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Abstract . Linear quadratic regulator (LQR) is an effective method of feedback active 
control theory. However, the LQR control is not truly optimal because it is only a 
feedback algorithm, i.e. the external excitation term is ignored in the optimal equation. 
In a previous paper [1] , the identification algorithm is presented for feedback active 
controlled systems to identify the excitation from the structural response measured. 
The aim of this paper is to propose a feedback-feedfonvard control algorithm using the 
identified excitation to improve the classical LQR control. A numerical simulation is 
applied to an eight story building subjected to base acceleration and controlled by active 
mass damper system. 

1. INTRODUCTION 

In recent years, much progress and new concepts have been achieved in reducing the 
structure response due to environmental and man-made loading . Among those innovative 
means, passive damping and active control systems represent fundamental approaches for 
response reduction in structures . Passive damping systems encompass a range of devices, 
which are characterized by a capability to enhance energy dissipation in the structure. 
This effect may be achieved by using devices which operate by conversion of kinetic en­
ergy to heat such as friction dampers, viscous dampers . . . or by transferring of energy 
among vibrating modes such as tuned mass dampers or tuned liquid dampers. Passive 
devices, however, have inherent limitations which can be solved by active control systems. 
For example, the passive tuned mass damper is often tuned to the first natural frequency 
of the structure, means that it is designed to reduce only the first mode vibration. An 
active mass damper, on the other hand , can be effective over a much wider frequency 
range. Hence, the study of active control is a logical extension of passive control technol­
ogy. Active control systems are force delivery devices integrated with real-time processing 
controllers and sensors within the structure. When only the responses can be measured, 
the method is called feedback or closed loop control. A feedforward or open loop co!"ltrol 
results when the control force are regulated only by the measured excitation. In the case 
where the both information of excitations and responses are utilized for controller design, 
the term feedback-feedforward or closed-open loop control is used . Many control strategies 
have been proposed, such as LQR/LQG control [2], H2 /H= control [3, 4], sliding mode 
control [5], fuzzy control [6], neural control [7] ... vVe also proposed some control algo­
rithms applying to structures, in which some components of excitation can be known [8] 
or the control forces are bounded [9] or the number of sensor is limited [10] . As it has 
been observed in many papers the well-known linear quadratic regulator (LQR) control 
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is one of very effective methods to attenuate undesired vibrat ions in structure. However, 
in optimal control theory, t he LQR control is not truly optimal because the feedforward 
(excitat ion) term is ignored in the optimal equation. In fact, we presented a method called 
identification algorit hm [1], which identifies t he external excitation from the structural re­
sponse measured . Thus·, the a im of t his paper is to improve the classical LQR control by 
t he information of t he excitation identified by the identification algorit hm . 

2. OPTIMAL CONTROL PROBLEM 

The general control problem has form : 

Mx (t) + Dx (t) + Kx (t) = Luu (t) + Ljf (t) , x(O) = xo , 

y (t) = Cx (t), 

(2. 1) 

(2 .2) 

where x ( t) is the n-<limensional displacement vector , f ( t) is the r -dimensional external 
force vector , u(t) is the m-dimensional control force vector , three n x n matrices NI, D 
and K are mass, damping and stiffness matrices, respectively. The n x m matrix L1, and 
n x r matrix L f are location matrices which define locations of the control force and the 
excitation, respectively. · The p-dimensional measurement vector y(t) is defined by the p x n 
measurement matrix C. If t he rank of location matrix Lu is smaller t han n, t he number 
of control forces is limited . Similarly, the number of sensors is li mited when the rank of 
measurement matrix C is smaller t han n. In the previous paper [10], we discussed the 
case, in which the number of sensor is limited. In t his paper, the case of limited number 
of control force is considered. The general case in which both control force and sensor are 
limited can be solved by using the Luenberger observer or Kalman-Bucy filter [2] but that 
is beyond the scope of this study. Because only the number of control force is limited, the 
measurement vector y(t) is identical with the displacement vector x(t). To facilitate the 
problem, one use the state-space representation to rewrite Eq. (2 .1) as in the form 

{ 
i(t) = Az(t) + Bu(t) + H f(t) , 
z(O) = zo, 

(2.3) 

where z(t) = [ x(t) i:(t) f is the 2n-dimensional state vector, t he superscript T indicates 
vector or matrix transpose, A is the 2n x 2n system matrix, B and H are 2n x m and 2n x r 
location matrices specifying the locations of controllers and external excitations in t he 
state-space, respectively: 

