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NON-LINEAR ANALYSIS OF LAMINATED 
COMPOSITE DOUBLY CURVED SHALLOW SHELLS 
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Abstract. This paper deals with governing equations and approximate analytical solutions 
based on some wellknown assumptions to the non-linear buckling and vibration problems 
of laminated composite doubly curved shallow shells. Obtained results will be presented by 
analytical expressions of the lower critical load, the postbuckling load-deflection curve and 
the fundamental frequency of non-linear free vibration of the shell. 

1. INTRODUCTION 

Linear analysis of laminated composite plates and shells was investigated by many 
:.·_:-::-_ors. However for non-linear analysis of these structures we are concerned with more 
:..:_--=.culties, because the non-linearly partial differential equations governing composite 
:~:iates of arbitrary geometries and boundary conditions cannot be solved exactly. Ap­
; ::- : :·2mate analytical solution to the large deflection theory of laminated composite plates 
:.=.:::. ::.on-linear bending and buckling analysis of cylindrical composite shells were consid­
-=::--:-:::. :or example, in [2-6, 8-11,19,22 .. . ]. For plates of complicated geometries and shells 
: ::::.-"- ·.:'..ewlops non-linear finite element models of laminated structures, more results were 
::-..::.:~:-.-ed. especially results of Reddy and the others [1, 7, 12-18, 21. .. ] . 

Tf:-.e problem of postbuckling behaviour of shell structures under loading and non­
__ ::-_..o~..::- Yibration of shells is of significant practical interest. The present paper is conerned 
• --:. ~:::. ;owrning equations and approximate analytical solutions based on some wellknown 
.'.:~-_:_"::.;Hions to the non-linear buckling and vibration problems of laminated composite 
: : ·_:·::,::.· curYed shallow shells. Obtained results will be presented by analytical expression 
: : ~::-. .:- ~ower critical load, the postbuckling load-deflection curve and the fundamental 
=-=---:·_:.:-::-_cy of non-linear free vibration of the shell. 

"> GOVERNING EQUATIONS OF LAMINATED DOUBLY CURVED 
SHALLOW SHELL 

1.1. Strain - displacement relations 

:- : - .::'.der the strain state of a shallow shell when the deflection of middle surface is 
=-~· 0..::-'°1: with the shell thickness. Using the cartesian coodinates, where axes x1 and 

-:_ :·: .:::. ::•::e with principal curves of the middle surface, axis x3 = z is in the thickness 
~..::.:-::::::. 2.:id according to the Kirchoff - Love's theory the non-linear strain-displacement 
::-<~ ~.: - ~::-jps for a doubly curved shallow shell are given by: 

en= er+ zx1, 
e22 = e2 + zx2, 
112 = e6 + zx5, 
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where 

(2.1) 

1 1 
where ki = Ri, k2 = R

2 
are principal curvatures of the shell; R1 , R2 are radii of 

curvatures; u, v and w are displacements of the middle surface along x1 , x2 and z axes 
respectively. The strains in the middle surface and the changes of curvatures and twist 
are denoted by c? and Xi (i= 1, 2, 6) respectively. 

Note that strains (2.1) are not independent, they must be relative in the deformation 
compatibility equation: 

EPcl_ 82c~ 82c6 ( 82w )
2 

82w82w 82w EPw 
8x~ + ax? - 8x18x2 = 8x18x2 - 8xi ax~ - ki ax~ - k2 ax?. (2.2) 

The classical lamination theory in which the transverse shear effects are neglected, is often 
used to analyze laminated composite structures. 

2.2. Lruninate constitutive relations 

Consider a shell of total thickness h composed of N orthotropic layers perfectly bonded 

together with the principal material coodinates (xik)' x~k)' x~k)) of the k-th lamina 

oriented at an angle fh to the shell coodinate x1 in the counterlockwise sense and X~k) = z. 
Stress-strain relation of the k-th lamina in the shell coodinate system (x1, x2, z) are given 
as: 

(2.3) 

where 
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{.} denotes a column vector and [ ... J denotes a matrix. Q ~) are the transformed stiffnesses, 
which are relative with the surface stress reduced stiffnesses Qfj referred to the principal 

aterial coodinates of the k-th lamina [see Reddy 18], . 

