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ON THE ELASTOPLASTIC STABILITY PROBLEM 
OF THE THIN ROUND CYLINDRICAL SHELLS 

SUBJECTED TO COMPLEX LOADING 
PROCESSES WITH THE VARIOUS 

KINEMATIC BOUNDARY CONDITIONS 
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Hanoi National University 

ABSTRACT. In this paper, the elastoplastic stability of cylindrical shells simultaneously 
subjected to compression force along the generatrix and external pressure has been pre­
sented. Two types of considered kinematic boundary conditions are simply supported and 
clamped at the butt-ends. The expressions for determining the critical forces by using the 
Bubnov-Galerkin method [3] have been established. The sufficient condition of extremum 
for a long cylindrical shell also is considered. Some results of numerical calculation have 
been also given and discussed. 

1 Stability problem 

Let's consider a thin round cylindrical shell of length L, radius R and thickness h. We 
choose a orthogonal coordinate system Ox1x2x3 so that the axis Ox1 belonging to t he . 
middle surface and lying along the generatrix of the shell , x2 = R(h with 81-the angle of 
circular arc and X3 in the direction of the normal to the middle surface. 

Assume t hat a material of shell is incompressible and shell is subjected to the compres­
sion force p(t) along the generatrix and external pressure q1(t) which depend arbitrarily 
on a loading parameter t. One of t he main aims of the stability problem is to find t he 
moment t* when the instability of the structure happens and respectively the critical loads 
p* = p(t*), qi = q1 (t*). Suppose t hat the unloading does not happen in the structure. We 
use t he criterion of bifurcation of equilibrium state to investigate the proposed problem. 

An investigation of the elastoplastic stability problem is always made two parts: pre­
buckling process and post-buckling process . 

1.1 Pre-buckling process 

Suppose t hat at any moment t there exists a membrane plane stress state in the cylindrical 
shell 

0'11 = - p(t ) = - p; 

T hus 

R 
0'22 = -q1(t) - = - q(t) = -q, 0'12 = 0'13 = 0'23 = 0'33 = 0. (1. 1) 

h 

p+q 
---

3 
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Components of the strain velocity tensor determined according to the theory of elasto­
plastic processes [1 J are of the form 

1 1 1 . 
in= N( -p+ 2q) -Q(s,t) (p- 2q) , 

i22 = ~(-q+ ~p)-Q(s,t) (q - ~p) , 
i33 = - (in + i22), i12 =l i13 = i23 = 0, 

where 

. . 1 . 1 . 
1 1 pp+ qq - -pq - -pq 

Q(s, t) = ( </>' - N) p2 - P~ + q2 2 ' ¢' = ¢'(s) , N= O'u. 

s 

The arc-length of the strain trajectory is given respectively by the formula 

ds 2 ( .2 . . ·2 ) 1/2 _ F( ) 
dt = J3 En + c:nc:22 + c:22 = s, t . 

(1.2) 

(1.3) 

So, we can determine, from equations (1.1) --;- (1.3) associating with boundary conditions 
and the equilibrium equations, ~tress and strain states at any point M in the cylindrical 
shell at any moment of the prebuckling process. 

1.2 Post-buckling process 

As shown in [1, 4] , the system of stability equations of the cylindrical shell is written in 
the form 

84rp 84rp 84 rp N 82 8w 
/31 £l 4 + {33 8 23 2 + {35 £l 4 + R ~ ~ 0, 

u x 1 X 1 X2 u X2 uXl 
(1.4) 

848w 848w 848w 9 ( 828w 828w 1 8 2rp) 
a1!=l4+a38 23 2+a5~+Nh2 p~+q~ - R~ = 0, 

uX1 X1 X2 u X2 UX1 u X2 u X1 
(1.5) 

where the coefficients ai, /3i (i = 1, 3, 5) are calculated as follows 

l(N ) (2q - p)
2 

i-1+- - - 1 /3 - 4 ¢' p2 - pq + q2 ' 

{33 = 2 + ~ (N - 1) (2p - q)(2q - p) ' 
2 ¢' p2 - pq + q2 

1 (N ) (2p - q) 2 

{35 = 1 + 4 ¢' - 1 p2 - pq + q2 ' 

