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Abstract . A Finite Element model based on F irst-order Shear Deformation Theory is 
developed for t he static shape control and vibrat ion control of la minated composite plates 
integrated wit h piezoelectric sensors and actuators . A nine-node isoparametric rectangu­
lar element wit h 45 degrees of freedom for the generalized displacements and 2 electrical 
degrees of freedom is implemented for t he static and dynamic ana lyses. The model is 
validated by comparing wit h existing resul ts do cumented in t he literature . Some numer­
ical resul ts are presented. It is concluded that t he shape of the piezoelectric laminated 
composite plates can reach the desired shape t hrough passive contro l or act ive control. 
T he influence of st acking sequence of composite plat.es and posi t ion of piezoelectric layers 
and sensors/actuators patches on the response of t he piezoelectric composite plates is 
evaluated. 

1. INTRODUCTION 

Two bas ic phenomena characteristic piezoelectric materials and permit their use as 
sensors and actuators in intelligent structures. Piezoelectric materials can generate an 
electric charge when deformed , a property called the direct piezoelectric effect . The con­
vers e piezoelectric effect occurs when an electric field acts on a piezoelectric material to 
generate mechanical stresses and strains within t he material [1] [2] . 

Based on these phenomena, in the recent years, there has been an increase in the 
developments of the lamina ted composite plates integrated with piezoelectric materials. 
The composite structures are bonded or embedded with piezoelectric materials in thin 
layers can great ly enhance the performance of existing structures such as sensory, adapting 
with static or dynamic responses as well as many application such as the shape control , 
nanopositioning, precision mechanics, active vibration suppression ... etc. 

Several analysis and numerical models have been developed to analyze t he laminated 
composite plates with integrat ed piezoelectric sensors and actuators . The often used model 
is the equivalent single layer model, which includes the Classical Plate Theory ( CPT) [3], 
[7], [9] or First-order Shear Deformation Theory (FSDT) [4], [10] or High-order Shear 
Deformation Theory (HSDT) [5], [8] . For thick laminated composites structures, [6] show 
that Layerwise Theory has some advantages . 

Jose, Crist6viio and Carlos [7] analyzed geometrically nonlinear of the composite 
plates/shells with integrat ed piezoelectric layers . The authors have chosen a noncon­
forming t riangular plate element with 18 degree of freedom (DOF) for the generalized 
displacements and one DOF for the electr icpotential. 
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Fukunaga, Hu and Ren [8] analyzed t he static and dynamic problems of compos­
ite plates with integrat ed piezoelectric layers via penalty functions. In their analysis, a 
nine-noded nonconforming plate element with 5 DOF at each node and 1 DOF for each 
piezoelectric layer / patch . 

Liu, P eng and Lam [9] studied the dynamic response of the composite plates with 
piezoelectric layers using a four-node rectangular nonconforming plate element . 

Liu, Dai and Lim [10] used meshless method to calculate the static and dynamic 
behaviour of the piezolaminated composite plates . 

In the present paper, we used a nine-noded isoparametric element with 45 DOF and 
2 electric potential DOF based on FSDT to investigate the static behaviour of the com­
posite plates integrated piezoelectric layers. The effect ofstacking sequence and posit ion 
of piezoelectric layers on deflection of composite plate is examined. The influence of 
sensor/ actuator patches position on the dynamic responses of the laminated plates is eval­
uated. 

2. DISPLACEMENT AND STRAIN FIELDS 

The laminated composite plate integrated on upper / lower surface wit h piezoelectric 
is considered . It is assumed that the piezoelectric layers are perfectly bonded. The dis­
placement field is expressed by: 

u(x, y , z, t) = uo(x , y , t) + zfJx(x, y , t) , 

v(x, y, z, t) = vo(x, y , t) + zey(x, y, t) , 

w(x, y , z, t) = wo(x, y, t) , 

(1) 

where, u0 , v0 and w0 are the displacement components of a point on t he midplane in the 
x, y and z directions , t is the time variable and Bx and ey are the rotations of normals to 
the midplane about the y and x axes, respectively. 

