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Abstract. The use of orthotropic plates is common in all the fields of structural en-
gineering: civil, traffic, aerospace and naval. In this paper the transverse vibration of
orthotropic rectangular plates under moving bodies is investigated. The method of sub-
structures is used to derive transverse vibration equations of an orthotropic rectangular
plate under the action of moving bodies. For the calculation of dynamic response of
orthotropic rectangular plate we use Ritz method and numerical integration method.

1. INTRODUCTION

An orthotropic plate is defined as one, which has different elastic properties in two
orthogonal directions. Many types of bridges, such as solid or voided slab decks and beam
and slab decks, can be modeled as orthotropic plates. The evaluation of structure- borne
noise of a highway or railway bridge can also be considered as an orthotropic plate with
moving bodies. However, little work on this area has been done probably because of the
difficulty and the plethora of factors and uncertainties involved [1, 2, 3, 5, 8, 9].

The calculating eigenfrequencies of orthotropic plates have been studied in [3, 4, 5,
6]. The dynamical analysis of an orthotropic plate under the action of moving forces has
attracted in [7, 8, 9]. The method of substructures and the Ritz method have been used for
calculating transverse vibrations of a continuous beam on rigid and elastic supports under
the action of moving bodies [10, 11, 12]. In this work, we use the method of substructures to
derive transverse vibration equations of an orthotropic rectangular plate under the action
of moving bodies. The Ritz method is used to analyze the obtained vibration equations.

2. DERIVATION OF VIBRATION EQUATIONS USING
THE METHOD OF SUBSTRUCTURES

Consider an orthotropic rectangular plate under moving bodies (Fig. 1). The i-th
body (i = 1, .., N) consists of the mass m; attached to the spring system with rigidity k;
and damping d; directly proportional to the velocity. The i-th body moves with the velocity
v; and is subjected to the action of a force G; sin(2;t + ;) caused by an unbalanced mass,
which rotates with angular velocity Q. Where G; is the amplitude of the force.
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G,sin(Qz+v,)

G,sin(Q;t+v,)

Fig. 1. Vibration model of an orthotropic rectangular plate under moving bodies

Using the method of substructures to derive vibration equations of the plate and
the bodies, we divide the system into N + 1 substructures: plate an IV bodies (Fig. 2). In
there z; is the absolute coordinate of the i-th body in the vertical direction. The position
of the i-th body can be determined by the relation (1) '

& =0when t <, & =uv(t—7), when t > 7;,1m; = b; = const. (1)

Where 7; denotes the time when the i-th body starts moving along the straight line n; = b;
of plate with the constant velocity v;. Additionally, it is supposed that during the motion,
the i-th body is not separated from the plate and its velocity v; satisfies the condition of
The pressured load p(z, y,t) of bodies on the plate is determined by the following form:

G,sin(Qt+y,)

Fig. 2. Substructures

N
p(z,y,t) = Y Li(t) [mig + Gasin(Qt + %) — miz] 6(z — £)3(y — mi). (2)
=1

In equation (2) we use the Dirac — functions §(z — &;), 6(y — 1;) and the logic signal
- function L;(t), which are determined by the following relations
as ] 1 when 7 <t<T;+ 7
Lz(t)_{ 0 when t<7; or t>T;+ 7 (3)
with T; = a/v;
and § (z — zg) = lir% de (2 — =)
L=
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with

1
bl — 20) = { B T PewlEe @)
0 when |z—xo|>e¢
An orthotropic material is characterized by the fact that the mechanical elastic
properties have two perpendicular planes of symmetry. Due to this condition only four
elastic constant are independent, namely E,, Ey, G4y, vz or v,. The coefficients v;, v, can
be determined using the equation -

B, “
By introducing the parameters
E.h? E k3 Ggh®
e e W s D et
T —wg) ¥ (- l/zuy) e 12 *? (6)

whereE;, Ey, vz, 7y and Gy are material constants of an orthotropic plate and A is the
thickness of the plate, and making use of the hypotheses of Lore — Kirchoff, that neglect
the effect of the shear forces and the rotational inertia, the equation of the motion of the
plate can be written in the form [12]

