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INFLUENCES OF THE COMPRESSIBILITY ON 
AERODYNAMIC CHARACTERISTICS OF PROFILE 

UNDER THE TRANSONIC FLOW THEORY 

HOA NG THI BICI-I NGOC 
Hanoi Universit y of Technology 

Abstract. Transonic flows are complex problems. At cer tain Mach nu mbers, in gas 
flows t here are local transitions from the subsonic into the superson ic and reciprocally, 
especially the discontinuity throughout shock waves. Subsonic flows and supersonic flows 
have very different properties, thus calcu lat ion methods are also different - the subsonic 
equation is elliptic and the supersonic equation is hyperbolic. Using established pro­
grams (based on the incompressibl e theory, the compressible theory and the transonic 
theory), we studi ed sub-t ransonic flow characteristics with variations of the Mach num­
ber. Our studies are a lso carried out with variations of incidence, whi ch impact on t he 
transonic effect . Numerical results show that the local compressibility depends on not 
only the speed but also the incidence. At a rather great angle of attack, local supersonic 
regions can appear with free Mach numbers in the order of 0.3 - t he Mach number is 
normal ly considered as a speed of incompressible flows. According to these results, we 
can recognize for wh ich regime the local compressibili ty of flow is considerable and then 
it is necessary to consider the problem under t he transonic flow t heory. 

1. INTROD UCTION 

The transonic flow is a mixed flow in which there are locally subsonic and supersonic 
regions, normally wit h free stream Mach numbers from 0.7 to 1.2 (Fig. 1). However , 
experiences and calculations show that transonic flow properties depend also on the body 
geometry. By using established programs to calculate flows around a profile, it depend 
on incidences, a supersonic point can occur even Mach number NI ::; 0.3. The transonic 
flow is a complex problem, especially when taking into account t he viscosity, the problern 
needs always-experimental results. \ i\Tith advantages of sub-transonic flows (JV! < 1), 
they are generally used in the civil transportation. In the world, they study transonic 
flows experimentally and numerically. In our country, studies of transonic and supersonic 
flows are a beginning. vVe realized and publicized some computational study works for 
supersonic flows, and t hen transonic flows . In t his work, we approach numerically t he 
ste2.11y isentropic potential plan problem and compare the calculated results with published 
results. Numerical essays show more clear the nature of t he transonic flow and influences 
of fluid compressibili ty on aerodynamic characteristics under the transonic t heory. Since 
t hen, we can see optimal and efficacy application domains of the flow type. 
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Fig. 1. Transonic flows free Mach number M 0 < 1 and M 0 > 1 

2. ESTABLISHED PROGRAMS 

We programmed sub-transonic problems by three ways: 
1. based on incompressible fl.ow theory; 
2. based on compressible flow theory; 
3. based on transonic fl.ow theory. 

2 .1. Methods for incompressible and compressible flow calculations 

A code for incompressible flows is programmed according to singularity method with 
linear vortexes [1] . At a point P, formulas calculating velocities induced from a vortex 
distribution of strength I = 10+11.x can be written as fo llowings ( 10 and 11 are constant) 
[2]: 
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vVe divide the profile contour into N panels with law x = ~ ( 1 - cos a) to narrow grids 
near the leading edge and t he trailing edge, correspondingly there are N conditions on the 
surface and a Joukovski condition. Linear equations are written under following matrix: 
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1 0 0 
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RN 
0 

(2 .2) 

where aij = (u, w)ij·ni, (ni is the nomal); Ri = -(uoo, w00 ).ni. Solving the equation 
system (2 .2), we obtain values of singularities Ii [1] . 
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The subsonic compressible flow is calculated by using the linear theory of P randtl and 
Glauert which consider the Mach number by taking into account the formula Vl - 1VJ2 
[3]. 
2 .2 . Methods for transonic flows 

Codes for t ransonic flows are programmed according to methods of full potential equa­
t ion and small disturbance equation. 

2.2.1. Transonic small disturbance method 

a. Equation 
For thin and slender objects with small incidence, disturbances are considered small: 

cpx/Vx:; << 1; cpy/V00 << 1 (where cp is disturbance potential, V00 is free-stream velocity, 
cpx and cpy are derivatives). Vie have small disturbance equation as following [4]: 

[ 1 - M~ - ('y + 1) M~ ( ~: ) ] <pxx + cpyy = 0. (2.3a) 

Under the derivative form of first order: 

[ (1 - M~) cpx - (t + 1) ~=cp; L + [cpy]y = 0 (2 .3b) 

with I being t he rat io of specific heats at constant pressure and constant volume Cp/Cv. 
The equation (2 .3) can be witten under form: 