Expressing the displacement field in terms of shape functions (Ni ( ~ , 17)) and element 
nodal displacements, gives: 

n 

{ u({, 17)} = L Ni(~, 17) . { u}i, (2) 
i=l 

n is the element node nl)mber ; ~, 17 are the natural co-ordinates . 
The electric potential. is constant over the element surface: 

n 

<l>k (C 17) = L Ni(~, 17)(/Ji_ (3) 
i=l 

A voltage ¢ applied across an actuator of layer thickness t generates an electric field 
vector {E}, such that : 

Ek = -;--- \7 ¢k = { 0 0 Ek } 

E£ ~ ~<Pk/t; ~ [B¢] {¢) ~ [ ~ 0 _l_ 
tp l 

0 0 
0 0 0 i ·T [ </>1 J ' 
0 0 _tl </>2 

7'2 

(4) 

where tk is the thickness of the kth piezoelectric layer . 
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Applying FSDT, the strain-displacement relationship becomes: 

a 
0 0 0 ax 0 
a 

0 - 0 0 0 
M a5 Ex a 

EM ay ax 0 0 0 
1M u 

'Y{j 0 0 0 
a 

0 z - v 
{c} = Ex ax a w B 

EJ!J 0 0 0 0 z - e y 
Ex y a °lJ ex 
'Yyz 0 0 0 z - z - (5) 
~fxz 

ay ax a 
0 0 - 0 1 

l 0 0 
a5 

1 0 J ax 
u 
v 

= [a ] w = [a ] [NJ {u}; = [Bu] {u}; . 
f)y 

e x 

According to [7], [8], [9], [11], [12] t he linear piezoelectric constitutive equations cou­
pling the elast ic and electric fields take the form: 

u = QE - eE , (6) 

DP= eT E + pE , 

in which t7 = { o- x , o- y , T x y , T y z , T xz }T is the ela.stic stress vector 
E = { Ex , Ey , 'Yxy , 'Y y z , l'x z }T: elastic strain vector ; 
Q is the element stiffness matrix; 
E : electric field vector ; 
D P: elect ric displacements vector ; 
e : piezoelectric stress coefficients matrix; 
p : permittivity coefficients matrix. 

3. CONSTITUTIVE EQUATIONS COUPLING 
THE PIEZOELECTRIC EFFECT 

(7) 

The membrane {N} , bending {M} and shear {Q} stress resultants are the integrals of 
the stress components . From (6) and (7), we obtain the constitutive equations in matrix 
form: 

{N} 
{M} 
{Q} 

{Df} 
{Dn 

f [A] 
I [BJ 

l [et [e] 2 

[BJ 
[DJ 
0 

[eh 
[eb 

0 
0 

[F ] 
0 
0 

(M) , (13 ) are the membrane and bending components respectively. 

(8) 
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(P) is t he piezoelectric layer. Subscripts (1) , (2) denote the kth piezoelect ric layer. 

[A] = [A j] 
n m 

[Aij]3 x3 = L (hk - hk- 1) ( QU k + L (hk - hk- 1) (Qij )k i , j = 1, 2 , 6 
k= l k= l 

[BJ = [Bij] 

[Bij] 3x3 = ~ t (hk - hk_1) (Q~J )k + ~ f (hk - hk- 1) (Qij)k i, j = 1, 2, 6 
k= l k= l 

[DJ = [Dij] 

[Dijbx3 = ~ t ( h~ - h~ _ 1 ) (Q~J) k + ~ f (h~ - hL 1 ) (Qij )k i , j = 1, 2, 6 
k=l k=l 

[F] = [Fij] 
n m 

[FJ2x 2 = L f (hk - hk- l) (Q~J ) k + L f (hk - hk- l) (Qij )kf ~ 5/ 6; i, j = 4, 5 
k=l k=l 

n and m a re t he respective numbers of composite and piez9elect ric layers. 

reduced stiffness matrix [13]. 

[Q' .. l is the 
t) J 

[ 

[Abx3 [Bbx3 [Obx2 l 
[Hlsxs = [Bbx3 [Dhx3 [Obx 2 

[OJ2x3 [OJ2x3 [F bx2 SxS 

4. FINITE ELEMENT EQUATIONS 

4.1. Static analyses 

F init e element equations take the form [14]: 

[ 
K uu Ku¢ ] { U } = { Fu } , 
K ¢u K ¢<P </> Q <P 

Fu and Q 1> are respectively t he applied external load and charge 

4.2 . Dynamic analyses 

From Hamilton 's principle [9], we have 

l
tz 

8 [T - U + W ]dt = 0, 
t 1 

y e = ~ J P { U} T { U} dVe, 

v. 

