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Abstract. A novel approach to predict the effective elastic moduli of matrix compos-
ites made from non-circular inclusions embedded in a continuous matrix is proposed.
In this approach, those inhomogeneities are substituted by simple equivalent circular-
inclusions with modified elastic properties obtained from comparing the dilute solution
results. Available simple approximations for the equivalent circular-inclusion medium
then can be used to estimate the effective elastic moduli of the original composite. Ro-
bustness of proposed approach is demonstrated through the numerical examples with
elliptic inclusions.
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1. INTRODUCTION

Practical materials are often strongly heterogeneous and contain high volume frac-
tions of inclusions with sizes spread over several spatial scales. Regarding the intensive
use of these materials, predicting and optimizing their effective properties from a mi-
croscopic description represents a considerable industrial interest. In view of the micro-
scopic morphological complexity, analytical results are limited, even in the linear case.
Upper and lower bounds on the possible values of the effective properties [1–6] are not
very useful in the case of high contrast of matrix-inclusion properties. Numerical ho-
mogenization techniques [7–12] allow overcoming these issues, but efficient strategies
must be developed to avoid important computational costs, especially in the case of com-
plex three-dimensional microstructure. The effective medium approximations developed
over years is useful for engineers due to its simplicity. A straightforward choice is the
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volume-weighted averages. More advanced approximations are self-consistent, differen-
tial, Mori-Tanaka approximations, correlation approximation, . . . [13–20], the latter ones
often account just for the shapes of the inhomogeneities and the matrix-inclusion inter-
actions. However, many approximations are actually applicable only for the composites
with isotropic inclusions of certain simple shapes. To overcome this issue, we propose
here a novel approach for macroscopically isotropic composites containing non-circular
inclusions, permitting to substitute those inhomogeneities by isotropic circular inclusions
with equivalent elastic properties. Available approximations for circular inclusion com-
posites then can be used to estimate the effective elastic moduli of original media. The
paper is organized as follows.

Firstly, the proposed approach is presented in section 2. In the next section, the ef-
fective elastic moduli of some matrix composites with elliptic inclusions are numerically
investigated. Conclusions are made in the last section.

2. THE EQUIVALENT-INCLUSION APPROACH

The approach is expected to apply to composites, containing inclusions of any com-
plicated forms, once dilute solutions for them can be constructed analytically or numeri-
cally. Specifically, we restrict ourself here to the 2D elliptic-inclusion composites.

A macroscopically isotropic medium associated with isotropic particles of elliptic
shape is considered. The effective elastic moduli of a dilute suspension of those randomly
oriented elliptic particles having the elastic moduli KI , µI and volume fraction vI in a
matrix of elastic properties KM, µM have the form [21, 22]

Ke f f = KM + vI(KI − KM)KD , (1)

µe f f = µM + vI(µI − µM)µD , (2)

where vI � 1, KD and µD are expressed by

KD =
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_

P
, (3)

µD =
αK(P1111 + P1122 + P2211 + P2222) + 2
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P is Eshelby tensor defined in [21]
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where a1, a2 are the principal sizes of the elliptic inclusion.
On the other side, the dilute suspension results for isotropic circular particles hav-

ing moduli K̄I , µ̄I and volume fraction vI in the matrix of the same elastic properties KM,
µM is expressed by [23]

Ke f f = KM + vI(K̄I − KM)DK(K̄I , µ̄I , KM, µM) , (11)

µe f f = µM + vI(µ̄I − µM)DM(K̄I , µ̄I , KM, µM) , (12)

where DK and DM are defined as

DK(K̄I , µ̄I , KM, µM) =
KM + µM

K̄I + µM
, (13)

DM(K̄I , µ̄I , KM, µM) =
µM + µ∗(KM, µM)

µ̄I + µ∗(KM, µM)
, (14)

µ∗(K0, µ0) =
µ0K0

K0 + 2µ0
. (15)

Equalizing (1)-(2) and (11)-(12), one finds

K̄I =
K2

M + µMKM + 2(KI − KM)KDµM

µM + KM − 2(KI − KM)KD
, (16)

µ̄I =
(µI − µM)µDµMKM + µM(µMKM + µ2

M)

µMKM + µ2
M − (µI − µM)µD(KM + 2µM)

, (17)

which are referred to as the moduli of the equivalent circular inclusions for the original el-
liptic inclusions of elastic moduli KI and µI . Using (16)-(17), all the elliptic inclusions can
be replaced by circular inclusions of the same volumes, but with modified properties.
We call it the equivalent-inclusion approach. The main objective of the approach is to
substitute the original composite involving elliptic inclusions by an equivalent medium
containing circular inclusions, for which many convenient effective medium approxima-
tions are available.



