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1. SYSTEMS WITH n DEGREES OF FREEDOM

Let us consider a vibrating system with n degrees of freedom which consists of a
weightless cantilever beam carrying n concentrated masses mi, mg,...,m, (Fig. 1). The

elastic elements of the vibrating system have stiffness k1, ko, . . ., ky,.
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Supposing that some s'P mass is subjected to electromagnetic force, the differential
equations of motion of the system considered can be written, in accordance with [1] in the

form:
S L8] + B4 =q = Bsingt
dt ¢ ’
mii + k1(z1 — 22) = —hidy — Bi(x) — 22)3,

Moo + k1(z2 — x1) + ka2 — 73) = —hais — Bi(z2 — 1) — Ba(xa — 23)3,
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msfi:s <t ks«l(xs = xs—l) i ks(xs - $s+1) =% —hsis = 65_1(x3 - $S_1)3
1 6L
- /Bs(ms = xs-}—l)?’ s 5(12 al’s’
Mindn + kn—l(l'n = -Tn—l) + kn@n =—hnitn— 571—1(3771 = rn—l)s = ani (11)

We assume that

b= L(l‘s) = Lo(l = @ LgF QQIE),
and that the friction forces and the non-linear terms in (1.1) are small with respect to the
remaining terms. Then, Egs. (1.1) can be rewritten as:

i
e Lo
0q + Cf]
mliz'l - kl(l‘l = 1‘2) = /LFl,
male + ki(z2 — 1) + ko(xo — x3) = ks,

Esinvt — M[Lod(—alzrg + agxg) + GLo(—a1ds + 2a2xsj:m)],

(1.2)
Msis + ks—1(Ts — Ts—1) + ks(Ts — Ts41) = —%q'QLoal + psFs,
Mpdn + kn—1(Tn — Tn-1) + knZn = ufy
where
pFy = —hyiy — Bu(z1 — 22)°,
pFy = —hats — By (z2 — 21)° — Ba(z2 — 23)°,
Bl s (1.5)
uFy = —hgts + (2 Locaxs — Be1(@s — Ts-1)® — Bs(s — Ts41)?,
pFy = —hupdn — Bn1(@n — Tn1)® — Bazd.
We suppose that the characteristic equation of the homogeneous system
my &1 + k1(z1 — x2) = 0,
maZ + k1(z2 — 1) + ka(z2 — 23) =0,
(1.4)
My + Ba—1(n — Tp—1) + knzw, =0,
has no multiple roots and that its roots wy,...,w, are linearly independent. Then, to

study the system (1.2), we shall analyze its particular solution corresponding to the one-
frequency regime of vibrations [2]. To that end, we introduce the normal coodinates
&1, ...,&, by means of the formulae:

xSZch")Ea, s=1,2,...,0, (1.5)

o=1
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where c§°> is algebraic supplement of the element placed in the s-th column and the lasrt
line of the characteristic determinant of the system (1.4).

We can easily verify that the normal coordinates &1, . . ., §,, satisfy the following equa-
tions:

LoG + éq = Esinvt — pFy (cj, 7 Z cﬁ"){a, Z Cga)éo)’
o=1 o=1 :

" . . , (1.6)
&+l = ps( 3 . D6, Y T ,Zc")gg, Q).
o= o=1 o=1 o=
Here

Fo (Q7 (.ja Tsy xs) = LOQ( a1xs + QT ) + Loqu(—Oél + 20&2045) + g,

. g alLoq o)
%y = M; kz; ’

Mj = Z mic?(j)
i=1

In the first approximation, the investigation of one-frequency regime in the system
considered can be reduced to a study of two equations: the first of (1.6) and one of re-
maining n equations. The choice of the appropriate equation depends on the value of
natural frequency w in the neighbourhood of which the parametric vibrations are exam-
ined. Supposing that the frequency v of external force is near the nartural frequency w;.
Then we shall investigate the equations:

1
—q = Esinvt — pFy,

Loi
. N G) (1.7)
&+ wity = —phté; — pBrel wjﬂ_ b Lol
where )
= ML] ; hec29),
w" = [316(3)( D = AP 4 B el = dP el (ol = 1)

]W
+ Bo—1¢9) () — C(J‘) D3 + By () — ngl) n

+ Ba_1e () — ( ) ) + Bactd],

uFg = LoG(—onc€; + &203(] &) + LogcDéj(—an + 200c§¢5).