Ue = ~ J {c: }T {D"}dVe, 

v. 

W e = J{u}T {fb}dVe+ J{u}T {fs}dSe+ {u f {fc}, 

v. s. 

(9) 

(10) 

(11) 

(12) 

(13) 
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T and U are respectively the kinetic and potential energy and W , the work done by 
external forces . fb , fs and Jc are respectively the body, surface and concentrated forces 
acting on the plate. S e and Ve are elemental area and volume. 

Substitute Eqs . (1) , (2), (3) , (4) , (5) , (10) , (11) and (12) into (9) using (6) and (7) , 
to obtain: 

Muuii + Kuuu +Ku¢</> = F, 
K <buU - K,pq;r/> = Q. 

Substitute (15 ) into (14) to obtain: 

Muuii + ( Kuu + Ku¢Kit K q;u) u = F + Ku¢KitQ. 

4 .3 . Free v ibration 

In (16), set the external load F and charge Q to zero to describe free vibration. 

(14) 

(15) 

(16) 

MuuU + ( Kuu + K uq; K ;;;J K¢u) U = 0. (17) 

Plate vibrations induce charges and electric potenti als in sensor layers . The control 
system allows a current to fl ow and feeds this back t o the actuators . If we apply no 
external charge Q to a sensor, we have from (9) and (15) . 

r/>s = [KiJ L [K q;u]s Us . (18) 

Qs = [K¢u]s Usis the induced charge due to deformation. (19) 

The operat ion of the amplified control loop implies the actuating voltage is: 

</>a = Gd</>s + Gv<!>s , (20) 

Gd and Gv are respectively the feedback control gains for displacement and velocity 
From ( 15), the charge in the actuator due·t o actuator deformation in response to plat e 

vibration modified by control syst em feedback is: 

Qa = [K¢u]a Ua - [K¢¢] a ( Gd¢s + Gv <!>s) . (21 ) 

Substitute (18) into (21) to yield: 

[K¢u]a Ua - Gd [K¢¢]a [Kit L [K¢uls Us - Gv [K<tut>] a [Ki t L [K q,u]s Us = Qa. (22 ) 

Substitute (22) into (16) and incorporate structural damping to yield: 

Muuu + ( Kuu + K,,q; K¢J K q;u) u = F + Kuq; K¢J ([Ku¢]a Ua 

- Gd [Kq;¢] a [KiJ ] s [K¢u]s Us - Gv [K q;q,] a [ Ki J ] s [K q,u]s Us) , 
(23) 

where Us = Ua = u is the plate displacement vector [Ku¢]a = [Kuq,]s = [Ku¢] and 
[K q;.p] a = [K¢¢]s = [K¢¢] are respectively the mechanical-electrical coupling and piezo­
electric permit tivit y stiffness matrices. 

MuuU + ( Gv [Kq;¢]a [Kit] 
5 

[K¢u] 8 + aMuu + f3 Kuu) U 

+ ( Kuu + Gd [K¢¢] a [KitL [K¢u]5 ) U = F. 
(24) 
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Condensing the equations yields: 

Muuii +(CA+ CR) u + K *u = F. (25 ) 

Set F to zero in (25) to obtain damped and undamped natural frequencies and mode 
shapes. 

MuuU +(CA+ CR) u + K *u = 0, 

CA = Gv [K uq,] a [ K¢J L [Kq,uls: active Damping matrix 

CR = cxMuu + f3 K uuCX = 0.5; {3 = 0.25 

K* = [K uu] +Gd [K uq,]
5 

[K¢J J 
5 

[Kq,n]
5

: structural Damping matrix 

(a) , (s) subscripts denote respectively actuator and sensor 

4.4. Matrices 

Mass Matrix 

Muu = J p [N f [N ]dV. 

v 
l\!Iechanical Stiffness 

[K uu ] = J [Bu]T [HJ [Bu]dS. 

s 
Mechanical-E lectri cal coupling . 

[Kuq, ] = J [Bu ]T [e] [Bq,J dS. 

s 
Electrica l-Mechanical coupling 

[K q,u] = [Kuq, ]T . 