. 3 ¢' p2 
a1 = 1 - 4 ( 1 - N )P -~2 -_-p_q_+_q...,,.2 ' 

a3 - 2 - ~ (1 - ¢/) pq 
- 2 N p2 - pq + q2 ' 

3 ¢/ q2 
a5 = 1 - 4 ( 1 - N) p2 - pq + q2 . (1.6) 
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In order to solve the stability problem of the cylindrical shell , we consider two types of 
kinematic boundary conditions following 

* t he shell is simply supported at the planes x1 = 0 and x1 = L 
* the shell is clamped at the planes x1 = 0 and x1 = L . 
Hereafter we will study the solution of these two stability problems 

2 Solving the elastoplastic stability problem of simply sup­
ported cylindrical shell 

We find the solut ion 6w which satisfies the mentioned boundary condit ions in t he form 

M M 
~ ~ . m7rxi . nx2 

6w = L..t L..t Amn sm - L- sm R · 
m=in=l 

(2.1) 

. . . m7rx1 . nx2 
It is easy to see that the system of functions 6wmn = sm -L- sm R is linearly 

independence. 
Substituting this expression into (1.4), we can obtain the particular solution <.p as 

follows 
M M 
~ ~ . m7rxi . nx2 

<.p = L..t L..t Bmn sm -L- sm R , 
m=l n=l 

(2 .2) 

where 

N(m7r)2 [ (m7r)4 (m7r)2(n)2 (n)4] - l Bmn = R L Amn f31 L + {33 L R + {35 R · (2 .3) ' 

Now we pass to find the expression determining the critical forces by the Bubnov-Galerkin 
method. For doing that, one need to realize the following steps: 

a) Substituting the expressions of ow and <.p from (2.1) , (2.2) into (1.5). 
b) Multiplying both sides of that stability equation by 

. . 
OW ··= sin i7rXl sin JX 2 · 

iJ L R 

c) Integrating the received just equation following x1 and x2. 
Finally, we reach 

L 2JrR 

J J { 84ow 84ow 84ow 9 ( 82ow 82ow) 
o:i Bxf + 0:

3 BxiBx§ + 0:
5 Bx~ + h2 N P Bxr + q Bx§ 

0 0 

9 82<.p} . i7T'X1 . j X2 
- h2NRBx2 sm L smRdx1dx2 = 0 (i,j = 1,2, ... ,M). 

1 

For taking this integral, it needs to use the result 

JL 2j1rR . m7rX1 . i7rX1 . nx2 . jx2 {O with mi= i, n i= j 
sm - - sin -- sin - sin -dxidx2 = 1 

L L R R - 7r RL with m = i, n = j . 
0 0 2 
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After series of calculations, the relation (2 .4) gives us 

7rRL{a (m7r.) 4 . (m7r)2(n)2 (n)4 __ 9 [ (m7r)2 (n)2] 
2 1 L + a3 L R + a 5 R h2 N p L + q R 

9 (m7r) 4[ (m7r)4 (m7r)2(n)2 (n)4] - l} + h2 R2 L . /31 L + /33 L R + f35 R Amn = 0. (2.5) 

Taking into account the existence of non-trivial solution i. e. Amn # 0, we receive the 
expression for determining critical loads 

( m7r)2 (n)2 _ h2N{ (m7r)4 (m7r)2(n)2 (n)4} p - + q - - -- 0:1 - + 0:3 - - + 0:5 -
L R 9 L LR R 

N (m7r) 4{ (m7r) 4 (m7r) 2 ( n) 2 ( n ) 4}- 1 + R2 L (31 L + (33 L R + !35 R . (2.6) 

Noticing that the relation (2 .6) coincides with one established by another method in [1 , 4]. 
. 2 (m7rR)2 . 3R . . . . 