A = [ ~M- 1 K ~M- 1 D ] 'B = [ ~M- 1 Lu] ' H = [ ~M-1 LJ ] 

where 0 and I denote, respectively, the null matrix and the identity matrix of appropriate 
dimensions . The control force u(t) is to be chosen in such a way that a performance index 
J , defined as 

t1 

J = ~ J [zT(t)Qz(t) + uT(t)Ru(t)]dt, 
2 

0 

(2.4) 

is minimized . In the above, the time interval [Oh] is defined to be longer than that of 
the external excitation, Q and R are vveighting matrices. Q is a 2nx2n posit ive semi­
definite matrix and R is an m x m positive definite matrix . Their magnitudes depend 
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on t he relative importance attached to the state variables and t o the control forces in the 
minimization procedure. The optimal control problem with J defined by Eq. (2.4) subject 
to t he constraint (2 .3) is well documented in t he li terature. The truly control law is taken 
as [11] : 

u (t) = - R- 1 BT [Pz (t) + p (t)], 

where P is t he Riccati matrix satisfying t he Riccati equation 

PA- PBR- 1 BTP +ATP+ Q = 0 

and p(t) is determined from t he differential equat ion 

{ 
jJ (t) +(AT - PBR- 1 BT) p (t) + PHJ (t) = 0, 
p(tt) = O. 

(2.5) 

(2.6) 

(2.7) 

The control law (2.5) contains 2 separate terms: t he feedback term Pz(t) depending on 
state vector and the feedforward term p(t) depending on external excitation f(t) . The sys­
tem of equations given by (2 .5), (2.6) and (2 .7) provides optimal solution. Unfortunately, 
the truly optimal control law is generally infeasible. T his is because the feedforward term 
from Eq. (2 .7) must be solved backwards from t he terminal t ime tf , requiring that the 
excitation f(t) over the entire control interval be known a priori. This is not possible in 
most of structural control applications . The classical linear quadratic regulator (LQR) 
control is the well-known control law, in which only feedback term is used, i.e: 

1l (t) = - R- 1 BT Pz (t) . 

From Eq. (2 .7) , it can be seen that the LQR control ignores t he fo llowing term 

ELQR = PHf(t). 

(2.8) 

(2 .9) 

In the next section, we show that, in some case, the ignored term can be reduced by 
adding a feedforward term, which can be identified . 

3. FEEDBACK-FEEDFORWARD A LGORITHM 

Although t he external excitation can not be known over the entire control interval , it 
still can be online identified by the identificat ion algorithm [1], which is briefly presented in 
section 4. Therefore, we propose here a control law using the online excitation to improve 
the LQR control in case the external excitat ions have low frequency. Considering the 
fo llowing form of the feedforward term p( t) : 

p (t) = SH j (t) . 

The feedback-feedforward (FB-FF) control law is: 

1l (t) = - R - 1 BT [Pz (t) + SH f (t)]. 

Substituting (3. 1) into Eqs (2 .7) , the optimal equation reduces to: 

[(AT - PBR- 1 BT) S + P] Hf (t) + SHj (t) = 0. 

Vve choose 
S = - (AT - PBR- 1 Br) - 1 P. 

Then the ignored t erm is: 

EFB - FF = SH j (t) = - (AT - P BR- 1 BT) - 1 PH j (t). 

(3.1) 

(3 .2) 

(3.3) 

(3.4) 

(3 .5) 
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Comparing (2.9) and (3 .5) , we see that, if t he excitation frequency is sufficiently low , 
t he ignored term of the FB-FF control is smaller than t hat of the LQR control. \Ve 
also expect t hat the control performance is improved when the ignored term is reduced. A 
question is addressed: which value of the excitat ion frequency is considered as "sufficiently 
low" . We answer it by the well-known eigenfunction technique. Assuming t hat t he matrix 
AT - P BR- 1 BT is transformed by t he modal matrix as : 

AT - PBR- 1 BT= TAT- 1 

where T is the modal matrix whos columns are the eigenvectors of AT - P BR- 1 BT and 
A is a diagonal matrix whose diagonal elements are t he eigenvalues Ai (i= l , ... 2n) of 
mat rix AT - PBR- 1 BT. The expression (3 .5) is rewritten as: 

EFB - FF = -TA- 1T - 1 Pj (t) . 