Acpxx + cpyy = 0, (2.4) 

where 

(2 .5) 

It depends on sign of A (A < 0, A = 0, A > 0) that the equation has hyperbolic 
or parabolic or elliptic types and we can see then the transition from subsonic regime to 
supersonic regime, and reciprocally. 

b. BoundaT?J conditions 
Boundary conditions on the surface-: cpy = V 00 ~; (Y is geometry law of the sur­

face). Down the trailing edge at cut line, we have : § V.ds = § d¢ = 6.¢ = f (with 
airfoil 

r is circulation) . Far field condition for subsonic free stream, using the linear con-

dition (1 - M~) cpxx + cpyy = 0, neglecting the term (t + 1) M~ (-t!), we have: 

cp = £r arctan ( /1 - M&i~) . 
c. Grid generation 
In this case, the profile is modeled as a sli t . All of nodes surrounding t he profile make 

up an or thogonal grid , which includes horizontal and vertical lines, with laws: 

6.xi+l = K16.xi; 6.Yi+l = K26.Yi 

Coefficients K1 and K2 are more than unity. The tangent ial condit ion on upper and 
lower put in mid line: 

dY/ (cpi,jbody + 1 / 2)y = Voo d . ; 
X i,upper 

dY/ (cpi,jbody - 1 /2)Y = Voo d . 
X 1,lower 
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Shock wave 

(i-1,j)I/ (i,j) 
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Fig. 2. Grid (111 x 66) Fig. 3. Shock wave and d iscont inuity 

d. Discretization and solving linear algebric equation 
\iVrite small disturbance equation under form: 

EJP + EJQ = 0 
ox EJy ' 

- ( 2 ) ( )!:!ls_( )2·Q -where P - 1 - M 00 Cf!x - "( + 1 2 v
00 

'Px , - 'Py 

(2.6) 

The sign cff A decides t hat small disturbance equation is in forms of ellipt ic or hyper­
bolic. Discret izat ion equation for subsonic and supersonic regions is written as following: 

Pi+1/ 2,J - Pi- / 2,J + Q i,J+l / 2 - Q i,J- 1/ 2 

6 xi + 6xi+ l 6 yj + 6yJ+ l 

_ ( ' . Pi+l / 2,j -Pi- /2,j _, . p i- 1/ 2,J - Pi- 3/2 ,j ) - o 
Ui] U i - 1 ] - · 

' 6 xi + 6 xi+1 ' 6 xi + 6 x i+1 
(2.7) 

At t he discont inuity point of shock wave, t his equation make expansion of grid on four 
nodes: (i - 2, j ); (i - 1, j) ; (i , j ); (i + 1, j ); (i + 2, j ) (Fig . 3) . For supersonic flows, t he 
perturbation propagation is along the movement, 5i, j and Ji - l , j are equal to unity. For 
subsonic flows, 6i ,j and 6i - l , j are equal to zero. 

The equation is solved by iterat ive met hod: 

6 _ n+l n 
'Pi,j - 'Pi,j - 'Pi,j · (2. 8) 

A good algori t hm will give exact solut ions when 6 cp __, 0 at all of nodes after some 
iterat ions . 

Linear equation system of unknowns cp can be wri tten: 

B i,J6 Cf!i- 1,J + C i,J6 Cf!i - l ,J + D i,J6. 'Pi ,J + E i,J6. Cf!i+ l ,J 

+ Fi,J6 'Pi ,J- 1 + G i,Jf:l 'Pi,J+l = R f.j · 

The right member is residual at iterat ion level 'n', which is known. 
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(2.10) 
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A;-1 ; 2,j + A; + 1/ 2,j 

D · · = - (1 - 8 ·) t ,J t,J 
/',. x; /',. x;+1 

l:i. xi + l:i. xi+l 
1 (Ai- 1/21 ) + 8i- 11 - - --- - --,._-x-·,· -' - (Fi ,j + Gi,J) . 

' (l:i.xi + l:i.xi+1) u 

(2.11) 

The equation (2 .9) is solved by line successive over relaxat ion scheme with matrix of 
two diagonals. 

2 .2 .2. Full potential equation method 

The full potential equat ion has following form [4]: 

(a2 - u2) ¢xx - 2uv¢xy + (a2 - v2) c/>yy = 0, 

where ¢ is total potential. 
Boundary conditions on profile are: 

dY 
c/>y = Voo dx ' 

where Y is the geometry of profile contour . 

Fig. 4. 0 grid (31 x81) 

(2.12) 

(2.13) 
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Boundary conditions at trailing edge (discontinuity of potential across wake axis) are : 

f d<f> =~ </> = r. (2.14) 

The method and the algorithm of solving t his full potent ial equations (2.12) are pre·· 
sented in [5] . 

