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Abstract. Tn this paper the method of transmission matrix is applied for investigating 
planar mechanisms [5- 7] . As is known, in many engineering problems, for example, 
in the problem of synthesis and analysis of motion, the following problem is more and 
more interested. There is an object (a particle or body) connected with a frame of 
reference, which moves with respect to another frame . It is necessary to define the 
configuration (the position, velocity, acceleration) of the object under consideration in 
the latter frame.There are two types of the frame of reference. A frame that is fixed in 
time named inertia frame or global frame of reference and the frame attached to each 
body of the system- the body frame of reference. The problem is stated now as follows: 
Determine the configuration in global frame of a particle fixed in any body of the system. 

In this paper a method is constructed for solving such a problem by means of trans­
mission matrices. 

The obtained results are illustrated by examples. 

1. THE FORMULAS FOR DETERMINING THE CONFIGURATION 
OF THE OBJECT 

Let us consider two bodies of a free loop, which are numbered as (i-1)-body and i­
body, joined together by the hinge Ai. Attach a frame of reference into each body (the 
body-frame) . The (i-1) body - frame has the origin at Ai-1 and its axis Ai- I Xi-I directing 
from Ai-l to Ai, where Ai - l is the hinge joining the (i-1) body with the (i-2) body. 

The axis Ai-lYi-1 is perpendicular to Ai-1Xi - 1 

in the direction of counter clockwise. The frame of Yi-I 
reference glued to the i-body is formed in the sim­
ilar way. The angle between Ai - 1 two frames of 
reference denoted by 'Pi, is the M rotating angle of 
the axis A-1Xi-1 to Aixi in direction of counter­
clockwise (Fig. 1) [3, 7]. Let consider the point M 
fixed on the i-body. The coordinates of the point 
M in the i-body frame are denoted by the constants 
a and band in the (i - 1) body frame - by i-Ix!v!, 
i-lYM, which are variables of time. The notation 
located at high left corner is number of the body, 
on which the particle M on. Similarly, the coor­
dinates of the point M in the inertia reference is 
denoted by 0 x M, 0 y M. Fig. 1 
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The components of the coordinate of the point M in two frame in progressive order 
are related by the formula [4, 5, 7] 

where: Li-1 = Ai-1Ai · 

i-lXM 

i-lYM 

1 

cos 'Pi 

sin 'Pi 

0 

- sin 'Pi 

cos 'Pi 

0 

Li-1 

0 
1 

a1 

a 
1 

By introducing the symbols cos 'Pi =Ci, sin 'Pi = Si and the matrices 

cos 'Pi - sin 'Pi Li-1 

Ti = JI sin 'Pi cos 'Pi 0 
0 0 1 

i - lrT = jji-lXM i-lYM 111 ; 

the formula (1.1) is written in the form 

i-lr = T~ r. 

Hereafter the matrix is noted by the bold letter 
and the vector is identify as a(3 x 1) matrix. Let 
us consider a system of k bodies in plane (where 
k=3), which are joined between each other by the 
hinges Ai, A2, . .. , Ak respectively, where A1 is fixed 
at time. Let put the inertia frame of reference at 
A 1 . For simplicity instead of the i-body frame let us 
put the vector Xi with the origin at Ai and directing 
along the axis Ai xi. The angle between two vectors 
Xi-l and Xi (Fig. 2). It is easy to derive the rela­
tionship between the coordinates of the point fixed 
to the k-body frame (with the coordinates a, b) and 
its coordinates in the global reference, that is 

Ci -Si Li-1 

Si Ci 0 
0 0 1 

irT = Ila b l II 

Yi-1 

Fig. 2 

0 x a 
0 y =Ti T2···Tk b 
1 1 

or 
0
rM= TiT2 ... TkrM, 

.... 

where the· matrices Ti(l, k) take the same form as (1.2) in consideration of Lo=O. 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

By the formulas(l.5) and (1.6) we calculate the components of velocity of the point 
M in the global reference, that is 

0 . 
XM 

v = r =II 0
iJM 

0 

k 

= 'L cp( *)vi, (1 .7) 

i =l 
} 
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where tpi(*) is a(3 x 3) diagonal matrix of the form 

tPi 0 0 
<Pi ( *) = 0 <Pi 0 

0 0 <Pi 

and the matrixces V i ( i = 1, k) are calculated by following the formula 

Vi= Ti T2 ... T 1j ... Tk, 
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(1.8) 

(1.9) 

in which the matrices T i take the form (1.2), but the matrices T 'i are drawn as follows 