By puttmg 'ljJ = n , 8 = nL , i = h ' the relation (2.6) is wntte~ m the form 

2 ( 0:5 ) ( j35 ) .2 N'ljJ 0:18 + 0:3 + e f318 + (33 + 7i 
i = ---------~----

( p + ~) (/318 + /33 + ~5 
) 'ljJ - N 

(2.7) 

M . . . . h" . . 8i2 0 8i2 0 f 1 1 . m1m1zmg t lS expression, i.e. a'ljJ = ' ae = ' a ter some ca cu at10ns we get 

'l/J= 2N 

(p + ~) (/318 + j33 + ~5 ) 
(2.8) 

( 0:1 - ;g) (/318 + /33 + ~5 ) - (/31 - ~~) ( 0:18 + 0:3 + ~5 ) + 

(q q) ( a,e + "' + ~5 ) (il1B + 13, + ~5 ) ~ o (2.9) 
82 P + e 

Substituting the values (2.8) and (2.9) into (2.7) we have 

i2 - 4N282 { [1 - ~(1 - <// ) P2 ]82 + [2 - ~(1- <// ) pq ]8 + 
- (p8 + q) 2 4 N p2 - pq + q2 , 2 N p2 - pq + q2 

3( ¢/) q2 } {[ l(N ) (2q-p)
2 

] 2 1-- 1- - . 1+- - - 1 e + 
4 N p2 _ pq + q2 4 <// p2 _ pq + q2 

[2+~(N - 1) (2q -p)(2p-q)]8+ 1+~(N - 1) (2p-q)2 }- 1. (2.10) 
2 </>' p2 - pq + q2 4 ¢/ p2 - pq + q2 

where e is a solution of the equation (2.9). 
Applying the loading parameter method [1], we solve simultaneously the equation (1.3) 

and (2.10). After finding the critical value t* , we can determine the critical forces as follows 

p* = p(t*), q* = q(t*) . 
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For long cylindrical shells, i.e. 'I/; = 1, () « 1, see [2], we deduce from (2.7) 

·2 Nas/3s 
'/, = - -----

(p() + q)f3s - N ()2 (2.11) 

{) ·2 

Minimizing t he expression of i 2, i.e. aie = 0, gives us 

() = p{35 = () . 
2N * 

Now consider t he sufficient condit ion of extremum [5] 

82i 2 . 2as/3sN2 

8 ()2 I B=B. = (p2 /3g ) 2 . 
4N + q/35 

Because 

a5 = 1 - ~ (1 - </>' ) q
2 

= ('2p - q )
2 

+ ~ </>' q
2 

> 0 
4 N u 2 4u 2 4 N u 2 ' u u u 

/3 
_ ~ ( N _ ) (2p - q)2 _ 3q2 ~ N( 2p - q)2 

5 - 1 + 4 ,/../ 1 2 - 4 2 + 4 </>' 2 > 0. 
~ O"u O"u O"u 

So ~
2

;: lo=B. > 0, t he sufficient condit ion of minimum is satisfied. 

Substit ut ing t he values of a 5 , {35 and()=()* into (2.11) we obtain 

4N2 [1 
3 

(1 </>') q
2 

. ] 
·2 4 N p 2 - pq + q2 '/, = ---------=--~-~~ 

2 [ l( N ) (2p- q)2 ] 
p 1 + 4 q/ - 1 p2 _ pq + q2 + 4N q 

(2.12) 

3 Solving the elastoplastic stability problem of clamped cylin­
drical shell 

The kinematic boundary condit ions of t he clamped shell at t he planes x1 = 0 and x 1 = L 
are satisfied completely by choosing 

M M "°' "°' ( 2m 7rx1) . nx2 8w = ~ ~ Drnn 1 - cos L sm R · 
m = l n =l · 

(3.1) 

Using t he expression of 8w and t he equation (1.4) we can find the part icular solut ion cp in 
t he form 

M M "°' "°' 2m7rx1 . · nx2 
cp = ~ ~Emncos L smR, 

m = l n =l 

(3 .2) 

15 



where 

E __ N(2m7r)2 [ (2m7r)4 (2m7r)2(n)2 (n)4]-1 
mn - R L Dmn f31 L + (33 L R + (35 R . (3 .3) 

In order to apply the Bubnov-Galerkin method, we need to verify the linearly independence 
of the system of functions in the (3.1). 