While for t he small disturbance potential method profiles are considered very thin, 
for t he full potential method t he profile thickness is taken into account , making up grid is 
much more complex. Here we use Laplace equation to generate an curvilinear surrounding 
airfoil (ellipt ic generation) [5], [6] . 

In Fig. 4 are presented some results of established full potential equation program 
(FPE program). The case (a) is calculated for Naca 0012, angle of attack 5° and free 
Mach number 0 .7 with results of Mach fie ld and equi-Mach number lines . Same profile 
and angle of attack 5°, and different Mach number fl!f = 0. 75 are considered for the case 
(b) wit h results of pressure coefficient field and equi-Mach number lines . Physically, shock 
wave of the case (b) is stronger than one of the case (a) and flow parameters after shock 
wave posit ion are very different for the two cases . 

Fig. 5a. Result of present FPE pro- Fig. 5b . Result of present FPE program: 
gram: Mach fi eld and equi-Mach number lines 
(Minr= 0.7; Naca 0012 ; Incidence 5°) 

Pressure coefficient fi eld and equi-Mach num­
ber lines (Minr= 0.75; Naca 0012 ; Incidence 5°) 

3. COMPARISON OF SOME RESULTS CALCULATED BY 
ESTABLISHED PROGRAMS 

Fig. 6 shows results of pressure distribution coefficient calculated by two methods: lin­
ear vortex method (LVM) for subsonic flows and transonic full potential equation method 
(FPE) . We can see t hat differences of two methods are very small (for Naca 0012 profile, 
Mach number M=0.2, angle of attack a; = 0° and a;= 2°) . 

In F ig. 7, are presented results of pressure distribution coefficient calculated by two 
transonic methods: small disturbance equation method (SDE) and full potential equation 
method . Differences are small and seen at the positions of chock wave. vVe can say that 
in t hese cases when relative thickness is more than 12%, full potential equation method 
give more exact results. 
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Fig . 6a. Comparison of results calculated 
by present FPE and LYM programs: M = 0.2 ; 
Naca 0012 ; Alfa 0° 
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Fig . 'la. Comparison of results calculated by 
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123 ; Alfa 0° 
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Fig . 'lb . Comparison of results calculated by 
present FPE and SDE programs: .1\1=0.85 ; 
Naca 0012; Alfa 0° 

Fig. 8 shows t he comparison of results on pressure distribution coefficient calculated 
by our present FPE program and results of [7] calculated by transonic small disturbance 
theory equation and Euler equation for case: !Vl =0.75 , Naca 0012 , incidence 2° . Results 
are similar. Using Fluent software to calculate inviscid transonic flow of case M = 0.7; 
profile Naca 2312; 4° of incidence, and the comparison t hese results with results calculated 
by established FPE program is presented in Fig. 9. For this case of transonic flow, shock 
wave is strong - the two results are not very different , though. 
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Fig. 8. Comparison of pressure coefficient cal­
culated by present FPE program and results 
of [7] M = 0.75; Naca 0012 ; Alfa 2° 

Fig. 9. Comparison of pressure coeffi cient us­
ing Fluent software and present FPE program 
M = 0.7; Naca 23 12; Alfa 4° 

4 . INFLUENCES OF MACH NUMBER AND INCIDENCE 
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Fig. 10. Dependence of lift coefficient Fig . 11. Lift coefficient calculated by tran-
on Mach number with variation of incidence sonic theory 
Naca 0012 airfoil 

Fig. 10 provides numerical results of lift coefficient depending on Mach number at dif­
ferent angles of attack on a Naca 0012 profile. By comparison of results using three different 
computational methods (incompressible t heory method, compressible theory method and 
transonic full potential equation method), we can see that differences between results cal­
culated by three methods depend on not only Mach number, but also strongly incidence. 
At great incidences, the d ifferences are considerable even with small Mach number. At 
a = 1° , differences of results calculated by compressible theory and by transonic theory 
are evident with Moo dif 2'. 0.77; at a = 3°equivalently M00 dif 2'. 0.75 and at a = 5c we 
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have M 00 dif ;:::: 0.72. Since NI00 > NI00 dif, if we consider flows are purely compressible, 
errors will become considerable. In the cases, it should use transonic methods . 

