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THE ERROR ESTIMATE AND THE CONVERGENCE
RATE FOR h,p - REFINEMENT IN THE FINITE
ELEMENT ANALYSIS

Nguyen Hoai Son
University of Technical Education, Hochiminh Clity

Abstract. The goal of this study is to further investigate and to develop a more efficient
way in the error estimate and the rate of the convergence for the mesh h, p-refinement
procedure in the finite element analysis for two-dimensional and three-dimensional elas-
tostatic mechanics problems. The oscillation of the stress field around singularity points
is also considered in the refinement process. In this paper, a-refinement procedure with
a h-uniform and p-uniform analysis capability is called a h, p-refinement procedure. We
also establish the refinement criterion for the adaptive strategy with h-refinement based
on the ratio of error indicator or the enrichment indicator.
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1. INTRODUCTION

In this paper, a-refinement procedure with a h-uniform and p-uniform analysis capa-
bility is called h, p-refinement procedure. We have established a criterion for refinement
procedure in the error estimate and the rate of convergence based on the ratio of er-
ror indicator. Several error estimates have been developed for engineering use. However,
they are computationally intensive and still need to be validated for accuracy in practical
engineering analysis [1, 3, 6]. Besides, the mentioned error estimates are in the form of
an energy norm. This quantity differs from the quantities of interest in solid mechanics
analysis, which are usually displacements or stresses at particular points inside a prob-
lem domain. Also, the energy convergence may not guarantee stress convergence. The
development of an accurate error estimate for stress will result in a more efficient way
of controlling the refinement process [2, 4, 7| and will provide valuable information for
checking the convergence of final stress results.

2. THE ENERGY FUNCTIONAL AND THE ERROR EQUATION
IN THE ENERGY NORM

Find v € V such that the Dirichlet’s boundary condition satisfies the following equa-
tions:

B(u,v) = L(v) YveV
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where
€ =UpX — UFE
(3)

||€||E(Q) = |lupx _uFEHE(Q)

J(w), llell g » upx, upp: the energy norm, the error energy norm, the exact energy
and the approximation element finite energy, respectively.

3. THE CRITERION OF THE CONVERGENCE

- The algebraic rate of convergence:
k

lellpo) = lluex — urelp@) < 75 (4)
- The exponential rate of convergence:
lell gy = luex — urellpg) < (TN (5)

where k, 3,7, 6, N: the positive constants and the degree of freedom, respectively. These
constants are defined to depend on the energy norm error (4) and (5) by using the least
three finite element meshes.

4. A STRATEGY OF THE ENRICHMENT INDICATOR IN
h-REFINEMENT

We have

Me 2 AR Mmax 1 (6)

By an other way in the computation for the enrichment indicator, we have

T ~ <hnew>p > Ap
||7768||max h

) o\ 1/2 _ (7)
N Hei H <1 | Unll” + |lees | — enA — Ag < ENA

esll

0<Ar <1, 7 =4%, A\ = 0.82 — AR < 0.82, hpew > 0.67 (h-refinement is necessary)
(see Table 1)

Table 1. A new size of the element and the enrichement indicator in computing
of the error criteria for the plate with holes 2-D by (7) and (6) [5], [8]

#Element h hpew AR

75 5.0000 0.21389655791820 | 0.24213368200584
192 3.1250 0.29742892449463 | 0.34700835422613
300 2.5000 0.34221505046118 | 0.40865949469253
675 1.6667 0.44306729695172 | 0.55090348171000
1200 1.2500 0.33296603779371 | 0.55140470348212
1875 1.0000 0.61536514766244 | 0.80372930397042
3352 0.8929 0.66194147175037 | 0.82500021777001
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5. APPLICATION: PLATE WITH HOLES (8]

The numerical model here consists of a three-hole plate under plane-stress. The geom-
etry and boundary conditions, as well as some numerical parameters used in this example,
are shown in Fig. 1. We used triangular mesh with hierarchical basis function.
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Fig. 1. Plate with Holes
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Fig. 2. Finite Element model (left-top) Deformed Field (right-top) Displacement
field in x-direction (left-middle) Von mises stress field (right-middle) Normal stress
field in the x direction (left-bottom) Normal stress field in the x direction [G. H.
Paulino with FESTA Software] (right-bottom)

Energy Norm-Relative Error Estimations are given in Table 2 and Table 3 for h and
p-refinements, recpectively.
e h-refinement

Table 2. Energy Norm - Relative Error Estimation - Effectivity index - CPU time
versus DOF