Piezoelectric permi tt i vi ty 

[Kq,q,] = - J [Bq,] T [p] [Bq,] dS, 

s 
where [Bq, ] and [Bu] are defined in (4), and (5) and: 

[ 

[eJi3x3 [eb3x3 l 
[eJs x6 = [eh3 x3 [eb3x3 

[0]2 x3 [Obx3 
[ 

t P1 [pJi3 x3 [Obx 3 ] . 
[.PJ6x6 = [Ob x3 tp2 [P]23x3 

5. CASES STUDIES AND DISCUSSION 

5.1. Static deflection control 

(26 ) 

(27) 

(28) 

(29 ) 

(30) 

(31) 

Based on the presented algorithm, we find the numerical results. In the static control, 
all the piezoelectric layers on the uper and lower surfaces of the composite plate are used 
as actuators to change centerline deflection of the plate. 

Consider a square plate (a x b = 0.2 m x 0.2 m) , only the b side is clamped (Fig. 1), 
six layers [p/ -45° / 45° / -45° / 45° / p]. p is piezoelectric layer (PZT G 1195N) , the thickness of 
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each piezoelectric layer is 0.1 mm. The composite layers are made of T300/ 976 graphite­
epoxy, the thickness of each layer is 0.25 mm. Material properties are given in Table 1. 

comp:>site 

, ..... ~ --- a ----+-----.. 
..._ __ .i Amplifier 1----' 

Fig. 1. Composite plate with integrated piezoelectric sensors and actuators , and 
feedback control. 

Table 1. Material properties of PZT G1195N and T300/976 

Materia l ID 
E11 E22 = E 33 V12 = Ll13 G12 = G13 G23 p d31 = d32 P11 = P22 

(GPa) (GPa) V 13 = V23 (G Pa) (G P a) (kg / m 3
) (m /V) (F/ m ) 

PZT G ! 195N 63.0 63.0 0.3 24 .2 24 .2 7600 254xl0 " 15.3x l0 " 
T300/976 150.0 9.0 0.3 7.1 2.5 1600 - -

p33 

(F / m ) 
15xl0 " 

-

Case (1) Fig. 2 plots plate centerline deflection under 10 V actuator input voltage in 
the absence of an applied load . The plate bend up or down depending on the sign of the 
appli ed voltage . 

Case (2) The plate is originally flat and is t hen exposed to a uniformly distributed load 
of 100 N/m2. To flatten t he plate, we apply a active voltage and it is added incrementally 
until the centerline deflect ion of the plate is reduced to a desired tolerance (passive control). 
Fig. 3 show t hese through OA centerline deflection when t he plate under uniform loading 
and different level actuator input voltage . 

Fig. 3 illustrates active deflection control for various actuator input voltages to limit 
the meas ured c:enterline deflection of an ant isymmet ric plate to desired tolerance. 

Case (3) Consider a simply supported antisymmetric plate: vo = wo =By= 0 at x = 
0, x = a; u 0 = w0 = Bx = 0 at y = 0, y = b. Material propert ies are list ed in Table 1. 

Apply feedback gains Gd = 0, 20 , 28 .and 50 to the control system to limit static 
deflection (active control) . When Gd = 28 volts, the plate is fully restored to shape and 
level. 

Numerica l results generated by a 5 x 5 element agree well with those Liu , Dai and Lim 
[10] obtained using mesh free techniques assuming 15 x 15 nodes . 

5.2. Influence of ply angle and piezoelectric laye r location 

Using the plate illustrated in Fig. 1, compare the response of an antisymmetric lami­
nate, [p/-B0 /B0 ]as, with symmetric laminate, [p/-B0 /B0 ]8 , for actuator input voltages of 0 



62 

E' 
<: 
. g 
8 
c: 
0 

x io·" 

-2 • . .. 