The remaining n — 1 normal coordinates &, .. 5 &goln €l ¢ - -, &, GT€ far from the reso-
nance, their vibration will be small in comparison with the resonant vibration considered
of the coordinate {;, and in the first approximation they may be disregarded.

Equations (1.7) describing the one-frequency regime of vibrations have the same struc-
ture as the equations of motion of the system with single degree of freedom [1]. This gives
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reason to expect that in each resonant region the same peculiarities of motion will be
displayed were found in the system with a single degree of freedom.
Introducing the notations

()

h* " ﬂ ,6* a* alLoC
= e = 4 = — = e
w] ) w,] 9 w‘? ) I 2]\1-] ] ( )
1.8
1 ’ Qo 1 LO Y
R, 20 =2, Q@=—, , .
Qg Al] 02C, J w; 3 0 LOC €j EOWJQ Yj w;
Egs. (1.7) assume the form:
2 : H *
q" + V5q = ejsiny;1 — ———Lowz-FO’
J
5 . (1.9)
U+ & = —ph€; — uBE — i + pazd ;.
Now, we transform the system (1.9) by means of the formulae:
q = €; siny;7 + Bsiny,
q' = v;€} cosy;T + ;B cos p,
b .
gj:—b—'1——4’)/]2C082’7jT+AjSln0j, (110)
27950 .
,S; = - 1172 sin 2v;T + Aj’)/j COS 0]',
J
where
* 2 *2
. € Qj7j5e
- Q2J7 . 5] P =Ty 65 =T+
J
The transformed equations have the form:
dB
Ey
Tdr LowJ 0 COS¥,
dd n
1B = —— = Fl i
dr Lowjz. Iy S
dA;
Vg =—A, (1—7])81119 cos s — pS ool + . o (1.11)
d .
Ay d% =A;(1~- 'yf)sinQOj * plE sty A ix oy

S = he} + BE — ajd'%e,

where the non-written terms vanish when B = 0.

We suppose that 7; is in the neighbourhood of 1 and that v; and §2; are linearly
indepenent. Then, in the first approximation the solution of the system (1.9) satisfies the
equations obtained from (1.9) by averaging in time its right-hand part

dB R

[1+0(w)] === —u5 B,
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do

ar = G(B, ®, Aj,¥;), (1.12)

dA; h u :

’yj—d—TJ = —u§7jAj + §ClAj sm27,bj + wwug
dy; 1 3 2 , K .
’)/jAjd—TJ = 5(1 = ’y? + MA)Aj -+ g,uﬂAj + §clAj COSQI,ZJJ' e e
where
_q , 3pY
=g 492’
3 b?
A= Fioi——a
W 2 HD *
e a
e 10 _ Q2 2 42
b= 5 4=
Since B — 0 when t — oo, then below we shal take into account only the equations:
dA; h ;
’y]'d—J = —/,L§’yjAj + gclAj sin 2’¢j,
T (1.13)
dyj _ 1 2 3 a3, H 24
’YjAjF = 5(1 =T o LLA])A]‘ + g,U.,BAj + EClAj CcoSs 21/)],

from which we obtain the amplitude A; of vibrations:

4 -1
2 e - 2 . 102
A2 36( — A /d—h 4] (1.14)
. h 1 75 2
sin2y; = —v;, cos2y; = F—/cf — A%y}, (1.15)
c1 a1

Equations (1.12)-(1.15) are different from the corresponding ones in the system with
a single degree of freedom [1] only by the values of the constant coefficients. The method
used enabled us to reduce the more complicated problem to the whole complex of n
problems of the type considered earlier. In spite of this, in the first approximation each of
such problems can be investigated independently of the others, because according to the
conditions of the problem, the resonant processes cannot be developed at the same time
in more than on resonant region.