0*w 0*w 04111 8 otw 0*w o*w
e B 2D D — | D, 2D D,—
R R W I Tl e P e T R e
82
+oh (S + 6% ) = plom), ¢
where p is the plate density, w is the out-of-plane displacement and
Dy = Dyvz + 2Dy, (8)
If we use the operator L which is defined by
ot o* o*
Li= D 2D 5 -
"5ad Tk og2gyE T U Vayh ©)
then equation (7) has the following form
OLw(z,y,t &%w
Lw(z,y,t) + a% + ph ( = + g2 ) = pla,y,8), (10)

where a and 3 are damping constants.
The equation describing the vibration of the i-th body has the following form

Li(t) [miZ; + diz; + kizi) = Li(t) [msg + Gs sin(St +;) + diw (&, mi, t) + ksw(&s, 75, 1)) -

(11)
The boundary conditions can be expressed in the form
=0 or z=a:w=0 and M,=0 (12)
oM, oM,
y=0 or y=b:M,=0 and 2—2 + —Y (13)

ox oy
where M,, M, and M,, are stress couples.
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3. CALCULATING DYNAMIC RESPONSE BY RITZ METHOD

Using the mode superposition principle, a solution of equations (7) and (11) with
the boundary conditions (12) and (13) is assumed in the form

w(m,y, t) = ZZWri(x,y)qm-(t). (14)
r=il 1=l

In which ¢;(t)(r = 1,...,mn; i = 1,...,m) are generalized coordinates to be deter-
mined, W,;(x,y) are eigenfunctions.
By substituting the relation (14) into equation (7) we obtain

Z Z Ph QM B + aw,. ) QM(t) = wz,-(m(t)] Wri(ilf, y) = p(l‘, Y, t) (15)

r=l =]

Multiplying equation (15) by eigenfunctions W;(z,y)(s = 1,...,n; j = 1,...,m)
and then integrating from 0 to a for z and from 0 to b for y, and using the orthogonally
condition of eigenfunctions we obtain the ordinary differential equations

5 : 1 .
in which
ffp :I: y7 Sj(x y)da:dy

0= A (1)
From the relétion (14) we can calculate the partial derivation
w(&i, s 1) ZZWw €, 1) (1), (18)
r=1 j=1
(€ ) ZZ [ B B+ (9Wré(éi,7h)vi 3 8Wré(n§;,m)m]_ (19)

r=1 4=I
Substituting the relations (18) and (19) into equation (11) we have
Li(t) [miZ; + diz; + kizi) = Li(t) [mig + G; sin(Q;‘t + ;)]

+L;(t)d; ;::1 ]; Wi (& 1) drj (¢) (20)

n L 8 r: ' 8 T 0 2
L0 22 3 [d (P v+ PRI + Wos(61,m0)] 4 0

If we introduce the new vector

y(t) = [ q1(t) QQ(t) vin Gnopntl) Zl(t) zo(t) ... zn(t) ] @

then differential equations (16) and (20) can be written in the following matrix form

y=Bl)y+C(t)y+£() (21)
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The Runge — Kutta method is used for calculating the solutions of the ordinary
differential equation (21). Based on this algorithm, a computer program for calculating
transverse vibrations of orthotropic rectangular plates under moving bodies is created
using C++ language at the Hanoi University of Technology.

4. EXAMPLE

The Fig. 3 shows the mechanical model of the considered orthotropic rectangular
plate

Fig. 3. Model of an orthotropic rectangular plate

Table 1. The data for calculating

p= 2300 kg/m3
E,=176.295*10° N /m?
E, =2.1x10°N/m?
Guy=32.542*108 N/m?