Lemma. The system of functions 

( 
2m7rx1) . nx2 

8wmn = 1 - cos L sm R (m, n=l , 2, ... ,M) 

is linearly independence. 

Proof. Let 's consider a linear combination 

M M 

LL /mnbWmn = 0 V X1 E [O, L], \i X2 E [O, 27rR] . (3.4) 
m =l n =l 

Multiplying both sides of (3.4) by sin J~2 (j = 1, 2, . .. , M) and integrating the received 

expression with respect to x2 on the segment [O, 27r R], we have 

Since 

2rrR . {O 
. JX2 J 8wmn sm -R dx2 = ( 2m7rx1) 

0 KR 1 - cos L 

Thus the relation (3.5) becomes 

with n i= j 

with n = j. 

(3.5) 

M 

7rRL / mj(1-cos
2
m;x1)=0 Vx1E[O, L], Vj=l,2, .. . ,M. (3 .6) 

m=l 

For demonstrate / mj = 0 V n , j = 1, . . . , m , we choose 

L L L 
XI= 2 ' x1 = 4 ' ... 'xi = 2M . 

Substituting in turn these values of x1 into (3.6) , we receive 

/Ij = 0, /2j = 0, . .. , /Mj = 0 V j = 1, 2, ... , M . 

This leads to / mj = 0 \im,j = 1, 2, . . . ,M. 
This result demonstrates that the system of functions 8wmn is linearly independent. 

So the lemma is proven. 
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From the chosen system of functions , we can use the Bubnov-Galerkin method to get 

(3.7) 

For taking this integral, first of all substituting ow and <p represented by (3 .1) and (3.2) 
into (3.7), afterwards integrating that received expression, we will obtain a system of linear 
algebraic equations with the unknowns Dij written in the matrix form as follows 

[aij][Dij] = 0, i, j = 1, 2, ... , M . 

Because of the condition on the existence of non-trivial solution i.e. Dij #- 0 then the 
determinant of the coefficients of Dij must be equal to zero 

det[aiJl = 0, i, j = 1, 2, ... , M. (3. 7a) 

Associating this expression with (1.3) and by using the parameter method, we can find 
the critical value t* of the loading parameter and the critical forces p*, q* . 

Note that the development of the determinant ( 3. 7 a) in general case is mathematically 
complicated, therefore we will take the solution in the first and second approximations 

a) The first approximated solution: we choose ow and <p in the form 

( 2m7rx1) . nx2 ow = Dmn 1 - cos L sm R 
N(2m7r)2 2m7rx1 . nx2 

_ R L DmnCOS L smR 
<p - - (2m7r)4 (2m7r)2(n)2 (n)4 !31 - + {33 - - + {35 -

L L R R 

Substituting ow, <p into (3 . 7) and taking that integral, gives us 

1 { (2m7r)4 (2m7r)2(n)2 (n)4 9 [ (2m7r)2 (n)2] 27r RL a1 L + a3 L R + 3a5 R - h2 N p L + 3q R 

9 (2m7r)4[ (2m7r)4 (2m7r)2(n)2 (n)4] -l} + h2 R2 L f31 L + {33 L R + {35 R Dmn = 0. 

Because of the existence of non-trivial solution i.e. Dmn #- 0, yields a relation for finding 
critical loads 
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U . . c 2 (2m7rR)2 3R ( ) smg notat10ns .,, = n , rJ = -- , i = - , the equation 3.8 is written in the form 
Ln h . 

i 2 = Ne ( a1'f/ + a3 + ~) (!311/ + (33 + ~) 
~(p+ ~q)(f31'f/+f33+~5 )-N 

8i2 8i2 

Minimizing this relation i.e. {)~ = 0, O'f/ = 0, after some calculations we have 

(3.9) 

(3 .10) 

(3.11) 

Substituting the values of~ and 'f) in the expressions (3.10), (3.11) into (3.9) , gives us 

.2 4N2'f/2 { [ 3 ( ¢') p2 ] 2 [ 3 ( ¢') pq ] 
i = (p'f/ + 3q) 2 1 - 4 1 - N p2 - pq + q2 'f/ + 2 - 2 1 - N p2 - pq + q2 'f/ 