#dof | Energy Norm llees| Nes 0 CPU
el time(s)
324 1.53896741 0.427945 | 0.305137 |0.8219| 1.672
382 1.57066927 0.389146 | 0.277975 |0.7954 | 2.219
510 1.59908889 0.350735 | 0.251178 | 0.7636 | 3.907
560 1.60910783 0.336149 | 0.241015 |0.7499 | 4.765
774 1.63780583 0.290345 | 0.209095 | 0.6996 | 10.828
1174 1.67180703 0.224270 | 0.162871 |0.6032 | 33.172
2028 1.692116327 0.173170 | 0.126795 | 0.5043 | 169.28
4504 1.716601025 0.074192 | 0.055441 |0.2427 | 521.234

e p-refinement

Table 3. Energy Norm - Relative Error Estimation - Effectivity index - CPU time

versus DOF
p | #dof | Element | Energy Norm llees]| Nes 0 CPU
1
number 5 U1 (times)
1 286 228 1.5585 0.438976 | 0.3105 | 0.8752 | 3.765
2| 1032 228 1.6814 0.264196 | 0.1894 | 0.7366 | 7.438
3| 2234 228 1.7265 0.157162 | 0.1145 | 0.5437 | 25.375
4| 3892 228 1.7441 0.084261 | 0.0623 | 0.3281 | 80.359
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Table 4. The comparison relative error estimation between the computation h, p-
refinement and FESTA software adaptive with triangular element versus DOF

Computation FESTA Software Adaptive [8]
h-refinement p-refinement Linear triangular | Quadratic triangular
(T1) (T2)
#dof | nes(%0) | #dof | mes(%) #dof Nes (%) #dof Nes(%)
324 | 30.51 286 31.05 152 28.71 546 15.91
1174 | 16.28 2234 | 11.45 1925 13.56 1842 7.07
4504 | 5.54 3892 |6.23 5782 7.45 2758 4.85

Table 5. The comparison relative error estimation between the computation h, p-
refinement and FESTA software adaptive with quadrilateral element versus DOF

Computation FESTA Software Adaptive [8]
h-refinement p-refinement Linear Quadratic
quadrilateral(Q1) quadrilateral (Q2)
#dof 7768(%) #dof 7768(%) #dof 7768(%) #dof 7763(%)
324 30.51 286 31.05 152 27.79 428 16.56
1174 | 16.28 2234 11.45 2846 9.72 2808 6.10
4504 | 5.54 3892 6.23 10346 | 4.66 5494 3.83

Graph of Energy norm relative error versus degree of freedom

Graph of effective index versus degree of freedom
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Fig. 3. Log-log Error estimation versus DOF (a) the effectivity index versus DOF
for h and p refinement (b)
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- Table 4 and 5 represent the comparison relative error estimation between the modified
computation and FESTA software with the SPR (super-convergence patch recovery [2])
and REP (recovery Equilibrium patch [8]) Technique give the results reliability with the
permissible relative error Nmax = 10% for all elements.

- Fig. 3 shows that the element types T2 and Q2 are computed from Festa software
and modified computation with p and h-refinement giving the better than the element
types T1, Q1 on the rate of convergence and relative error at the same degree of freedom,

respectively.
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- From Table 1 and the equations (6), (7) we observe that 1 < %77:—;':, the error
estimate decreases when increasing polynomial degree. If enrichment wase indicated on

element e, h-refinement would be the preferred strategy and if %77:—:: < 1 this would
suggest p-refinement as the preferred strategy.

6. CONCLUSION

- The convergence of the direct calculated stresses depends mainly on the element
order. Indeed, their high order p-elements reduce the oscillation in the stress error and
error indicator. The reliability of p-refinement finite element method is thus improved for
a practical engineering analysis.

- In order to upgrade the evaluation of the energy norm, we implemented a modifica-
tion for the Richardson’s extrapolation technique. It added the higher order terms to the
residual error. The issued results are then compared against those obtained with its least
square method keeping the same order.

- The p-refinement and the h-p-refinement mesh seem to be the best methods to reduce
the approximate error for the problems without singular points. The h-refinement method
shows better efficiency when the mesh embeds singular points.
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DANH GIA SAT SO VA TOC DO HOI TU THEO KIEU LAM MIN h-p TRONG PHAN TIiCH
PHAN TU HOU HAN

Muc dich chinh ctia viéc nghién citu nay la duwa ra huéng phét trién giai thuat lam
min c6 hieu qua trong danh gia sai s6 va toc do hoi tu cho cac bai toan co hoc trong phan
tich phan ti hitu han. Dac biét quan tam phan tich tinh nhay cdm ctia truong phan bo
ng suat tai cac diém suy bién trong qua trinh lam min. Trong bai b4do nay, mot tha tuc
lam min h-p dudce dé nghi. Qua nghién ctu nay, ching t6i ciing thiét lap mot tieu chuan
lam min theo kiéu h dua trén chi s6 sai s6 hay chi s6 lam giau theo kich thuéc luéi mot
cach c¢6 hiéu qua vé6i do tin cay cao.



