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Abstract. The paper presents the theory, model, weak form , finite element method and 
return-mapping algorithm for the isotropic hardening elastic-plastic problem. Then applying 
the algorithm to numerically simulate a variety of plane strain problems. 

1. INTRODUCTION 

The plasticity theory has been researched in depth in recent decades. The approximate 
methods to solve the elastic-plastic problems are still topical and challenge researchers. 
The most difficult problem in elastic-plastic problems is to determine the yield surface 
which divides the problem domain into the elastic domain and the plastic domain. On the 
yield surface, the components of stress, strain, displacement have to be continuous. In the 
elastic domain, we obtain the elliptic equation system with 15 equations and 15 variables. 
In the plastic domain, with von Mises yield condition, Drucker axiomatics and combined 
yield law, we obtain the hyperbolic non-linear close equation system. In approximate 
methods to solve elastic-plastic problems, there are two noticed methods: the variational 
inequality method by Glowinski , Lions, and Tremolieres [6] , and return-mapping method 
by Simo and Hughes [3]. In this paper , we use the latter. 

In the isotropic hardening elastic-plastic model, the elastic range in the stress space is 
enlarged in both direction of tension and compression when the behavior of the material 
is in the isotropic hardening phase (Fig.1, Fig. 2). 
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Fig. 1. The strain - stress relationship in 
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Fig. 2. The elastic range in the stress space 
is enlarged after yield flow 
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2. SUMMARY OF ISOTROPIC HARDENING ELASTIC-PLASTIC 
THEORY [3] 

We present the theory of infinitesimal strain in the Descartes orthotropic system Xi ( i = 
1, 2, 3) . We write tensors in indexes and use t he summation law defending on Einstein's 
dumb index. 

a. The total strain 
(2 .1) 

where Eij - tensor of total strain; cf1 - tensor of elastic strain; cf1 - t ensor of plastic strain. 

b. Elastic stress - strain relationship 

(2.2) 

where CJij - tensor of elastic stress; cijkl - fourt h-order elastic modulus tensor which is 
symmetric Cijkl = Cjikl = Cij lk = Cktij and posit ive definite foCijkl ~kl 2: ,B ll~Jl 2 , where 
f3 > 0, fo E R5

, ile ll 2 = fofo . 
c. Yield condition (von Mises yield criterion) with linear isotropic hardening 

(2.3) 

where CJ1 - init ial fl.ow stress of the material; a 2'. 0 - internal hardening variable; K -
hardening modulus 

1 llsijll = JsijSij wit h Sij = CJij - 3tr [CYij ]8ij (t ensor of deviator stress), 

t r[CYij ] = <Ju+ CJ22 + CJ33 . 

d. Associative flow rule 

(2.4) 

where 61 2'. 0 - slip rate. 

e. Isotropic hardening law 

(2 .5) 

f. Kuhn- Tucker complementarity conditions 

(2 .6) 

These condit ions express t he physical requirements that the.stress must be admissible and 
plastic fl.ow can t ake place only on the yield surface . 

{
j(CYi j , a ) < 0 =} 61 : 0, 
61 > 0 =} f(CYij> a) - Q. 
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g. Consistence condition 

61 j(crij, a)= 0 if f(crij, a) = 0. (2 .7) 

These conditions express the physical requirements that when the stress is in the 
plastic range, the plastic flow can only continue to take place when the stress continues to 
persist on the plastic boundary j(crij, a) = 0, but if j(crij , a) < 0 (means unloading), the 
plastic flow will terminate. 

{ ~I > 0 '* j = 0, 
f < 0 :::} 6 1 = 0. 