Qu = Qu cos4 0 + 2 (Q12 + 2Q55) sin2 0 cos2 0 + Q22 sin4 0, 

Q12 = (Qu + Q22 - 4Q55) sin2 Oco 2 0 + Q12 (sin4 0 + cos4 e), 
Qn = Qu sin4 0 + 2 (Q12 + 2Q66) sin2 e cos2 0 + Q22 cos4 0, 
- . . 3 . 3 
Q16 = (Qn - Q12 -2Q55)smOcos 0 + (Q12 -Q22 + 2Q55)sm ecose, (2A) 

Q25 = (Qn - Q12 - 2Q55) sin3 Ocose + (Q12 - Q22 + 2Q55) sin0cos3 e, 
i.· : Q66 = (Q11 + Q22 - 2Q12....,. 4Q55) sin2 e cos2 e + Q66 (sin4 0 + cos4 e). 

can be expressed in terms of engineering constants of a lamina 

(2.5) 

re Ei is the modulus in the Xi direction, G12 is the shear modulus in the (Xi, X2) 
. . . vi; are the associated ratios. 

g the larp.ina constitutive equations the stress resultants 

es.5ed in terms of the membrane strains £? and curvature changes Xi· For 

we can omit the terms ~i in the definition of the stress resultants and 

~~ ..... "' ........ ''lo<.W"' .. ~ radii of the shell curvatures, the lamina equations can be simplified: 
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{ 
{N} } = [ [AJ [BJ ] { {c

0

} } 

{M} [BJ [DJ {x} ' 
(2.6) 

where • 

[Au Ai2 A10 ] [Bu Bi2 
B,. l [Du Di2 D10 l [AJ= Ai2 A22 A26 , [BJ= Bi2 B22 B26 [DJ= Di2 D22 D25 

A15 A26 A66 B15 B25 B55 D15 D25 D55 

{c0
} = { cJ', c2 , o }T 

c5 ' {x} = { x1, x2, X6 }T, 

{N} = { Ni, N2, N5 }T, {M} = { M1, M2, M6 }T, 
{N} are called the force resultants and {M} are called the moment resultants. The laminate 
stiffness coefficients Aij, Bij, Dij are defined by: 

N zk+l 

(Aij, Bij, Dij) = L J Q~) (1, z , z2
) dz, 

k=l Zk 

(i, j = 1, 2, 6). 

Note that in a multilayered symmetrically laminated material the coupling stiffnesses 
Bij are equal to zero and the extensional A15, A26 and bending stiffnesses D 16 D25 are 
negligible compared to the other stiffnesses. This means that the constitutive equations 
are identical to those for a specially orthotropic material. It leads to idea to expre s these 
relations to ones for orthotropic elastic material: 

where 

and 

where 

E* _ AnA22 - Af 2 
1 - A ' 

* Ai2 
Vi= A22' 

22 
v* v* 
_1 = -1... 
E* E*' 1 2 

Di= Du, D2 = D22, DK= D66, 

Di2 Di2 µi µ2 
µ2 = -D ' µi = -D ' D - D ' 

11 22 1 2 
D3 = 2DK + Diµ2 = 2DK + D2µ1. 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 
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2.3. Equations of motion of laminated shallow shell 

The equations of motion of a laminated doubly curved shallow shell are 

8Ni 8N6 82u 83w 
8xi + 8x2 = Jo 8t2 - Ji 8xi8t2' 

8N6 8N2 82v a3w 
8xi + 8x2 = Jo 8t2 - Ji 8x28t2' 

(2.12) 

(i = 0, 1, 2), (2.13) 

p(k) is the material mass density of the k-th layer, q is the transverse load. 
A combination of boundary conditions may be assumed to exist at the edges of the 

shell. The shell panel considered in the following analysis is simply supported and dis­
placements of its end cross sections are not restrained. Morever for dynamical analysis it 
is necessary to give initial conditions. 

3. SOLUTION TO THE PROBLEM 

For analytical analysis of the mentioned problem we introduce some well-known as­
sumptions: 

- The transverse load q is uniform 
- The mass density of k-th layer is constant, such that for a multilayered symmetrically 

laminated material 

- If the dynamical process can be considered without propagation of elastic waves, 
inertia terms in two first equations (2.12) can be neglected [see Volmir 20], then motion 
equations are simplified 

8Ni + 8N6 _ O 
8xi 8x2 - ' 

8N6 + 8N2 = O 
8xi 8x2 ' 

(3.1) 

(3.2) 
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(3.3) 

(3.4) 