-Si -Ci 0 
Ci -Si 0 (1.10) 
0 0 0 

It is easy to show that the absolute angula~ velocity of the kth link is calculated by the 
formula 

(1.11) 
i=l 

T he components of acceleration of the point M in the global frame of reference are 
determined by following formula 

a= 

O· 
XM 

0. 
YM 
0 

k k k-1 

= L <Pi(* )vi+ L tPi( * )v~ + 2 LL tPi( * )cpj( * )vi,j, 
i=l i= l i=l j>i 

where vi is calculated by (1.9), <P(*) is a(3 x 3) diagonal matrix of the form 

tPi 0 0 
c.,Oi ( *) = 0 cpi 0 

0 0 <Pi 

but v~, Vi,j are determined by following formulas 

where 

V~. =Ti T2 ... T"i .. . Tk, 

Vj ,j = Ti T2 ... T'j .. . T'j · .. Tk, 

-Ci Si 0 
T" = 

i -Si -Ci 0 
0 0 0 

The absolute angular· acceleration of the kth link is of the form 

k 

Ek= LtPi· 
i=l 

(1.12) 

(1. 13) 

(1.14) 

(1.15) 

(1.16) 

( 1.17) 

In order to use the above obtained formulas it is necessary to bring to the following 
notices 

a) In the case of an open loop, i.e. when the last link of the loop under consideration 
is one end free, it is possible to apply directly these formulas 
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b) In the case of closed loop, i.e. there is a point of the last link fixed at time with 
respect to the global frame of reference, first it is necessay to find the configuration 
of this point . 

By such a way we get two equations for each kind of the configuration (the 
position, velocity, acceleration). Solving the obtained equations we determine the 
configuration of the system under consideration. 

c) When the system is a semi-closed loop, i.e. when a point of the last link moves 
along any curve fixed in the global frame of reference, it is necessary to write the 
configuration equations for this point , by which we will find the configuration of 
the system. 

2. APPLICATION 

Example 1. Let us consider a free loop of three 
links (Fig. 3). We put three body frames of ref- A 1 

erence as in the Fig. 3 [5, 6], which are expressed 
by three vectors x1, x2 , X3. The global frame of 
reference is noted by the vector xo . By such a 
way there are three transmission matrices, that 
are 

C1 -81 Q I 

T, ~ [ 
c2 - 82 

T1 = II 81 C1 o I . 82 c2 . 
0 0 1 I ' 0 0 

L1 l; T, ~ 0 
1 

In accordance with the rules (1.10), (1.16) we have 

-81 
T1 = II C1 

0 

-c1 
T ll 

1 = -81 
0 

-c1 
-S1 

0 

81 
-c1 

0 

0 
0 
0 

, T~= 

0 
0 I; T~ = 
0 

-82 
C2 
0 

-c2 
-82 

0 

-c2 
-s2 

0 

82 0 
--c2 0 
0 0 

0 
0 
0 

, r;= 

. T" , 3 = 

Fig. 3 

C3 -83 L2 
83 

0 

-83 

C3 
0 

-C3 

-83 

0 

C3 0 11. 
0 1 

-C3 
-83 

0 

83 0 
-C3 0 
0 0 

0 

o II· 
0 

(2.1) 

(2.2) 

(2.3) 

Let us consider the point M fixed in the 3th - link and having the body-coordinates 
to be a and b. The components of coordinate of the point M in the global reference are 
computed by following the formula (1.5), that are 

OXM I 
OYM I = TiT2T3 
1 I 

a 
b 
1 

ac123 - b8123 + L2c12 + L1 c1 
a8123 + bc123 + L2812 + £ 1 81 

1 

The coordinates of the point M in the global reference are of the form 
0
xM = ac123 - bs123 + L2c12 + L1c1 ; 0

YM = a8123 + bc123 + L2812 + L1s1, 

where the following symbols are used 

c123 = cos(<p1 +<p2+<p3); 8123 = sin(<p1 +<p2+<p3); c12 = cos(<p1 +cp2); 812 = sin(cp1 +cp2). 
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In order to calculate the components of the velocity of the point M in the global 
reference, let us write the formula (1.7). For this purpose we calculate the matrices 
V1, v2, V3 by means of formula ( 1. 9), that are 

V= 

-as123 - bc123 - (L2s12 + L1 s1) 
v1 = T~T2T3r = ac123 - bs123 + L2c12 + L1c1 

0 

-(as123 + bc123 + L2s12) 
V2 = T1T;T3r = ac123 - bs123 + L2c12 

0 

II 
-(as123 + bc123) II 

V3 = TiT2T3r = ac123 - bs123 . 