vy = 0.33
=105

B =051

g =9.8m/s?
7 =4;

m = 4;

v1=6.9444 m/s

y1 = 8m

T1 = Os
Gi=0N
mo=2160 kg

ka=364500 N/m
do =4200 Ns/m
vy =6.9444 m/s

Yo = 6.9m
T9 = 0.s
Gy =0N

a = 20m my1=2160 kg ms=5040 kg
b=11m k1=364500 N/m k3=850500 N/m
h =0.43m dy=4200 Ns/m ds =9800 Ns/m

v3 =6.9444 m/s

Us = 8m

73 = 0.49s
Gs =0N
m4:5040 kg

k4=850500 N/m
dy =9800 Ns/m
vy =6.9444 m/s

yg = 6.5m
74 = 0.49s
G4 =0N

The data used for calculating this model are given in table 1. Computational results

are presented in Figs. 4 - 11.
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DEFLECTION AT THE SECTION ALONG THE X-AXIS

Yind

¥

N\

RKim),

DATA

a = 20,000 m

b = 11.000 m

h o= 0.430 m

f =  2300.000 kg/n3
Ex = 167295000000 N/m*
Ey = 2100000000 N/m?
Gxy= 3254200000 Nom?
ax = 0.330

vy = 0.004

o = 0.000 s

8 = 0,000 1,5
g = 3,800

n =4

o= 4

BT6= 10000

RESULT

Ulmax] @ 3.029 mm

X-Position: 8.700 m
Y-Position: 7.600 m

Time Point: 5000
W : 1.000 mm
dx : 1.250 m

Jis

THcnnm>

Fig. 4. Deflection at a section along the x - axis (y =7.6 m, at t = 0.186 s)

DATA

a = 20.000 m

b = 11.000 m

h = 0.430 m

r = 2300.000 kg/m3
Ex = 167295000000 N/m?

Ey = 2100000000 N/m®
Gxy= 3254200000 N-m*

STRESS ox AT THE SECTION ALONG THE X-AXIS

Yim)

FF

&

-

K<),

rx = 0.330

Ty = 0.004

o = 0.000 s

8 = 0.000 iss5

g = 9.800

n =%

W =4

BTG= 10000

RESULT

exImax] T 3126923.1138 N/m®

X-Position: 89.150 m
Y-Position: 7.600 m

Time Point: 5000
dex : 1000000.000 N/m?
dx : 1250 m

ToxtN/nz>

Fig. 5. Stress o, at a section along the z - axis (y =7.6 m, at t = 0.186 s)

In this article, the transverse vibration of orthotropic rectangular plates under the
action of moving bodies is addressed. The following concluding remarks have been reached.

5. CONCLUSIONS
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STRESS oy AT THE SECTION ALONG THE X-AXIS

=4
D
=
D

a
b
h
r

20.000 m
11.000 m
0.430 m
2300.000 kg/m3 Yind>
e e

Ex = 167295000000 N/m*

Ey = 2100000000 N/m*

Gxy= 3254200000 N/m®* / /
ax = 0.330 £ 3 L
0.004

0.000 s

0.000 1,5
8.800

230 ©2 3

r
Wowowowmomom
FOE

©
=
@

i

= 10000 R

RESULT

sylmax] : 142780.981 N/m®
X-Position: 39.400 m
Y-Position: 7.600 m

Time Point: 5000

dey : 100000.000 N/m®
dx : 1.250 m
ou(N/1n2 )

Fig. 6. Stress o, at a section along the x — axis (y =7.6 m, at t = 0.186 s)

STRESS Txy AT THE SECTION ALONG THE X-AXIS

DATA

owowow

a
b
h
r

20.000 m
11.000 m
0.430 m
2300.000 kg/m3 Yim)
o

Ex = 167295000000 N/m*

Ey = 2100000000 N/m®
Gwy= 3254200000 Nom? / /
ax = 0.330

0.004
0.000 s
0.000 1,5
9.800

2
<
u

+

o
8
a
n
m
B

oo ow

T6= 10000 KM

RESULT

Txylmaxl : 6264.542 Nsm?
¥-Position: 20.000 m
Y-Position: 7.600 m

Time Point: 5000

dTxy : 10000.000 Nsm®
dx : 1250 m |
Txuy(N/nz )

Fig. 7. Stress 7., at a section along the x - axis (y =7.6 m, at t = 0.186 s)

The system of a partial differential equation and ordinary differential equations
which describes the transverse vibration of orthotropic rectangular plate under moving
bodies is established by the method of substructures.

