viscous damping coefficient, w is the forced frequency, rad/s 
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From Eqs. (2.2) and (2 .3) , we have t he equivalent viscous damping coefficient for t he 
hysteresis damping: 

hk 
(2.4) Cv = - . 

w 
The hysteresis damping coefficient cannot be simply specified for a given material. It is 
a function of geometry as t he material. The hysteresis damping is significantly different 
from viscous damping in t hat t he energy dissipated per cycle for hysteresis damping is 
independent of the forced frequency, whereas t he energy dissipated per cycle increases 
with the forced frequency for viscous damping. 

2 .3 Complex representation 

The use of complex algebra provide an alterative method to t he solution of the different ial 
equation governing the forced response of t he systems subj ect to harmonic excitation. It 
can prove to be less tedious t han the use of t rigonometric solution. 

Recall t hat if Q is a complex number, it has representation: 

where Qr = R e(Q) is t he real part of Q, Qi = Im(Q) is the imaginary part of Q. 
The complex number also has the polar form 

where A is t he magnit ude and </> is the phase angle of Q. 
Euler's ident ity: 

ej ef> = cos </> + j sin </> 

leads to 

A = JQ;+Q~, 

¢ = tan-
1 ( ~: ) . 

(2 .5) 

(2.6) 

(2.7) 

(2.8) 

(2 .9) 

The equation governing t he motion of a system with viscous damping subject to a single 
frequency sinusoidal excitation can be written as 

.. 
2

c . 2 _ Fo jwt 
x + .,,wnX + wnx - -e , 

m 

where w is t he excitation frequency, rad/s. Wn is t he natural frequency, rad/s: 

(2 .10) 

(2.11) 

where k is t he stiffness of t he system, m is t he mass of t he system, kg. F0 is the magnit ude 
of t he excitation F (t ), N. ~ is t he viscous damping ratio. 

(2.12) 
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A solution of Eq. (2.10) is assumed as 

x(t) = H ejwt , (2.13) 

where H is complex. 
By substituting (2.13) into (2.10) leads to 

H= Fa . 
m(w~ - w 2 + 2j~wwn) 

(2 .14) 

Equation (2.14) can be rewritten by using the definition of the frequency ratio r = w/wn: 

H= Fa 
mwn[(l - r 2) + 2j~r] 

H = Fa[(l - r 2
) - 2j~r] 

mw~[(l - r 2)2 + (2~r)2] . 

From Eqs . (2.8) and (2.9), H can be written as 

where 

and 

The system response is 

H = X e- j</> 
' 

_ 1 2~r 
¢ = tan (- -

2
). 

1 - r 

x(t) =Im(xe- j</>ewt ) = Xsin(wt - ¢). 

(2 .15) 

(2.16) 

(2.17) 

(2.18) 

(2 .19) 

From Eqs . (2.4) and (2 .10) , the equation governing the motion of a system with hysteresis 
damping subject to a single frequency harmonic excitation can be written as 

mi+ hk x + kx = Faejwt , 
w 

(2 .20) 

where w is the excitation frequency, rad/s. Assumption of a solution of the form of 
Eq. (2.13) leads to 

H= Fa . 
- mw2 + k(l + jh) 

(2 .21) 

Let 
k = k(l + jh) (2 .22) 

be complex stiffness or complex damping. Thus the forced response of a system with 
hysteresis dam ping can be modeled as a system with the com pl ex dam ping of k = k ( 1 + j h). 
Equation (2.20) becomes 

(2 .23) 
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Similar to the calculation above, we have the response of Eq. (2 .23): 

where 

and 

H = Fa ( 1 - r 2
) - j h 

mw2 (1 - r 2)2 + h2' 

H = Xe - J¢ 
) 

X = Fa 1 
mw2 J(l _ r2)2 + h2 

- 1 ( h ) ¢ = tan --
2 

. 
1 - r 

(2 .24) 

(2.25) 

(2 .26) 

(2.27) 

Comparing Eqs. (2 .24) , (2.26) and (2.27) with Eqs. (2.15), (2.17) and (2 .18), respectively, 
it is evident that the steady-state response provided by the hysteresis damping is identical 
to that with the viscous damping if the hysteresis damping coefficient has the value: 