V./e have the following estimation: 

llELQRl l = llPH f (t)ll, (3.6) 

llEFB-FF ll = llTA- 1T- 1PHj(t)tl '.S mi:l.-\il llPHj(t)ll· (3.7) 
i 

The excitation frequency is considered as "sufficiently low" when 

-
1 

llPHj(t)ll < llPHJ(t)ll· (3.8) 
i I " I 

We remark t hat the absolute values of the eigenvalues are the natural frequency of 
the structure controlled by LQR algorit hm [2] . In the special case, when the excitation is 
harmonic with frequency w, the condition (3.8) reduces to: 

w < m.inl>-il 
i 

This means that the excitation frequency is lower t han the smallest frequency of t he 
structure. As seen from (3 .1) , the implementation of FB-FF control process requires t he 
knowledge of the excitation vector Hf(t) . In fact , it is usually that one is unable to measure 
the external excitation whi le the structural response can often be measured. Therefore, 
the idea involved in the control law (3 .1) is used in a modified way, in which the history 
of the external excitation can be ident ified with a time delay by a so called identification 
process [l] . The following section briefly presents the identification algorithm to complete 
the control law. 

4. IDENTIFICATION CONTROL ALGORITHM 

Let all the components of the di ::j)lacement vector x( t) cetn be measured and all com­
ponents of its first and second order derivatives can be calculated in a short time. Then 
the state vector z(t) and its derivat ive can be known. The control interval [O , t1] is divided 
into n small equal intervals of t he length /::;. where /::;. is a small posit ive number whose 
value depends on computation speed and accuracy of computer. Thus one has : 

tf = q6. . 
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For any given function vector m(t) , the following notations are introduced: 

m[k] (t) = { ~(t) (k - 1)6. :s; t :s; kb. 
otherwise 

k=l,2, .. . ,q . 

The identification control is implemented in the following inductive way. 
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(4 .1) 

* In the initial subinterval T1 = [O :s; t < 6.], two tasks are carried out simultaneously: 
+ Task 1 : The control force is set to zero : u[l] (t) = 0. 
+ Task 2: The excitation is identified from the state equation (2.3). 

H j11l (t) = z.l1J (t) - A zl1l (t) . 

* In the next subintervals Tk = [(k - 1) 6. :s; t < k6.] with kl,l, the similar tasks are 
carried out simultaneously: 

+ Task 1: The control force is determined from the FB-FF control law (3 .2) except 
that the excitation is replaced by the delayed excitation in the previous subinterval: 

ulkJ (t) = -R- 1 BT [ PzlkJ (t) +SH f[k - l] (t - 6.)] . 

+ Task 2: The excitation is identified from the state equation (2 .3) 

H j [kJ (t) = z.[kJ (t) - Az[kJ (t) - Bu[k] (t). 

(4.2) 

(4.3) 

Using two tasks above for each time interval Tk, the FB-FF control law is completely 
feasible . 

5 . NUMERICAL SIMULATION 

The example given below is taken from [12]. An eight-storey structnre in which every 
storey unit is identically constructed is considered. The characteristics of the building are 
t he same for each story: floor mass m, elastic stiffness k and internal damping coefficient c. 
Assuming that the structure is subject to the earthquake ground acceleration, whose his­
tory is taken from the N - S component recorded at Hachinohe City during the Tokachioki 
earthquake of May 16, 1968. The absolute peak acceleration of the earthquake record is 
2.25 m/s2 . In the previous paper [10], we simulated this structure, which is controlled by 
a set of tendons placed between each of two floors . In this paper, another control mech­
anism is considered. The control is accomplished through an active mass damper system 
installed at the top of the structure as shown in Fig. 1. An active mass damper (AMD) 
is a system, in which an auxiliary mass md is connected to the main structure through 
a spring kd , a damping device Cd and a hydraulic actuator producing an active force u. 
·without the active force, the mass damper is passive and is called tuned mass damper 
(TMD) . Passive TMD system was widely used for motion control of tall buildings [13]. 
Therefore, AMD system is also the most popular mechanism in act ive structural control 
[14] . 