Cl -4 

Tran ! ch Thinh, Le Kim Ngoc 

. l 

l 

x10·
3 

-~--- --- --, - .-----.- -------· I 0.5 ,---- l 

g-05 
~ - 1 

" 0 

-~ - LS 

c ., 
Cl -2 

-2 .5 

-+-Mee. Load&V=50 

-0- Mee. Load&V=30 

---fr- Mee. Load&V=O 

-6 +---~--~--~--~---: -3 .f-·----:----·-·-:------·-~-·---.-- - - :- ·- -- -- ·: -- · ·- -:-- -·--··---: ·- --··- :·· ·- ··- .. i 
0 .04 0 .0 8 O. U 0 .16 0 .2 
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Fig . 2. Centerline deflection of the can­

tilever laminate [p / -45° /45°] as for an 
actuator input voltage of 10 Volt 

)I 10•5 

Fig. 3. Centerline deflect.ion of t he cantikver 

laminate [p/ -45° / 45°] as under uniform load­
ing versus actuator input voltage 

2 ~-mt--r--:-~~tt---r---r-
1 I J : G 

1
-28 : : ----~-----Ot.':: ... ~:.r+~--F-+~~+~-=t=~~p-:g: : l :·· - - --1 .. _G_C;j .. T-- -··: I : , 

~ I I I I 13 I I I I 

-~ 'l --+--+--~--+----+---~--!--+--
~ I : I I l : : : 

~ 4 --+--: +-+--+--+~-- : --+-
I I ' aJo ' I I 

-6 ~--~--r---:------r--=r----:-----r---r----:--
1 I I I I I I I I 

0 O. CQ 0.04 O.C6 (LCiG Ci. 1 0. 12 0 . 14 0. 1~ 0 .1 B 0.2 
Oi::tonc~ ~x) 

Fig. 4. The effect of displacement feedback contro l gain Gd on the stat ic deflection of t he simply 

supported laminate [p/ -45° /45°]as under a uni form pressure load 

V, 5 V and 10 V. Assume simple supports and plates carry a uniform 100 N / m 2 pressure 
load . 

Table 2 lists results selectively illust rated in Fig. 5. The ant isymmetric plate deflects 
more than the symmetric plate. An applied voltage of 10 V restores both plates to near 
level. 

Results agree well with similar findings published in [10]. 
Table 2 and Fig. 5 taken together illustrate a slight decrease in plat e bending stiffness 

with decreasing ply angle when V = 0. 

5.3. Influence of sensor /actuator patch location 

To exercise effective vibration control it is normal to use closed feedback control loops 
and install sensors and actuators as sensor / actuator pairs. Fig . 6 illustrates four con­
figurations A, B, C and D heing four pairs of of PZT Gll95 N piezoelectric sensors and 
actuators bonded onto the top and bottom surfaces of a composite plate . 
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Fig . 5. Center line deflection of a uni formly loaded simply supported laminated plate versus 
actuator input voltage 

Table 2. Central node deflect ion (x io- 5 m) of simply supported laminates carry­
ing a 100 N / m 2 uniform pressure load versus actuator input voltage. Dis. indicates 
the Discrepancy 

Actuator input voltage 
Plate ov 5V 10 v 

[10] Present Dis. [10] Present Dis. [10] Present 
[p/ -45u / 45u ]s -6 038 -5. 724 5.23 -2. 717 -2.766 1.773 0 604 0. 585 
[-45u / p/ 45u ]_, -6 380 -6 .388 0.133 -4.570 -4.59 0.443 -2.760 -2.79 
[p / -45u / 45u] as -6.217 -6. 220 0.053 -2.73 -2 .76 1.093 0.757 0.739 
[-45u / p/ 45u]ns -6424 -6430 0.093 -4.480 -4.51 0.673 -2.536 -2. 58 
[p/ -30u / 30u]ns -6 542 -6.570 0.433 -2.862 -2.876 0.493 0.819 0.819 
[p/ -15° / 15°] as -7.222 -7.276 0.743 -3. 134 -3 .135 0.033 0 954 0.961 

Dis. 
3.153 
1.083 
2.383 
1.713 
0.01 3 
0.693 

Consider a simply supported square plate [-30° /30°] 8 , with sides ax b = 400 mmx400 
mm. Set the thickness of each composite layer to 0 .2 mm and set c = 100 mm and tp = 

0.1 mm for a ll patches. Material properties are given in Table 1. 
The analyt ical model employs an 8 x 8 finit e element mesh and uses modal superposi­

tion techniques to test the effectiveness of actuators arranged in configurations A through 
D to suppress plate vibrations. The time int erval is 0.005 s and patch feedback control 
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gains are Gv= 0.25 ,, and -Gd= 15. Transient response determination is by Newmark-,8 
integration setting a = 0.5 and /3 = 0.25 . 