126 Tran Nguyen Quyet, Pham Duc Chinh, Tran Anh Binh

3. NUMERICAL EXAMPLES FOR EFFECTIVE ELASTIC MODULI

In this section, we use the Finite Element Method (FEM) to estimate the effective
elastic moduli of the elastically-isotropic composites containing elliptic inclusions and
those of equivalent composites with circular inclusions. Let us consider an inhomoge-
neous periodic rectangular domain Ω with boundary ∂Ω. The strong form associated
with the cell is given by

∇ · σ + b = 0 in Ω, (18)

σ = C : ε, (19)

where ε = (∇u +∇uT)/2, and C is the fourth-order tensor of elastic moduli. The dis-
placement field on the cell boundary is constrained in terms of the macroscopic strain ε̄

ũ = u− ε̄x on ∂Ω. (20)

The cell boundary ∂Ω is decomposed into two parts: ∂Ω+ and ∂Ω− with ∂Ω+ ∪ ∂Ω− =
∂Ω, ∂Ω+ ∩ ∂Ω− = ∅, and the associated outward normals n+ = −n− at corresponding
points x+ ∈ ∂Ω+ and x− ∈ ∂Ω−, respectively. The periodic boundary condition rep-
resents the periodicity of the displacement fluctuation field and anti-periodicity of the
traction field on the cell boundary

ũ (x+) = ũ (x−) on ∂Ω+ ,
t (x+) = −t (x−) on ∂Ω− , (21)

where the traction field t on the boundary ∂Ω is expressed by

t = σn. (22)

The conform mesh is used to capture all inhomogeneity interfaces. It’s generated in
ANSYS so that the nodes in boundary are symmetric about their vertical and horizontal
center axes. Using the FEM procedure, we obtain the discrete system of linear ordinary
equations

Kd = F , (23)
where d is nodal unknown vector, and K and F are the global stiffness matrix and external
force vector, respectively. In particular, the matrix K and vector F are defined by

K =
∫
Ω

BTCBdΩ, F =
∫
Γt

NT t̄dΓ +
∫

Ω
NTbdΩ, (24)

where B and N are the matrices of shape function derivatives and shape functions, and C
is the matrix corresponding to the elasticity tensor C. The periodic boundary conditions
(21) are finally introduced by mean of Lagrange multipliers.

As the first numerical example, we consider two-component 2D square-periodic
cell involving 4 elliptic inclusions making with the boundary an angle θ = 45◦ as illus-
trated in Fig. 1a. The equivalent configuration is graphically presented in Fig. 1b. Aspect
ratio of the ellipses takes the same value r = 2. The calculations are carried out for 4 cases
corresponding the different material properties KM, KI , µM, µI and equivalent-inclusions
properties K̄I , µ̄I according to (16)-(17):

a) KM = 10, KI = 1, µM = 2, µI = 0.4, K̄I = 0.8212, µ̄I = 0.3629,
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b) KM = 1, KI = 10, µM = 2, µI = 0.4, K̄I = 6.9577, µ̄I = 0.4289,
c) KM = 10, KI = 1, µM = 0.4, µI = 2, K̄I = 1.0463, µ̄I = 1.9283,
d) KM = 1, KI = 10, µM = 0.4, µI = 2, K̄I = 12.8297, µ̄I = 2.1166.

a) b)

Fig. 1. The periodic square cell with four semi elliptic inclusions (a)
and the equivalent configuration (b)
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Fig. 2. Effective elastic moduli of the square periodic composite with material properties
KM = 10, KI = 1, µM = 2, µI = 0.4, K̄I = 0.8212, µ̄I = 0.3629

The effective elastic moduli are presented in Figs. 2-5 where µ
e f f
1 and µ

e f f
2 refer to

the shear moduli in edge direction and diagonal direction respectively (since the com-
posite is not fully isotropic); FEM1 and FEM2 corresponding to the results for original
and equivalent configuration. The moduli Ke f f , µ

e f f
1 and µ

e f f
2 are obtained by solving 3

problems associated with the macroscopic strains ε̄ as follow

ε̄1 =

[
1 0
0 0

]
, ε̄2 =

 0
1
2

1
2

0

 , ε̄3 =

[
1 0
0 −1

]
.