The optimum values of spring and damping device are available in literature. They 
are in general tuned to the first fundamental frequency of t he structure. It is not difficult 
to derive the structural motion equation having the form of Eq. (2.1): 

Mi (t) + Cx (t) + Kx (t) = Luu(t) + L1i9 (t), (5 .1) 

where the mass, damping and stiffness matrices have form 
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Ind 

~~~~~~~~~~~~~~~ 
.. .. 

Fig. 1. Structure with an active mass damper 

-
8+µ 7 + µ 6 + µ ". l + µ µ 
7 +µ 7 + µ 6 + µ ". l + µ µ 
6 + f.l 6 + µ 6 + µ, " . l + µ µ 

M = m l 
l + µ µ 

l +µ l + µ l + µ l + µ l + µ µ 
µ µ µ µ µ µ 

C = diag (c, c, .. ., c, cd); K = diag (k , k, .. ., k, kd) 
In which µ=md/m is the mass ratio , i 9 denotes the base acceleration. The displace­

ment vector x, the location matrices Lu and L f have form: 

X = [ X 1, 
T 

X2 - X1, X3 - X2 , " . XS - X 7 , Xd - XS J ' 

Lu = [ 0 0 0 ". 1 f ) 
L1 = - [ 8 + µ , 7 + µ , 6 + µ , " . 1 + µ , µ f m, 

where x; (i = l ,. .. , 8) and xd, respectively, are the relative di splacement of t he ith floor 
and the auxiliary mass with respect to the foundation. The motion Eq. (5 .1) then is 
represented in t he state-space form. Let the parameters take values as [12]: m = 345 .6 
metric tons, elastic stiffness k= 3.404x 105 kN/m, internal damping coefficient c= 2937 
metric tons/sec. Some first natural frequencies of this building are 0.92 , 2.73 , 4.45 , 6.02 , 
7.38 Hz. For t he active mass damper , md= 29 .3 tons, cd= 25.0 tons/sec and kd=957.2 
kN/ m. Thus, t he darnper frequency is tuned to 983 of the first natural frequency of the 
structure and the damping ratio of t he damper is 7.33 . For the purpose of comparison 
between cont rol laws, the t ime scale of t he base acceleration is varied to change t he external 
excitat ion frequency. Fig. 2 shows t he time histories and t he power spectrums of t he base 
acceleration with different time scales . 
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Time history, ti1ne scale=1 Power spectrum, time scale=1 

50 
• l ~t i _:_k-~~= I 

100 150 200 0 1 2 3 4 
Time(s) Frequency (Hz) 

Time history, time scale=2 Power spectrum, time scale=2 
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Time history, time scale=6 Power spectrum , time scale=6 
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0 50 100 150 200 0 2 3 4 

Time(s) Frequency (Hz) 

Fig. 2. The time histo ries and the power spectrums of the base acceleration 
From top to bottom: t ime scale = 1 , 2, 4 and 6 
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It is clearly to see that the larger time scale makes the lower frequency and conversely. 
In the numerical simulation, we consider 4 cases of time scale as showed in Fig. 2. In the 
power spectrum of t he base acceleration, the excitation frequency is lower t han t he first 
st ructure frequency (0.92 Hz) when t ime scale= 4 and =6 . Therefore, two last case of t ime 
scale is considered as "low frequency" excitation. The time delay .6. is taken to be 43 of 
the first natural period of the structure. The objective of control is to reduce the top floor 
displacement xs. Therefore, in t he expression (2.4) of performance index J , the 18 x 18 
weighting matrix Q is chosen so that all its elements are zero except for the 8th element 
in the diagonal, i.e. 

; ( 0, 0 .. ., 0, 
Q = d iag ________., 

?elements 

1, 0, 0, ... 0 ) 

lO~ts 
Because there is only one control force, the weighting matrix R in this case is a scalar 

and is assigned a value of 10- s . The values of performance index J, t he root mean square 
(RMS) values of the top floor displacement xs, the mass damper relat ive displacement 
X d - xs and control force lL are tabulated in Table 2 for each case of t ime scale. Each 
column in this table is for different control type: 

- Column (1) is for the structure without mass damper. 
- Column (2) is for the passive TMD case (control force u= O) . 
- Column (3) is for the LQR control law (2.8) 