3. MODEL, WEAK FORM AND FINITE ELEMENT METHOD OF 
ISOTROPIC HARDENING ELASTIC-PLASTIC PROBLEM 

3.1 Model and weak form 

Let 0 c R3 be a bounded domain with polygonal boundary r. Stress field crij c L2 (0) 
and the volume force f i C L2 (0) are related by the local quasi-static balance of forces 

Clij ,j + fi = 0. (3.1) 

Displacement ui and the strain tensor Eij are related by the kinematic equation 

1 
Eij = 2 ( Ui ,j + Uj,i). (3.2) 

In the elastic-plastic problem, when the stress CTij hasn't yet reached the flow stress cr1 on 
the whole of bounded domain, it will exist a yield surface which divide the problem domain 
into the elastic domain and the plastic domain. In the elastic domain, the stress tensor 
cr'fj and the strain tensor ETj are related by the Hooke law (2.2). In the plastic domain, 
the stress tensor crfy is satisfied the yield condition (2 .3), the velocity of the strain tensor 
Efj and the internal hardening variable a are defined by associative flow rule (2.4) and 
isotropic hardening law (2 .5). From the condition of balance of force and the condition of 
continuity of displacement , on the yield surface, we have 

~e - ~p . Vij - Vijl U e - UP. Ee - ~P 
i - i ' ij - E°ij. (3.3) 

On some closed subset r D of the boundary with positive length, we assume Dirichlet 
conditions while we have Neumann boundary conditions on the (possible empty) part r N. 

With a surface force 9i c L2(fN) , we have 

Ui = Ui on rD and Clijnj = 9i on rN. (3.4) 

In summary, in the elastic domain, with equations (3.1), (3.2) and (2.2), we obtain the 
elliptic equation system with 15 equations and 15 variables (6 stress components, 6 strain 
components and 3 displacement components). In the plastic domain, with equations (3 .1), · 
(3.2), (2.3) , (2.4) , (2.5) we obtain the hyperbolic non-linear close equation system with 17 
equations and 17 variables CTij , u i, Eij, 6 1 , a . On the yield surface, the continuous condition 
of stress, strain, and displacement is satisfied. 
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The elastic-plastic problem is t hen determined by the weak formulation. Seek ui C 

H 1(D) that satisfies Ui = Ui on rD that, for all Vic HJ(D) = {vi c H 1(D): Vi ;= 0 on rD} 

(3.5) 

3.2 Finite element method 

We consider a displacement Un+l of the elastic-plastic problem, which is stated as: 

(3.6) 

where R(un+1) is the residual vector at (n + l)th iteration; pext is the vector of applied 

forces; pint ( un+1) = A fl BT an+l da is the global internal forces vector; A is the 
e=l re e=l 

standard assembly operator. 
From t his equation, the incremental displacement .6.uri+1 is the solution of the simul­

taneously linear algebraic equations: 

(3.7) 

where Kn+l = A keln+i - global stiffness matrix; keln+i = 111 Brcn+lBedv - element 
e= l B 

stiffness matrix; Cn+l - consistent elastic-plastic modulus which is explained in detail 
in return mapping algorithm. The isotropic hardening elastic-plastic problem using von 
Mises yield criterion is presented by the return mapping algorithm combining with the 
finite element method as following: (to simplify t he symbols, we don't write the index of 
tensor and vector in the algorithm) . 

4. RETURN MAPPING ALGORITHM FOR THE ISOTROPIC 
HARDENING ELASTIC-PLASTIC MODEL [2], [3], [5] 

In the diagram, we have 
2 

"" = >. + 3c - bulk modulus; 

2Gv . 
>. = - - - - Lame constant; 

1 - 2v 

G = E - shear modulus; 
2(1 + v) 

E - elastic modulus; 
v - Poisson factor; 
Un - nodal displacement vector corresponding to the load vector F~xt; 
I = [1 1 1 0 0 Of; 
II= [Sij], i,j = 1, 6; 
® - tensor product. 
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Load increment loop 

Iteration 
loop 

Input data defining geometry, loading. 
boundary condition. material properties, etc 

Initialise various arrays to zeros 

lrutial database at x e B : {s: , ~ , u., F1", C 1 • 1 ) 

Increment the applied loads tiF.a:,. 
Fii'~ = F.tn + .t.Fll'~ 

Calculate the element stiffness matrix. load vector 

Assemble the element loads and stiffuess to 
give the global stiffuess matnx and load vector 

Calculate the inrcement displacement vector 

!iu ... 1 correspondin g to load increment tJ.F.a:i_ 

Calculate the total displacement vector u 11• 1 = ull + tiu •• 1 

Calculate the total strain tensor at x e 0 : E-.1 = 8,u •• 1 

where B, : vector of derivatives of shape function 

Calculate the trial elastic stress and check the yield condition 

e ... i = Eu1 - ~tr{£1.1]l 
s:!~ = 2G(e •• 1 -e: ) 

!.":' = ~:':~I- ~(a, +Ka) 

E1astic phase 

v.. I _ [ ]1 '"" ~ a,.1 - 1CtrG1.i +s.+i. 