(2 .28) 

when r = :;:n = 1, if the system truly possesses linear viscous damping, the hysteresis 
loop will be an ellipse as shown by the dashed line in Fig. 3. In this case, the maximum 
damping force is 

From (2 .29) , we can determine t he viscous damping ratio: 

Fa 
~ = 2mw2 X 

From Eq. (2 .1), the energy dissipated per cycle: 

where Xis determined from Eq. (2 .17) . 
From (2.31) , we can also determine the viscous damp­
ing ratio ~ and the viscous damping coefficient cv is 
calculated from (2 .12). 
If damping is not of linear viscous damping, the hys­
teresis loop will not be elliptical. It will be of a dif­
ferent shape as illustrated by the solid line in Fig. 3. 
In t his case, the response x ( t) will be a distorted har­
monic , even though the applied excitation remains a 
pure harmonic. The energy dissipated per cycle is: 

/:::;.E = 27r~eqmw2 X 2 

(2 .29) 

(2 .30) 

(2.31 ) 

x 
-4----~ 

Fig. 3. Actual and equivalent 
damping energy per cycle 

(2 .32) 

and from (2.32), we can determine the equivalent damping ratio: 

/:::;.E 
~eq = -27r_ m_w_2_X_ 2 

(2.33) 
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In the case of hysteresis damping, the energy dissipated per cycle is 

(2.34) 

where Xis determined from (2 .26) . Comparing Eq. (2.34) with Eq. (2 .31) reveals that the 
energy dissipated per cycle for hysteresis damping is independent on the forced frequency, 
but the energy dissipated per cycle is dependent on the forced frequency for viscous damp­
ing. 

2.4 The energy criterion 

According to the fundament als of fatigue theory, the energy criterion is one of the fatigue 
criteria. 
C.E. Feltner and J.D. Marrow state that the beginning of the fatigue failure will happen if 
the sum of the energy dissipated equals to the work due to the deformation for the static 
load. 

From Fig. 4 , the sum of the energy dissipated after the number of cycles of stress N 
will be written as 

6 c: 

Esum = 2N J O"dE, 

0 

(2.35) 

where CJ" is the stress , dE is the strain, N is the cycles of stress 

3 Experimental method 

3.1 Experiment set up 

The purpose of the experiment is t o detect the change 
in the energy dissipated per cycle due to hysteresis 
damping of the rotating steel specimen in the rotating 
beam fatigue testing. Several techniques are used to 
qualify the level of damping in a specimen or structure: 

• Half-Power Bandwidth method. 

• Amplification Factor Method. 

• Log Decrement Method. 

• Hysteresis Loop Method. 

ds 

E 

Fig . 4. Hysteresis loop for energy 

criterion 

To determine the energy dissipated per cycle due to hysteresis damping, we use hysteresis 
loop method for performing the experiment . 
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The specimens were made from AISI 1045 steel with the following chemical composition 
(3) : C = 0.45 , Si = 0.30 , Mn = 0.70, S = 0.04. The mechanical parameter of this steel 
is tensile strength = 650 N /mm2

. The shape and dimension of the specimens are given in 
Fig. 5. The fatigue testing machine is shown in Fig. 1 above. 

The experiment conditions for each sample are constant such as the applied force, the 
speed, and the measurement method. The sample time is 105 revolutions of the specimen. 
The schematic of measuring device system is shown in F ig. 6. It consists of the following 
devices : 

• Load cell + Dynamic force signal converter. 

• Revolution counter. 

• Proximity probe + Driver + Power supply. 

• Amplifier and Filter sets. 

• FFT (Fast Fourier Transformer) . 

• A computer. 

till! n 1,:1. ; ,, , 
f' 0\VU >'UJlply 

~ 
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£1::i; r$:· ~!~~: 
L01td c.U 

t 
H)•dnmlJ<' 
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Fig. 5. The specimens Fig. 6. The schematic of measuring device 

system 

3.2 The measurement method 

The measured data were displayed on the FFT: 

• Channel A: the displacement signal of the rotating specimen (measured by the prox­
imity probe) as shown in Fig. 7. 

• Channel B: the dynamic force signal as shown in Fig. 8. 