The dynamic response of an orthotropic rectangular plate under the action of moving
bodies has been investigated, both analytically and numerically.
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DISPLACEMENT AT THE POSITION

DATA

3 = 20.000 m

b = 11.000 m

h = 0.430 m

r = 2300.000 kg m3

Ex = 167295000000 N/m*
Ey = 2100000000 N/m*
Bxy= 3254200000 N/me

tis)
ax = 0.330 +
= 0.004 L
o = 0.000 s
8 = 0.000 1/s
g = 3.800
no=4 1
m =4 {
BTG= 10000
RESULT
WCmax] : 3.108 mm
X-Position:
Y-Positi
Time point
du
dt

Hmnd

Fig. 8. Displacement at the position z=10 m, y =7.6 m

STRESS ox AT THE POSITION

DATA
a = 20.000 m
b = 11.000 m
h = 0.430 m
r = 2300.000 kg/m3
Ex = 167295000000 Ns/m*
Ey = 2100000000 N/m*
Bxy= 3254200000 N/m* t¢s)
ax = 0.330 + I R S S S 4 4
Ty = 0.004
o = 0.000 s
8 = 0.000 1/s
g = 9.800
" =4
m =4
BTG= 10000
L
RESULT
exlmax]l : 3162981.819 N/m*

X-Position: 10.000 m
Y-Position: 7.600 m

Time point: 5518

dex : 1000000.000 N/m*
dt : 0.337 s
ax(N/mz )

Fig. 9. Stress o, at the position =10 m, y =7.6 m

An algorithm and a computer program for the numerical calculation of transverse
vibrations of orthotropic rectangular plates under moving bodies have been developed
using C*t* language.
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STRESS oy AT THE POSITION

pATA
a = 20,000 m

B = 11,000 m 1
h o= 0.430 m i
[ =  2300.000 kg/n3

Ex = 167295000000 N/m? T
Ey = 2100000000 H/m?*
Gxy= 3254200000 N-m®

ax = 0.330 ; ; N " ; " ; ¢ L
Ty = 0.004 '

% = 0,000 s r

8 = 0.000 15 |

g & 9.800

n =4 T

m =4

BTG= 10000 [

RESULT

culmax] @ 144295.124 Nem®
¥-Position: 10.000 m 4or
Y-Position: 7.600 m
Time point: 5121 |
dey : 100000.000 N/me
dt D 0337 s

[ outH/mz)>

Fig. 10. Stress o, at the position 2=10 m, y =7.6 m

STRESS Txy AT THE POSITION

pATA

a = 20,000 m

b o= 11.000 m 1
h = 0.430 m 1
[ = 2300.000 ka/n3

Ex = 167295000000 N/m* 1

Ey = 2100000000 Hsm?

Gxy= 3254200000 Nom? 1
s>
x = 0.330 ; i : ; i ]

Ty = 0.004

o= 0.000 = T
8 = 0.000 1,5 ]
g = 9.800

n =4 1
mo=4

BTG= 10000

RESULT |
Txylmaxl : 10799.523 N/m*
H-Positi 000 m T
‘Y-Positi 7.600 m

Time point: 7122 |
dTxy : 10000.000 HN/m?

dt s 0 s

[ TxuCN/mz >

Fig. 11. Stress 7,y at the position z=10 m, y =7.6 m
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DAO DONG UON CUA TAM TRUC HUONG HINH CHU NHAT DUGI
TAC DUNG CUA NHIEU VAT THE DI bONG

Cac tAm tryge huéng duge st dung nhiéu trong cac nganh xay dung, cau dudng,
hang khong va hang hai. Trong bai bao nay trinh bay cac két qua nghién cttu vé dao dong
uon clia tam tryc huéng hinh chit nhat dudi tac dung ctia nhiéu vat thé di dong trén tam.
Phuong phap tach cau tric duge st dung dé thiét lap cac phuong trinh mé ta dao dong
ubn clia tam tryc huéng hinh chit nhat dudi cac vat thé di dong. Sau dé phuong phép
Ritz va phuong phap tich phan s6 dudgc sit dung dé tinh toan cac dap tng dong lyc.