1:.1 = e: 
Plastic phase - return mappin& al&Qrithm 

Calculate 6 y and f\i+I 

a •• 1 =a. 

.... 
s •• 1 Ay = ~ J.";' > 0 

2 (3G+ K) "•·l=~ 

a •• 1 = Ktr[E .. 1 ]I+s!':.~ - 201:ir11 •• 1 

e:.1 = E: +hr.n •• 1 

a,.1 =a, +~Ar 

Calculate equivalent nodal force s f, .... (rI •• 1) = J El' a •• 1drI of each clement & assemble to 
n. . . . 

calculate the global internal forces vector F,-:i = ti.J,tt(u .. 1) , where bi : assemWed operator 

Calculate 6u •• 1 corresponding to load increment 

(Fi.i-F.~(a.,.1 )) 

t!lu,.1 = - [ K •• 1 r [ F.':i - F,,-:1 (u • .i) J . 
where K •• 1 =A k,] .. 1 : global stiffness matrix ,_, 

k, l .• =Is; c .. 1B,dx : element stiffuess matrix 
A 

where Ca•I : consistent elasto ·plastic tangent modulus 

c •• 1 =1eI®I +200 • .if II-jr0rl - 2oll.,.1n • .1. ®"••I 

where 

20Ay 
e,.,=1 - ~=~I 11 •• , =___E_ 3G+K - (\ - e •• ,) 

The solution of the problem 

u=u .. 1,£
1 = E:.1• a=a .. 1 
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5. NUMERICAL SIMULATION 

5.1 Thick cylinder subjected to an internal pressure 

The problem concerned with a thick cylinder has an analytical solution represented in 
[1], [4] . 

The thick cylinder has internal radius a = 0.1 m, external radius b = 0.2 m, Young's 
modulus E = 21000 kN/ m2

, and Poisson's ratio v = 0.3. Von Mises criterion is used with 
a yield stress a-..Y = 24 kN/ m2 , c is the yield radius (Fig. 3) . The internal pressure p varies 
between 8 kN/ m2 and 20 kN/ m2

, this value is corresponding to the total plastification 
of the cylinder and its failure. Because of the symmetric characteristic of the problem, 
we only calculate for a quarter of cylinder. A 715-triangle-element mesh (Fig. 4) has been 
used for t he plane strain analysis. 
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Fig. 3. The thick cylinder under the internal 
pressure 

Fig. 4. The FEM element mesh of i of 
cylinder (715 triangle elements) 
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Fig. 5 The diagram of circumferential stresses <Je corresponding to perfectly plastic case 
(K = 0) at p = 8 kN/ m2 , p = 12 kN/ m2

, p = 14 kN/ m2
, p = 18 kN/ m2 
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First, we present the expression of circumferential stresses ae corresponding to per­
fectly plastic case (hardening modulus K = 0) at p = 8 kN/m2 , p = 12 kN/m2 , p = 14 
kN/ m2 , p = 18 kN/ m2 (Fig. 5). Then we present the radial stress ar corresponding to 
perfectly plastic case (K = 0) at p = 14 kN/m2 (Fig. 6). On the Fig. 5, the yield radius 
develops from the inner radius to the position of the tip of diagrams. This yield radius 
develops gradually from inside to outside corresponding to the increasing of inner pressure. 
To be able to understand the process of formation and development of the yield radius, we 
need consider both diagrams of circumferential and radial stress. The yield radius will be 
formed and developed when ae-ar = 2k, k = a1 /J3. This is the von-Mises yield criterion 
(Fig. 5 and Fig. 6). For the material having hardening modulus K > 0, as expected on the 
Fig. 7, the yield radius develops more slowly as K increases. This is quite suitable with 
the theory, because the material having hardening modulus K > 0 will have the elastic 
modulus increased when the material reachs the flow stress a1 and the process of loading 
continues. The bigger the material has the hardening modulus K, the bigger the elastic 
modulus is increased. We compare the evolution of the yield radius c corresponding to 4 
cases: a) analytical solution (K = 0) , b) FEM solution with perfectly plastic case K = 0, 
c) FEM solution with hardening modulus K = E/3 = 7000 kN/m2 , d) FEM solution with 
hardening modulus K = 2/3E = 14000 kN/ m2 (Fig. 7). 
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Fig. 6. Radial stress (J' r corresponding to plas­
tic case (K = 0) at p = 14 kN/ m2 
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Fig. 8. Strip with a cir­