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- Column (4) is for the FB-FF identification control law (4 .2) , (4.3). We denote t his 
control law as FB-FF-ID 

-Column (5) is for the truly optimal solut ion (2.5), where p(t) is obtained from (2 .7). 
\Ve note that this solution is infeasible in practice because the optimal equation must be 
solved backwards from the terminal time t J. 

Table 2. The performance indexes and the RMS responses in the numerical simulation 

Without The truly 
Response mass Passive LQR FB-FF-ID optimal 

damper TMD control control solut ion 
(1) (2) (3) (4) (5) 

J 0.059 0.023 0.009 0.012 0.003 
Time xs (cm) 2.86 1.79 1.09 1.35 0.54 

scale= l Xd - xs (cm) 0.00 8.96 14.39 17.56 15.63 
u (kN) 0.00 0.00 47.17 84 .14 42 .79 

J 0.096 0.049 0.028 0.029 0.010 
Time xs (cm) 3.19 2.33 1.60 1.90 1.02 

scale= 2 Xd - xs (cm) 0.00 10.43 20 .66 22.17 20.10 
u (kN) 0.00 0.00 82 .53 106.43 59.30 

J 0.111 0.076 0.073 0.058 0.029 
Time xs (cm) 3.18 2.65 2.28 2.35 1.61 

scale= 4 Xd - xs (cm) 0.00 9.72 30.83 24 .83 26.19 
u (kN) 0.00 0.00 127.73 92.30 96.79 

J 0.096 0.075 0.077 0.057 0.036 
Time xs (cm) 2.94 2.62 2.25 2.21 1.73 

scale= 6 Xd - xs (cm) 0.00 8.52 28.32 19.83 21.81 
u (kN) 0.00 0.00 139.64 68.29 73.33 

Comparing the performance index between two columns (3) and ( 4), we see that, the 
FB-FF -ID control law is more efficient than the classical LQR control law in case of low 
frequency excitation (time scale= 4 and 6). For example, when t imescale= 4, the RMS top 
floor responses (2.28 cm and 2.35 cm) are nearly the same but the RMS control force 
and the RMS mass damper response of the LQR control (127.73 kN and 30.83 cm) are 
significantly larger than that of the FB-FF-ID control (92.3 kN and 24.83 cm). In the 
opposite case, when the excitation frequency is high (t ime scale= l and 2) , the numerical 
simulation indicates that FB-FF-ID control is less efficient than LQR control. As we 
expect, the results in this example show that the performance of control is improved when 
the ignored term of the optimal equation is reduced. Besides, in comparison with the 
truly optimal case (column ( 5)), the performance indexes of LQR control and FB-FF -ID 
control still have a large distance. Therefore, the problem finding the better control laws 
is still interesting. 

6. CONCLUSION 

The aim of this paper is to propose a feedback-feedforward control law to improve 
the classical LQR control law for feedback active controlled structures. The proposed 
FB-FF control law is better than LQR control when the excitation frequency is low in 
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comparison with t he structure natural frequency. The improvement is achieved by adding 
the feedforward term to the LQR control. The feedforward term is identified by a so called 
identification algorithm. To illustrate the algorithm, a numerical simulat ion is applied to 
an eight story building subjected to earthquake ground accelerat ion and controlled by 
active mass damper system. T he effect of the excitation frequency is considered in the 
simulat ion. 
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,_ A A , ,_ ,J A '- ,.! ::: 

VE MQT THUAT TOAN DIEU KHIEN NHAN DANG HOI TIEP-DAN 
~ , , ...! ...! ......... ,J 

TIEP UNG DUNG CHO CAC KET CAU DUOC DIEU KHIEN 
. TICH eve PHAN HOI . 

Dieu chlnh t uyen tfnh v&i chi tieu d0ng toan plmcmg (LQR) la m9t plmcmg phap hi~u 
qua trong ly thuyet dieu khien tich ev e phan hoi. Tuy nhien, dieu khien LQR khong th~t 
S\f toi U'U VI day mai chl fa thu~t toan phan hoi, ngh)a la t hanh phan kich d(?ng ngoai da 
b\ bo qua trong phll'cmg trlnh t6i ll'U . Trong 1 bai bao trn&c [1], thu~t toan nh~n d0ng 
da duqc trlnh bay cho cac h~ dll'qc dieu khien tfch eve phan hoi v&i myc dich nh~n d0ng 
kich d(?ng ngoai tl.r cac dap 1rng do duqc cua ket cau. Myc dich cua bai bao la de xuat l 
thu~t toan dieu khien hoi tiep-dan t iep SU dyng cac kfch d(?ng da dU'<;YC nh~n d0ng de cai 
thi~n dieu khien LQR. Mo phOng so dll'<;YC thvc hi ~n cho mo hlnh nha 8 tang ch\u tai gia 
toe nen va dU'<;YC dieu khien bai h~ thong dieu khien tfch ClfC khoi lrn;mg. 