To study effects of compressibility, which depend on both the Mach number , and the 
incidence, we use the code established by full potential equation method for calculating 
the variatio.n of lift coefficients with the two paramet ers . Results are presented in Fig. 
11. With a = 1° supersonic regions appear at Mach nurriber M= alfaI = 0.7; with a = 3° 
supersonic regions appear at Mach number NI00 alfa3 = 0.6; increasing angles of attack 
a = 5° and a = 8°, equivalent free Mach numbers M oo alfa5 = 0.5 and f./foo alfa8 = 
0.4 . \ i\Then angle of attack a = 11°, supersonic regions appear at very small free Mach 
number JYI00 alfall = 0.3. We use to accept that with NI00 < 0.4 , flows are considered 
incompressible. However, according to transonic theory, a = 11° is an angle of attack at 
which there is not yet the separation phenomena on upper of a Naca 0012 , but with this 
angle of attack a supersonic region appears at a free Mach number 0.3. 

Our numerical essays show t hat only for free Mach number NI00 < 0.25 , all over the 
profile do not appear any supersonic point. 

Fig. 12 shows pressure distributions on a Naca 0012 profile with a = 5° and NI= = 0.65 
calculated by two methods: compressible theory method and transonic theory method. 
Results of lift coefficient calculated by the two methods are not very different (CL = 0.74 
and CL = 0.77). However , pressure distribution laws are very different in using the two 
methods. These laws show that the loading property on profile is very different for two 
results calculated from two theories : compressible theory and transonic theory. 
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Fig. 12. Pressure coefficient distribution on Naca 0012 , Alfa 5° , M= 0.65 Calculated by transonic 
theory and compressible t heory 

5. DISCUSSION 

Numerical results calculated for subsonic flows by three methods: incompressible, 
compressible and transonic permit to reduce following comments : 

For an aerodynamic profile, the local compressibility and the transonic effect depend 
on not only the free Mach number, but also the incidence. ·with great value of incidence 



506 Hoang Thi Eich Ngoc 

(when boundary layers are not yet separated), a local supersonic region can appear at 
very small free Mach number , in the order of 0.3 . 

For subsonic problems, if t he incidence is great even when the free Mach number is 
moderate, because of local compressibility, it is necessary to t reat the problems under 
transonic theory in order to consider t he shock wave effect . 

Note that the appearance of shock waves on airfoil changes a lot t he loading property 
in comparison wit h using the hypothesis of flow wit hout shock wave. It is effective even 
when we obtain similar results of lift coefficient after integrating pressure distribution on 
airfoil. 

The study is implemented wit h the party financial support from National Council of 
Natural Sciences . 
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ANH HUONG CUA TiNH NEN DUQ'c TOI c.Ac D~c TRUNG 
KHi DQNG GOA PROFIL CANH XET THEO 

LY THUYET DONG QUA DQ AM 

Dong qua d9 am la m9t bai toan phl.rc t0P · 0 m9t s6 Mach nhat d!nh, trong chuyen 
OQng ci'ia chat khi ton tc;ti Sl,I' chuyen tiep eve be? tu dtr&i am sang t ren am va ngtrQ'C lc;ti, 
diftc bi~t la Sl,I' bat lien t vc ci'ia dong khi qua song va. Tinh chat cua chuyen a<';>ng dtr&i am 
va tren am rat khac nhau, do vf},y, plmang phap t inh toan cling khac nhau dong dtr&i am 
c6 plmang trlnh chuyen cl9ng dc;tng elip con phtrang trlnh chuyen a(mg cua dong tren am 
c6 dc;tng hyperbol. V&i cac chtrang trlnh l~p dtrQ'C (theo lythuyet dong khOng nen dtrQ'C, 
dong nen dtrQ'C va dong qua d<'.) am) , Chung toi da thl,l'C hi~n vi~C nghien CUU cac diftc trnng 
cua dong v&i Sl,I' thay doi cua t6c OQ t u che de? dm;rc xem la khong nen dtrQ'C den che d9 
qua c19 am dtr&i am . Cac nghien cuu cling dtrQ'C t ien hanh de xet ~nh hm'm g ci'ia g6c t&i 
den hi~u ung qua d9 am. Ket qua t inh toan cho thay, t inh nen eve b9 cua chat long khong 
chi phl,l thu9c vao toe d9 chuyen d<'.)ng ma con phv t hu<'.)c rat ro r ~t vao g6c t&i . a m9t 
g6c t&i t uang doi l&n, vi.mg t ren am Cl,lC b9 c6 t he xuat hi ~n ngay ca khi s6 Mach VO cung 
M rv (0, 3) , fa so Mach thong thrn:mg c6 the coi la dong khong nen OUQ'C. Nhung ket qua 
nghien CUU nay Cho thay Ct Che OQ lam vi~c nao t inh nen Cl,lC bQ la dang ke va can t hiet 
phai xet bai toan t heo ly thuyet dong qua d9 am. 
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