The stability of stationary regimes of vibrations may be found by analysing Eqs. (1.12).
The criteria of stability formed in [1] are:

ow
—(97]' >0 for A] # 0,

and the phase

W = (zuﬁAﬁ +1-9+ MA>2 - 1?(c] — h2v3),
and
PRy - )+ (2 —1-pA)2 >0 for A;=0.
The study made in [1] concerning the stability of stationary regimes of motion will be
suitable for the character of resonant processes described by Eqgs. (1.12) in qualitative
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relation. This removes the necessity of analysis in detail the criteria of stability. Here we
note only that for very slow change of frequency v in the system considered, n resonant

peaks corresponding to the values v = w; (71 = 1), ¥ =ws (72 = 1) ... are observed (Fig.
2).
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2. PARAMETRIC RESONANCE IN A SYSTEM WITH INFINITE
NUMBER OF DEGREES OF FREEDOM

We investigate in the Cartesian coordinates z,y, z a prismatic beam with length ¢
whose cross-section is symmetrical with respect to two mutually perpendicular axes. We
assume that the axis of the beam in the underformed state coincides with the axis x and
that the symmetrical axes are parallel to the axes y and z (Fig. 3).

The beam under certain conditions of strengthning of its end is subjected to the action
of electromagnetic force which is ¢; distant from the origin of the coordinates and directed
to the axis y. We assume that the inductance L is a function of distance y; = y(¢1,1),

L = L(y1) = Lo(1 — cayn + o2yy7), (2.1)
and therefore the electromagnetic force depends on the location of the electromagnet and

1 L
on the vibrations of the beam, and has intensity 2q gé

We assume that the material of the beam follows the law [3]
0z = f(ez) = E(1 — dE%2)es,

where o, is the longitudinal force and ¢, is the longitudinal elongation. Then, the equation
of motion of the beam is:

02M 0%y oy

— == — H— + P(z,t

| 52 = Pop ~Hp TP,

where p is the intensity of mass of the beam, y = y(z, t)-the deflection, P(z, t)-the intensity
of external load, M (x,t)-the bendmg moment:

9?2 9%
M= // ydydz—E// 1—dE“ 82” Qﬁdydz.

Substituting this expression into (2.2), we obtain:

9%y 0%y
p8t2 +EJa

(2.2)

oty 6%y &3y 21 0%y Ay
gy P | Hag + Pl

_ 3 el
= R [ 022 ot
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J1 = // yidydz, J= // y2dydz.

We assume that the non-linear terms and the terms characterizibng friction are small
in comparison with the linear terms. Then the equation of motion of the system considered
can be represented in the form:

where,

oyr . ..
G+ Q%q = esinvt + pFy (yh %ﬂﬂ),

(2.3)
62 +b284 e R .
L2 ozt = pl2,
where
1 E EJ 3dE3J1
Q2 = — = — b = — 5
0 LOC’ € LO ] p /8
R . on
Ay == A¥a ( a5t T qu) iy (2y1q§ + qyl) (2.4)
_ Hoy Oy 0%y 0%y 1
“F2—"_E+ﬁ[ax4ax2 ( ) ]812 Flend).
The external load P(z,t) has the form:
0 for0§m<€1—%,
P(z,t) = LOTa?-q'?yl - %0;\242 for £; — m% sogh + %\, (2.5}
: A
0 for€1+§<x<E,

where A is the length of that element of the beam is directly subjected to the action of
electromagnetic force.

To solve the system (2.3), we note first that the generative equations (L=0)

. . 0%y oty
G+ Q2q = esinvt, 2 g B B =0 (2.6)
have the solution:
q = e*sinvt + Bsinp,
(2.7)

y—ZX Z)cp, €os (Tbt+7n)

where B, ®, c,, v, are arbltrary constants, X, are the eigenfunctions which define the
natural modes of vibrations of the beam and depend on the boundary conditions.
Equations (2.3) are different from the corresponding ones of the systems (2.6) only by

small terms pFy, uF,. Consequently, it is natural to propose the following form of solution
of the system (2.3):

g=-e"sinvt+ Bsingp, y= Z Xanlm)snlt), (2.8)

e |
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where ¢ = Qpt + ® and B, ®, s, are functions of time.
Now, instead of determining the functions ¢ and y, we determine the functions B, @, s,,.
To find the different equations for these variables, we represent F5 in the form of a series:

0o
F2:ZXnVn(Sl,SQ,...,é],‘ég,...,t). (29)

n=l1

To seek the functions of time V,,, we multiply both sides of the equality (2.9) by X;, and
integrate the result over the total length of the beam; due to the orthogonality of the

eigenfunctions there remains only term on the right-hand side which corresponds to the
number n, so that

£

W, = /FQX dx//x,%dx. (2.10)
0

Substituting (2.8), (2.9) into (2.3) and equating the coefficients X,,, we arrive at:

G+ Q2 = esinvt + uFy,
(2.11)
.§n < w7213n = l”'nLOOZQ(fSn + lLI{n(Sla 82y .-+, ‘él’ é27 uE by t)>

where K,, are polynomials of third degree, relatively of s, so, ...

We consider now parametric resonance when the frequency of the electric circuit v
is in the neighbourhood of w; assuming that the natural frequencies wy,ws, ... are inde-
pendent. Then we retain in (1.1) only the coordinates s;. The remaining coordinates
81,.+-,8j-1,8j41, ... are far from the resonance and their values will be small in compar-
ison with s; and in the first approximation we can disregard them. Thus, following the
expressions (2.4), (2.8), we have:

H " " " P
pFy = —73'ij + B[]V X2 +2X;° X} s + &
Therefore, from (2.10), (2.11) we obtain the equations for ¢, s,:

G+ Qoq = esinvt + uFy,

(2.12)
H :
8; + w?sj ——p—s] + ,BaJs + b]qQSj — e,
where
¢
IV xr112 2 2
:/(Xj XJI‘I +XJ/'” X]{')dea://dex,
0
51—%—-;— ¢
bj = Loaa X;(€1) / X;dx /)\p / X2de, (2.13)

6H-3 0
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It is easily seen that the system of Egs. (2.12) is the complete analogy of the differential
equations of vibrations of a system with single degree of freedom. To avoid repetition, we
shall refer below to the paper [1], where the problem of construction of a solution of the
system of equations of the form (2.12) is considered in detail.

Thus, following the results of [1], we conclude that when the frequency v of an elec-
tric circuit is near to w;, then the beam considered vibrates strongly with frequency v
(parametric resonance). This type of resonance takes place also when the frequency v is
near to weo,ws, ... However, it must be emphasized that in the system with distributed
parameters the vibrations with the lowest frequency (w;) play the main role.

Some experiments were performed with beams and systems of several degrees of free-
dom. The experimental results in the cases considered were in good agreement with the
theoretical results. This fact testifies to the acceptability of the limitations used is the
problem and shows that the approximate solutions found by using the assumption con-
cerning the one-frequency regime of vibrations in the regions of resonance can be adopted
for practical purpose.

For the cantilever beam with parameters E = 2 - 10" N/cm?, J = 16 - 1072 cm?,
@ = 107%N - s2/cm?, £ = 46 cm; therefore, w; = 14.8, wo = 93.7, strong vibrations with
frequency of electric circuit ¥ when v is in the region 13.5-14.3 Hz ..., were very small.
For the same beam, but when ¢ = 58 cm and therefore w; = 26.3, substantial parametric
resonance when v is the region 27.1-29.4 Hz was observed.
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DAO PONG THAM SO CAC HE CO HOC NHIEU BAC TU DO GAY NEN BJ1
TAC DUNG CUA LUC DPIEN TU

Cong trinh nay 14 sy tiép tuc cla cong trinh da duge cong bd [1]. Trong cong trinh nay két
qué nghién ciru dao dong ctia hé co hoc vé&i n bac tw do va cia dim khi ching chiu tdc dung véi
lyc dién tir cia dao dong kich dong tham s twong tur nhu trong [1] dao dong tham s6 dwoc kho
st c6 tan s bang tan s6 dao dong trong khung dién. X4c dinh bién do dao dong va nghién ciru
6n dinh cta ching.