cular hole 
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F ig. 9. Plane -strain 

strip with a circular 

Fig. 7. Yield radius corresponding to per­
fectly p varies between 8 and 19 kN/ m2 

Fig.10. Plastic do­

main ( K = 0, P = 
120 kN/m) 

Fig. 11 . Plastic do­

main ( K = 0, P = 

137.5 kN/m) 

------....... 
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5.2 Rectangular strip with a circular hole subjected to . an extension 

The geometry in considered problem is shown in Fig. 8. The elastic properties of the 
material are taken as E = 21000 kN/m2 , 11 = 0.3. The yield stress CT1 = 24 kN/m2. 

Because of symmetry the symetry of the problem, only 1/4 of the strip is analyzed. A 864 
quadrilateral - element mesh (Fig. 9) is employed in the calculation for the plane stress 
analysis. 

The solution of elastic-plastic problem is very complex on mathematics, with supposi­
tion of rigid-plasticity and using slip line method in one deseribed describe the expansion 
of plastic domain and computed the exact value of limited loading P* = 4k(h - a) = 282 
kN/m. 

In this paper, once more we use the algorithm return - mapping and obtain the expan­
sion of plactic domain when we increase loading and compute approximate limited loading 
value P* = 275 kN/m (error < 3 %) . 

Figures 14,15 describe the de­
pendence of cirumferential stress CT() 

and radial stress CTr upon radius r. 
At plastic radius, the von-Mises cri­
terion is satisfied. In comparison fig­
ures 10, 11 with figures 12, 13,. we 
regconize that, in isotropic­
hardening case, the platic domain 
develops slower than in perfectly­
plastic case. This results can be pre­
dicted. The computational limited­
loading is suitable to the exact value. Fig. 12. Plastic domain 

(K=10500, P=120 kN/m) 
Fig. 13. Plastic domain 

(K=10500, P=152 kN/m) 

Fig. 14 The diagram of circumferential 

stresses <J e 
Fig. 15. Radial stress <Jr 

6. CONCLUSION 

The numerical solution of the two-dimensional problems by the return mapping al­
gorithm is suitable with the isotropic hardening elastic-plastic theory. One drawback of 
this algorithm is not to consider the Baushinger characteristic that the center of the yield 
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surface experiences a motion in the direction of the plastic flow. This characteristic will 
be researched with the kinematic isotropic hardening elastic-plastic theory. Besides, this 
algorithm will be also developed for the material having non-linear isotropic hardening 
law. 

We thank to M.Sc. Nguyen Xuan Hung who gave the value ideas in the process of 
calculating the numerical solutions. 
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the Vietnam National Council for Natural Sciences. 
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VE MOT PHUCTNG PH.AP GAN DUNG GIA! BAI TOAN BIEN TRONG 

. V~T THE RAN DAN-DEO TAI BEN DANG HUONG 

Bai toan trlnh bay ly thuyet, mo hlnh, d~ng yeu, phuang phap phan tu huu h~n va 
giai thu~t anh x~ quy hoi cho bai toan dan deo tai hen aiing hu&ng. Giru thu~t GU'Q'C ap 
d\lng de mo phong s6 m<}t s6 bai toan bien d~ng phiing. 
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