The formula (1.7) takes the form now 

0 · 
XM 

O· YM 
1 

-(as123 + bc123 + L2s12 + L1s1)<P1 - (as123 + bc123 + L2s12)<P2 - (as123 + bc123)<j;3 
(ac123 - bs123 + L2c12 + L1c1) <P1 + (ac123 - bs123 + L2c12)<P2 + (ac123 - bs123)cp3 

0 

The components of acceleration of the point M in the global reference are computed by 
the formula (1.12), where the matrices v 1, v2 , v3 are determined as above, but the matrices 
v~ (i = 1, 2, 3), Vi ,j(i, j = 1, 2, 3) by means (1.14) , (1.15) will be 

I T"T T I 
Vi= 1 2 3r = I 

-(ac123 - bs123 + L2c12 + L1ci) 
-(as123 + bc123 + L2s12 + L1s1) 

0 

-( ac123 - bs123 + L2c12) 
-(as123 + bc123 + L2s12) 

0 

-ac123 + bs123 
-(as123 + bc123) 

0 

-(ac123 + bs123 + L2c12) 
-(as123 + bc123 + L2s12) 

0 

-(ac123 + bs123) I 
-as123 - bc123 

1 
; 

o I 

1. 
I 

-( ac123 + bs123) 
-(as123 + bc123) 

0 
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By applying the (1.12) it is easy to find ·the components of acceleration of the point 
M in the global reference, that are 

0
xM = - (as123 + bc123 + L2s12 + L1s1)<P1 + (as123 + bc123 + L2s12)<P2 

+ (as123 + bc123 + L2s12)<.iJ3 - 2(ac123 - bs123 + L2c12 + L1ci)t.Pi 

- (ac123 - bs123 + L2c12)t.P~ - (ac123 + bs123)tp~ - 2(ac123 + bs123 - L2c12)t.P1t.P2 

- 2(ac123 - bs123)cp1cp3 - 2(ac123 + bs123)cp2cp3. 
0
yM = (ac123 - bs123 + L2c12 + L1c1)<P1 + (ac123 - bs123 + L2c12)<P2 + (as123 + bc123)<.i)3 

- ( as123 + bc123 + L2s12 + L1 si)<Pi - ( as123 + bci 23t.P~ -;- ( as123 + bc123)tj/~ 
- 2(as123 + bc123 + L2s12)<P1<P2 - 2(as123 + bc123)cp1cp3 - 2(as123 + bc123)cp2cp3. 

Of course, in the case of using numerical methods, it is unecessary to write the expressions 
in an universal form, for example, in the case of a loop of many links. 

Example 2. Let us consider a slider-crank mech­
anism. The crank OA rotates about 0 with an­
gular velocity and acceration w1 and c1, respec­
tively. The length of the crank OA is r=0.4 m, 
but the one of the connecting rod AB is L= 2 m. 
Determine the angular velocity and acceleration 

of the connecting rod at cp = ~ (Fig. 4) . 

The mechanism under consideration is a semi­
closed loop, because the point of the link AB(last 
link) moves along the horizontal line, fixed in the 
inertia frame of reference. The system consists of 

x'1 

'I.: 

Fig. 4 

two links joined each other by the hinge A . The global reference is represented by vector 
xo in horizontal direction to right side. The body-frames are represented by the vectors 
X1, X2, X3 as shown in Fig, 4. The point B located at the second link. Its body-coordinates 
are (-2, 0) , but the global coor-dinates are (xB, 0). In order to write the configuration 
equationsfor the considered system it is necessary to determined the transmission matrices 
T1, T2, T~, T~, T~, T~ , which are of the form 

C1 -81 0 C2 -s2 0.4 -S1 -C1 0 
T1 =II s1 C1 0 ; T2= s2 C2 0 ; T' -1 - C1 -s1 0 

0 0 1 0 0 1 0 0 0 

!! -s, T : !! ; !! - c, ,, 0 !! !! -c, 
s2 o II 

T~ = c2 ~ s2 T'f = -

0
s1 -Oc1 i· i T~ = -0'1'1 -C2 0 

a 0 

7r At the given position of the mechanism we have: cp1 = 
2

. Therefore: c1 = -O; s1 = 1. 

In order to determine the position of the system at given time, i.e. the value of the 
angle cp2, let us write the equation (1.5) for the point B in consideration of the above 

J 
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calculated values, that are: 

ox* B 
O = TiT2r = 
1 

43 

Hereafter the symbol "*" located on high right corner of the letter denotes the value 
of the quantity at t he given instant of time. 