[ 3( ¢') q
2 

]} {[ l(N ) (2q-p)
2

] 2 +31-- 1-- . 1+- --1 'f) 
4 N p2 _ pq + q2 4 </>' p2 _ pq + q2 

+ [2 + ~ (N - 1) (2q - p)(2p - q)]'f/ + 1 + ~ (N - 1) (2p- q)2 } - 1 (3.12) 
2 </>' p2 - pq + q2 4 </>' p2 - pq + q2 ' 

where 'f) is a solution of the equation (3~11). 
In order to reach a values of critical loads, we need to solve simultaneously the equation 

(1.3) and (3.12) by applying the loading parameter method [1] . After determining the 
critical value t*, we can find the critical forces as follows 

p* = p(t*) , q* = q(t*). 

Now consider an interesting case. It is a long cylindrical shell. Based on [2] , we have 

~ = 1, 'f) « 1, (3.13) 

Di2 

The minimization of the relation (3.13),i.e. O'f) = 0, yields 

pf35 * 
1)=-=1) 2N . 
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And again 

(3.14) 

[)2i2 
Since 0:5 > 0, f35 > 0 then -

8 2 I _ • > O; The sufficient condition of minimum is satisfied. r; 7)- 7) 

Taking into account 0:5, j35 , r;*, the relation (3.13) is written in the form 

3 ¢' q2 12N2 [1 - - (1 - - ) ] ·2 4 N p2 - pq + q2 
i = --------~~--=-"""~~-~ 

p2 [1+~(~ -1) 2(
2p-q)2 

2] +12Nq 
4 'f' p - pq + q 

b) The second approximated solution: We take the solution as follows 

where 

Dn = - ~ c;r [!31 c;r + f33 (2;)2 (~)2 + f35 (~)4] -
1 

Dn , 

D21 = - ~ (4;)2[!31(4;)4 +f33(4;)
2

(~)
2 

+f35(~)4] -
1

D21 .. 

(3.15) 

(3.16) 

(3 .17) 

Substituting (3.16) into (3. 7) and taking this integral, we obtain a system of two linear 
algebraic equations with the unknowns Dn , D21· From the condition Dn i- 0, D21 i- 0 
we have the relation which permits to determining the critical loads 

{( 211")4 (211")2(1)2 (1)4 9 [(27r)2 (1)2] L al + L R 0:3 + 30:5 R - h2 N L p + 3q R + 
9 (211")4 

h2R2 r; } {(47r)4 (411")2(1)2 
!31(2;)4+ f33(2;)2(~)2+f35(~)4. L a1+ L R a3+ 

9 (411")4 
( 1 )4 g [(411")2 ( 1 )2] h2Jli r; } 30:5 R - h2N L p+

3
q R + (411")4 (411")2( 1 )2 ( 1 )4 /31 - + f33 - - + f35 -

L L R R 

[ (1)4 18q ]2 
- 2 R as - h2 R2 N = 0. (3.18) 

4 Some results of numerical calculation and discussion 

We consider the long cylindrical shell made of the steel 30XrCA with an elastic modulus 
3G = 2.6 · 105 MPa, an yield point O's= 400 MPa (see [l]). 
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The relations for determining the critical loads are given in the form 
* formulae (2. 12) and (1.3) for the part a) of t he examples. 
* Formulae (3 .15) and (1.3) for the part b) of the examples. 
The numerical results are realized by the MATLAB program. 

Example 1. Suppose that the complex loading law is of the form 

P = p(t) = (Po+ P1t)2 ' q = q(t) = qo + q1t, 
Pl 

where Po= 2MPa, P1 = O.lMPa, qo = 2MPa, qi= O.lMPa. 
a) Numerical results for the simply supported cylindrical shell 