Achllfor Composite Adt111lor Composit: 

J~ . ,.,J;H.J J& c--=,,.,Y'J 
::1::1 I I I 1::1:1 I I I I 1 ~ 1 :: 1 I I I 

::1:: I I I I 1::1:; 
9 110 1!1 11 6 12 113 ,,, 

1 " 
, ,, . h 

J ¢2 A01,o1~po'.J l Ml~lm) c"/'''" fsm~• I 

•J E 2" tJ " 
SO SI 54 SS 

42 43 46 47 43 44 45 46 

35 36 37 38 

18 19 22 23 

10 11 14 I S l 
27 28 29 30 

19 20 21 22 

. . 
Fig. 6. Piezoelectric pair configurations 

" 
~ ,,~ . I' ~~AA~nA AMMAhAMA A.MA -~ ; , iMllJlli"'"" '.""": · · . 

• I . H~ ~I ... . 
f -2 ...... . ........ . 

" 
4 4 

.5c__ _ _ ~ _ _ _ c__ _ _ _, 
.5oc__--~--~----' 

E ._, 
!i" 
~o 
jij .1 

~ ·2 

0 0 5 I 5 
Ture (Sec) 

Tlme (sac) 

€ ._, 
§" 0 

~ 
i0 -1 

~ -2 

4 

0.5 1.5 
T1rre (seo) 

1. 5 
·•o~--~--~---~ 

0. 5 
TlrM (sec) 

Fig. 7. Transient response of composite plates with integrated piezoelectric pairs 

Fig. 7 compares the vibration control capabilities of the various configurations . Con­
figuration D is clearly the most effective of these at limiting peak vibration amplitude and 
causing t he rapid suppression of transient vibrations . 
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Table 3. Calculated natural frequencies (Hz) 

Configuration f1 f2 f3 f4 fs 
A 31.356 57.236 84.334 94.319 120.660 
B 26 .802 55 .958 79 .732 103.712 119.754 
c 27.492 54 .480 76 .668 94.735 114.139 
D 25 .089 52 .561 76 .155 99 .479 116.422 

6. CONCLUSION S 

The FSDT based FE model can predict efficiently and accurately composite plates 
bonded or embedded with thin layers or piezoelectric sensors and actuators time dependent 
response to external load. 

Active and passive voltage control methods are able to form and modify the shape, 
displacement profi le and vibratory response of piezolaminated plate~ to static and time 
Vu 1,\'1Ilg ivacls . 

Stacking sequence, ply angle, and careful location of piezoelectric sensor/ actuator pairs 
are all important factors needing careful consideration when designing optimum control 
systems. In particul ar: 

Plate natural frequencies vary with sensor/ actuator pair location. 
Bonding sensor / actuator patches to plat e centers promotes effective vibration suppres­

sion behavior. 
This work is sponsored by the the Ministry of Science and Technology. 
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PHAN Ti CH TiNH v A. DQNG TAM COMPOSITE AP nr¢N 

M9t mo hh1h pha n t i.\- hli'u h 9-n dl!'Q'C phat t rien d11a va.o ly t huyet tam b i?-c nhat de dieu khien 
tlnh va dieu khien dao d9ng cua tam composite l&p c6 chi'.ra cac l&p ho~c mieng ap di$n. Pha n tu 
tu giac dhg t ham SO chf::l rn'it VUi 45 b~C t i! do CO' hQC Va 2 bac t i! do di$n t he da dl!'Q'C xay d \rng 
de phan tfch tlnh va d9ng cac t am composite ap di$n. Mo hlnh da Gll'Q'C kiem tra qua so sanh kct 
qua v&i m9t so ket qua da cong bo. Qua ket qua so, c6 t he t hay rang: ba.ng cac dieu khien thv 
d9ng hoac chu d9ng, ta CO t he thu QU'Q'C hlnh dang mong muon cho tam composite ap dien chju 

tai trc;mg uon. Anh 11m1mg cua tri!-t t\r xep cac 1&p composite, cua vi tri cac 1&p ap cti$n va v\ tr i 
cac c~p mieng cam bien/ kfch t hfch dU'<?'C gan vao t am composite ciing QU'Q'C khao sat va danh gia. 
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