The approximations become less accurate at higher proportions of the included
phase – that is inevitable as the equivalent inclusion approach, based on equalizing of
effective moduli of the dilute solution results for specified form of inclusions, can not
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Fig. 3. Effective elastic moduli of the square periodic composite with material properties
KM = 1, KI = 10, µM = 2, µI = 0.4, K̄I = 6.9577, µ̄I = 0.4289
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Fig. 4. Effective elastic moduli of the square periodic composite with material properties
KM = 10, KI = 1, µM = 0.4, µI = 2, K̄I = 1.0463, µ̄I = 1.9283
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Fig. 5. Effective elastic moduli of the square periodic composite with material properties
KM = 1, KI = 10, µM = 0.4, µI = 2, K̄I = 12.8297, µ̄I = 2.1166
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take into account accurately the detailed interactions between the inclusions in close dis-
tances. However, the approximation appears good regarding its simplicity and general-
ity. The numerical results for the shear moduli appear not to obey HS bounds because
the configurations are not fully elastically isotropic.

a) b)

Fig. 6. The hexagonal-periodic cell with elliptic inclusions (a)
and the equivalent configuration (b)
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Fig. 7. Effective elastic moduli of the hexagonal periodic composite with material properties
KM = 10, KI = 1, µM = 2, µI = 0.4, K̄I = 0.8212, µ̄I = 0.3629

In the second example, we consider an elastically-isotropic composite of hexagonal
symmetry, a periodic cell of which is illustrated in the Fig. 6a. The equivalent configura-
tion is graphically presented in Fig. 6b. Aspect ratio of the ellipses takes the same value
r = 2. The elastic moduli of the two components are taken as the same as those of the
previous example. Numerical results for the effective elastic moduli of both two configu-
rations, presented in Figs. 7-10, are obtained by solving 2 problems with the macroscopic
strains ε̄1 and ε̄2. The effective elastic moduli of the original medium (FEM1) and one of
the equivalent medium (FEM2) always lie between the bounds of Hashin and Shtrikman
(HS) as expected. Similar to the previous example, the inaccuracies of the approxima-
tions increase with the volume proportion of the inclusions. In Fig. 7, with harder matrix
KM > KI and µM > µI , the numerical effective moduli are close to the HS upper bounds
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Fig. 8. Effective elastic moduli of the hexagonal periodic composite with material properties
KM = 1, KI = 10 , µM = 2, µI = 0.4, K̄I = 6.9577, µ̄I = 0.4289
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Fig. 9. Effective elastic moduli of the hexagonal periodic composite with material properties
KM = 10, KI = 1 , µM = 0.4, µI = 2, K̄I = 1.0463, µ̄I = 1.9283
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Fig. 10. Effective elastic moduli of the hexagonal periodic composite with material properties
KM = 1, KI = 10 , µM = 0.4, µI = 2, K̄I = 12.8297, µ̄I = 2.1166
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at small volume proportions of the inclusions as expected. However at high volume pro-
portions of the included phase the results tend to take the side of HS lower bound -
that because the inclusions have the tendency to connect with each other to make a new
pseudo-matrix surrounding and separating the islands of the original matrix phase (look
back at Fig. 6). In Fig. 8 the tendency is mixed and unpredictable because KM < KI but
µM > µI . The influence of r to the approaches accuracy shall be the subject of our future
studies.

4. CONCLUSION

We have proposed a novel approach which replaces the original composite with el-
liptic inclusions by the equivalent-composite with isotropic circular-inclusions for which
many available simple approximations can be applied to estimate the effective elastic
moduli. The proposed approach is based on equalizing of effective moduli of the dilute
solution results for the elliptic inclusions and those of the standard circular-inclusions.
The numerical examples have demonstrated the robustness, efficiency and accuracy of
the approach. 3D composite and inclusion of other forms shall be the subject of our fu-
ture studies.
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