Table 1 

R 
t* s · 103 p*MPa q*MPa CT~MPa 

h 

20 59.34 10.51 629.5 7.9 625 .6 
31 54.81 5.031 559.6 7.5 555 .9 
40 52.95 3.469 531.7 7.3 528.l 
50 51.17 2.469 506 .5 7.1 502.9 
59 49.45 1.905 482.3 6.9 478.9 
65 48.10 1.669 463.8 6.8 460.4 
68 41.13 1.276 373.7 6.1 370.7 
77 28 .21 0.7346 232.4 4.8 230.0 

b) Numerical results for the clamped cylindrical shell 

Table 2 

R 
t * s · 103 p*MPa q*MPa CT~MPa -

h 

20 62.45 15.46 679.8 8.245 675 .7 

31 56.47 6.844 584.7 7.647 581.0 
40 54.02 4.285 547.9 7.402 544.2 
50 51.87 2.821 516.5 7.187 512.9 
59 50.11 2.090 491.5 7.011 488.l 
65 48.62 1.739 470.9 6.862 467.5 
68 47.11 1.579 450.4 6.711 447.1 
71 36.97 1.087 324.6 5.697 321.7 

77 28.55 0.747 235.7 4.855 233.3 

Example 2. The complex loading law is given in the form 

p=:p(t) = po+pit3
, Po=2MPa, pi=O.lMPa, 

q =: q(t) = qo + qit2 , q0 = 2 MPa, qi = 0.1 MPa. 
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a) Results of numerical calculation for the simply supported cylindrical shell 

Table 3 

R 
t* s . 103 p*MPa q*MPa a-~MPa 

h 

17 17.52 5.329 539 .7 32 .69 524.2 
20 17.27 3.961 517.0 31.82 501.9 
23 17.03 2.992 495.5 30.99 480.7 
25 16.89 2.563 484.2 30.54 469 .7 
28 16.67 2.060 465.6 29.80 451.5 
30 16.49 1.798 450 .3 29 .19 436.4 
33 15.62 1.440 382 .8 26.39 370.3 
35 14.66 1.173 316 .9 23.49 305 .9 

b) Results for the clamped cylindrical shell 

Table 4 

R 
t* s . 1Q3 p*MPa q*MPa a-~ MPa 

h 

17 17.60 5.864 547.4 32.98 531.7 
20 17.33 4.222 522.1 32.02 506 .9 
23 17.07 3.165 499.4 31.14 484.6 
25 16.93 2.671 487.3 30.66 472.7 
28 16.71 2.117 468.2 29.91 454.0 
30 16.52 1.828 452.5 29.28 438.6 
33 15.65 1.446 385.0 26 .48 372 .5 
35 14.68 1.178 318.4 23.55 307.3 

The above results lead us to some conclusions 
1. We have used the Bubnov-Galerkin method for solving the elastoplastic stability 

problem of the cylindrical shells with two types of various kinematic boundary condi­
tions. In this paper, the linearly independence of the systems of functions 8wij are also 
investigated. 

2. For long shells we have shown the necessary and sufficient conditions of minimum. 
3. The more the shell is thin the more the value of critical stress intensity a-~ is small 

(see Tables 1, 2, 3, 4). 
4. The critical loads of the simply supported cylindrical shells subjected to complex 

loading are always smaller than critical ones when the cylindrical shells are clamped. This 
result corresponds to the real property of material (see Tables 1, 2, 3, 4). 

5. Theory of elastoplastic processes can be applied to the stability problem of cylin­
drical shells when both pre-buckling and post-buckling processes are complicated. 

This paper is completed with financial support from the National Basic Research Pro­
gram in Natural Sciences. 
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VE BAI TOAN ON DINH DAN DEO CUA VO TRU TRON MONG 

CH~U TAI PHUC TAP v6r.cAc DIEU KI~N BIEN DQNG HOC KHAC NHAU 

Bai bao trlnh bay bai toan 6n ctinh cua v6 trv ch!u tac dvng dong thai ca Ive nen d9c 
duang sinh va ap Ive ngoai. Da xet hai d~ng dieu ki~n bien d(mg h9C la tva ban le va 
ngam t~i x1 = O; x1 = L. Su di,mg phmmg phap Bubnov-Galerkin da thiet l~p duqc h~ 
thuc de tlm tai t&i h~n. Dieu ki~n dli clia eve tr! cho v6 dai da Ol1Q'C xem xet. M()t so ket 
qua tinh toan bang so cling dl.l'Q'C trlnh bay va thao lu~n . 
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