• Combine these two signals , we obtain the hysteresis loop as shown in Fig. 9. 

• The measurement data are t ransmitted to the computer. 

• By using the software as shown in Fig. 10, the area of the hysteresis loop is deter­
mined. 
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Note t hat t he hysteresis loop area = t he energy dissipat ed per cycle. 

Fig. 7. Displacement signal Fig. 8. Force signal 

Tht }ifrtel'l!li> loop ma:: 3189 .4916 

Fig. 9. Hysteresis loop Fig. 10. The hysteresis loop area calculated by software 

3.3 Exp erimental re sults 

In order to evaluate the change in t he energy dissipated per cycle of t he specimen versus 
the number of the cycle to fatigue, we construct ed t he plot t hat shows the relative energy 
dissipated per cycle 6.D versus t he cycles t o fatigue N . 

where 6.Eo is the energy dissipated per cycle spent t he number of cycle No = 0. 6.Ei is 
the energy dissipated per cycle spent t he number of cycle Ni· 

The way in which the energy dissipated per cycle changes depending on the number of 
fatigue cycles was performed for several specimens applied t o t he different forces, and the 
various speed. For illustration we present some experimental results as shown in Fig. 11 , 
and in the following Table 1: 
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Table 1 

Specimen Applied force Speed Channel A Channel B No of cycles 
1 35 KG 1000 rpm AC/ lv AC/ lv 25 x 105 

2 32 KG 1100 rpm AC/ 0.5v AC/ 0.5v 30 x 105 

3 32 KG 1500 rpm AC/ 0.5v AC/ 0.5v 28 x 105 
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Fig. 11 . The change in the energy dissipated 
per cycle vs number of fatigue cycle 

Fig. 12. The change in the hysteresis 
loop vs number of fatigue cycle 

Fig. 11 shows the change in t he energy dissipated per cycle versus the number of fatigue 
cycles of the specimen 1, 2, and 3 labeled series 1, 2, and 3, respectively. Fig. 12 presents 
the change in the shape and t he area of the hysteresis loop depending on the number of 
fat igue cycles N, such as the curve 1: N = 6 x 105 revolutions , 2: N = 10 x 105 revolutions , 
3: N = 22 x 105 revolutions, 4: N = 29 x 105 revolutions of the specimen 2. 

The experimental results reveal that the energy dissipated per cycle increases corre­
sponding to t he number of t he fatigue cycles, and the hysteresis loop has also been related 
to the fatigue cycles. This can be explained as the following reason: 

• When the specimen rotates t here is an energy dissipation due to internal friction , as 
result of the relative motion between particles of the steel during deformation. 

• When the specimen rotates, its stresses and strains are variable with time. Thus, 
t heir relation for the hysteresis damping of the specimen should include rates of 
change . This leads to t he energy dissipated per cycle due to the hysteresis damping 
varies with time. 

4 Conclusions 

This work leads to the following conclusions: 

• The energy dissipated · per cycle increases depending on t he number of the fatigue 
cycles. It rises sharply from the last time in the life of the specimens . 
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• The law's change in the energy dissipated per cycle of the specimen is used for 
evaluation of the fatigue state, providing the values of the structural damping (hys­
teresis damping) coefficient , and diagnosing the working life of rotating shaft in a 
electromechanical system. 

This publication is completed with financial support from the National Basic Research 
Program in Natural Sciences 
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SU Dl)NG Hi;; co DI$.N DE KHAO SAT sv ANH HUONG CUA Hli;;N TUQNG MOI 
LEN TON THAT NANG LUQNG TRONG MQT CHU KY DO CAN KET CAU 

Ton that nang lm;mg trong m9t chu ky do can ket cau la m9t trong cac chi tieu de 
tfnh toan cac h~ dao d9ng. Cac ket qua nghien cuu ve th\J.'C nghi~m cho thay rang anh 
hu(mg cua hi~n tm;mg moi lam tang ton that nang luqng t rong m9t chu ky theo so chu 
ky pha huy moi cua mau thf nghi~m bang thep. Ta c6 the ap dvng ket qua nghien cuu 
nay de danh gia tn;mg t hai moi, tuoi th9 con li;i.i va chan doan ky thu<%.t doi v&i mau hay 
trvc may. 
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