The obtained matrix equation is equivalent to following two equat ions: 
0 x'8 = - 2s;; - 2c; + 0.4 = 0. 

The angle cp2 is defined by c2 = 0.2; s2 = JQ.96, but the coordinates of the point B 
at the given instant of time is equal to (2Jo.§6; 0). 

For solving the problem of velocity, we apply the formula ( 1. 7) . First let us to calculate 
the matrices v 1 , v 2 at the given time, t hat are 

0.4 
* T *T

1

* lr\fV5 V2 = 1 2 r = 2y 0.96 
0 

By means of ( 1. 7) we calculate 

O·* 0 4 "* 0 4 xs = · 'P1 = · w1; 

Because the velocity of the point B is in horizontal direction, i.e. 0 i;8 = 0, we have 
then 

0 = <Pi + 0; _, 0; = -0i. 
Absolute angular velocity D2 of the connecting rod AB is determined by means of 

(1.11) : 
n; = 0i + 0; = o. 

This means that at the given instant of time the rod AB is in instantaneous translation. 
The velocity of the point B is equal to 

* - 0 "* 04" * * v B = x B = . 'P1 = rw1 = VA. 

It is clear , because the rod AB is in instantaneous translation. 
In order to determine acceleration it is necessary to write the equation ( 1.12) . For t his 

aim, let us calculate the matrices v~ , v~ , v1 ,2 corresponding to the given of t ime. That are 

- 2v'G.96 
0 
0 

1 * * fl * * * II* 

[
- 2Jo.96 l ;v2 = T 1T 2 r = 0

0
4 ; v 1 ,2 = T 1T 2 r = 

-2Jo.96 
0.4 
0 

By writting and developping t he equat ion (1.12) the components of acceleration of t he 
point B in the global reference will be 

0x8 = 0.4<f?2 - 2J0]60i* - 2/0]60~* - 4/0]G<Pi<P2; 
0:Y8 = 2VD.960i + 2VD.960; + 0 .40~* + o. s0r0; = 0 

Solving t he last equat ion in consideration of 02 = - <Pi, we obtain 

""* ""* 0.2 · 2* 
'P2 = - cp l + y'Q.96'P1 
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The absolute angular acceleration of the rod AB are of the form 

* .. * ""* 0.2 ·2* 0.2 2 
€2 = <pl + <p2 = vfc).96<.pl = vlcf.96Wl · 

It is easy to find the acceleration of the point B at the given instant of time in the 
global reference 

0 08 0.08 2 a'B = 0x'8 = - 0.4y;i + ~<Pi* = -0.4c1 + /5]6w1 · 

Example 3. Let consider a four bar mecha­
nism. The rod AB and DC are same length 
R=0.4 m. The length of the connecting rod BC 
is L=0.2 m Determinee angular velocity and ac­
celeration of the connecting rod BC when the 
mechanism takes the position shown in the Fig. 5. 
At the given instant of time the crank AB ro­
tates about A with the angular velocity and ac­
celeration w1, €1, respectively. The system un­
der consideration consits of three moving bars. 
This is a closed loop because the point D of the 
last link is fixed in the inertia reference. Let us 
choose the global reference represented by the 

x'2 

Fig. 5 

x'1 

D 

vector x 0 , having the origin at A and directing to the right side. The body frames of 
reference are chosen as in Fig. 5. At the interest position of mechanism we have 

7r 
<p2 = 2' <p1 + <p3 = 7r-> c2 = 0, s2 = 1, c3 = - c1 , s3 = s1 . 

Let us write the configuration equation for the point D , which has the global and body 
coordinates are (0.2, 0) and (0.4, 0) respectively. ·For this aim let us calculate the following 
matrices 

c* 1 -sr 0 0 -1 0.4 - er - sr 
T i= II si ci 0 ; T2 = 1 0 0 ; T3 = s* 1 -ci 

0 0 1 0 0 1 0 0 

0.2 0.4 
orD = II 0 ' 

3rD = 0 
1 1 

By writting the equation (1.5) for the point D , we get 

0.2 0.4 
0 = TiT2T3 0 
1 1 

Since we obtain two equations, that are 

-0.2si + 0.4ci = 0.2 ; 

-0.2si + 0.4ci 
0.4si + 0.2ci - 0.4 

1 

0.4s~ + 0.2ci = 0.4· 

0.2 
0 
1 
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By solving t hese equations, we get 

cJ'. = 0.8; si = 0.6. 

In order define the velocity and acceleration,let us to determine the following matrices . 

-0.6 - 0.8 0 -1 0 0 - 0.6 0.8 0 
T '* -1 - 0.8 -0.6 0 . T'* -, 2- 0 - 1 0 . T '* -, 3- -0.8 -0.6 0 

0 0 0 0 0 0 0 0 0 

- 0.8 0.6 0 0 1 0 0.8 0.6 0 
T "* -1 - -0.6 -0.8 0 ;T "z = - 1 0 0 T"* -3 - -0.6 0.8 0 

0 0 0 0 0 0 0 0 0 

0 0.24 
* T'*T *T * 3 

V1 = 1 2 3 ro = 0.2 * T *T '* T * 3 
V 2=• 1 2 3 r D = -0.12 

0 0 

0.4 
* T *T *T'* 3 -V 3 = 1 2 3 r D - · 0 

0 

The point D is fixed with respect to the 'global reference. Therefore their components 
of velocity and acceleration in the global reference are equal to zero. By writting the 
velocity's equation (the equation (1.7)) for t he point D at the given instant of t ime and 
developping it we obtain 

Solving these equations we get 

'* 5.* 5 ' * 3 .* ' * 
'P2 = 3 'Pl = 3 W1 j r.p3 = -5r.p2 = -r.pl ' 

T he absolute angular velocities of the links BC and CD will be 

rv . * . * 8 . * 8 n* . * . * . * 5 
~ '2 = 'Pl + 'P2 = 3'P1 = 3 WI j ~ '3 = 'Pl + 'P2 + i.p3 = 3 W1 · 

In order to determine the acceleration let us write the matrix equation (1. 12) .For this 
aim, it is necessary to define the matrices v~ , v; , v~ , v1,2 , v1,3 , v2 ,3 at the given instant of 
time. 

' It is easy to obtain 

V '* - T "*T *T * 3r -1 - 1 2 3 ' D -

V '* - T *T *T "* 3r -3- 1 2 3 D-

-0.2 
0 
0 

0 
0.4 
0 

V ' * - T *T "*T * 3r -2 - 1 2 3 D -

T '*T '* T *3 
' V1,2 = 1 2 3 r D = 

0.12 
0.24 

0 
'CU2 
0.24 

0 
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T '*T*T'* 3 
V1 ,3 = 1 2 3 r D = 

II 

0 
0.4 II; v2 ,3 = TiT'2T''?, 3

rD = 
0 

Writting the equation (1.12) and developping it we get 

0 
0.4 
0 

0
xD = 0---+ 0.24cp2 + 0.40cp3 - 0.200?* + 0.120~* + 0.240i<,02, 

0 .. 0 020 " * 012"* 024' 2* 040' 2* 048 ' *'* YD = ---+ · 'P1 - · 'P2 + · 'P2 + · 'P3 + · 'P1 'P2 · 

By substituting 

"* ""* '* 5 '* '* '* "* "* "* 'P1 = W1, 'P1 = E1; 'P2 = W2 = 3w1; ({13 = -w1, E2 = 'P1 + 'P2; €3 = 'P1 + 'P2 + cp3, 

into the above equations and solving them we will determine the angular accelerations of 
the connecting rod BC and the bar DC, that are 

8 20 2 5 20 2 
E2 = -€1 - -WI. €3 = -€1 - -W1 · 3 9 , 3 9 

3. CONCLUSION 

The proposed method allows to define the configuration of mechanisms by means of 
the point of general view. It is important that by such a way it is possible to apply directly 
and usefully the softwere as MATLAB, MAPLE, MATCAD,. .. for solving complecatcd 
systems. 

This work is completed by financial support of the Basic Program in Natural Science 
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PHUONG PHAP MA TR~N TRUYEN KHAO SAT 
' ~ ~ 

CAC ca CAU PHANG 

Trong bai bao de xuat m<?t phU'O'Ug phap khao sat di?ng h9c cac CO' cau phiing, bai toan dang 
dLrqc quan tam do doi h6i cua phat trien ky thu<%t,di;ic bi~t trong cac bai toan tong hqp va dieu 
khien chuyen d(lng. Trong phl.l'ang phap de xuat da xay di.mg mi?t 19 trlnh dan gian de xac djnh 
dtc yeu to hlnh - a(lng h9c cua CCY cau (vj trf, V~ll toe, gia toe) . .D~c bi~t theo 19 trlnh cfoqc neu 
cho phep su di,mg ti~n !qi cac phan mem chuyen d1,mg nlm MATCAD, MAPLE, a~ giai quyet cac 
bai toan d(mg h9c cac ca cau phi:tng. 

' 