By using (2.8) and (3.4) the compatibility equation (2.2) becomes 

1 a4cp ( 1 v; ) a4cp 1 a4 cp 
E* ax4 + G* - 2 E* ax28x2 + E* 8x4 = 2 1 1 12 1 2 

( 
a2w ) 

2 
82w 82w 82w 82w 

= ax1 ax2 - oxi 8x~ - ki ax~ - k2 8xi . (3.5) 

According to relation (2.10) and (3.4) the motion equation (3.3) is reduced to 

a4w 84w 84w ( 82 cp a2cp) 
D1 a 4 + 2D3 a 2a 2 + D2 8 4 . - k1 !l 2 + k2 !l 2 ~ 

X1 X1 X2 X2 uX2 uX1 

(
82cp a2w a2cp EJ2w 82cp 82w ) a2w 

- axi ax~ + ax~ axi -
2 

8x18x2 8x1 ax2 + Jo 8t2 -

( 
a4w a4

w ) 
- J 2 axi&t2 + ax~8t2 - q = o, (3.6) 

where D3 = 2DK + D1µ2 = 2DK + D2µ1. 

Finally, the problem consists of two non-linear partial differential equations (3.5) and 
(3.6) governing composite laminated shallow shell. The boundary simply supported con­
dition can be satisfied if the deflection is chosen as 

f ( ) 
. 11"XI • 11"X2 

w = t sm -;;: sm -b-, (3.7) 

where a and bare the lengths of in-plane edges of the shallow shell, J(t) is the maximum 
deflection. 

Substituting (3. 7) into the right side of the equation (3.5) yields 

1 a4cp ( 1 v; ) a4cp 1 84cp 
E* 8x4 + G* - 2 E* 8x28x2 + E* 8x4 = 

2 1 . 1 12 1 2 

2 71"
4 

( 27rX1 211"X2) 2 2 ( ki k2) . 7rX1 . 7rX2 = f 2a2b2 cos-a-+ cos-b- + f 7r b2 + a2 sm-;;:sm T· 

Taking into account no-restrained displacements of end cross shell sections a solution 
to this equation can be received 

27rX1 27rX2 . 1l'XI • 7rX2 
<p =A cos-a- +Bcos-b-+Csm-;;:smy, (3.8) 
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where 

E*J2 a2 
A- 2 
-32b2 ' 

EiJ2 b2 
B=32a2' 

C = _ _ _ _ f _(k_1_a
2
_ +_ k_2b_2) _ _ _ 

( 
1 b2 1 v* 1 a2 ) · 

7r
2 

E* a2 + G* - 2 E
1
* + E* b2 

2 1 1 

Substitution of (3.7) and (3.8) into equation (3.6) gives 

4 (D1 2D3 D2) . 7rX1 . 7rX2 
W =Jr f ~ + a2b2 + b4 sm-;;- sm -b-+ 

27r 27rX2 7r 2 7rX1 7rX2 
[ ( ) 2 l k1 B b cos -b- + C ( b) sin -;;: sin -b- + 

27r 27rX1 7r 2 . 7rX1 . 7rX2 
[ ( ) 2 l + k2 A -;; cos-a-+ C (~) sm~sm-b- -

49 

(3.9) 

- -- 4Acos-- +2Csin-s1n- + 4Bcos-- sin-sin- -7r4 j [ ( 27rXl 7rX1 . 7rX2 27rX2) 7rX1 7rX2 
a2b2 a a b b a b 

( 
7rX1 7rX2) 2] [ 2 ( 1 1 ) ] d

2 f . 7rX1 . 7rX2 -2C cos-cos- + J 0 +h7r -+- -sm-sm--q=O. 
a b a2 b2 dt2 a b 

Applying the Bubnov - Galerkin's method 

a b 

I I 1rX1 . 7rX2 
W sin-;;- sm -b-dx1dx2 = 0 

0 0 

and taking into account (3.9) results 

Denote m =Jo+ h7r2 (:2 + b
1
2), 
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equation (3.10) is rewritten as 

d2 f 2 3 16q 
m dt2 + mif - m2f + m3f - 7r2 = 0. (3.11) 

In particular case for laminated plates ki =k2=0, equation gets form 

d2 f * 3 . 16q 
m d 2 + mif + m3f - -2 = 0, t 7r 

(3.12) 

* 4 (D1 2D3 D2) where m 1 = 7r ~ + a2b2 + ~ . 

4. NON-LINEAR BUCKLING ANALYSIS 

Suppose that the shell is acted on by static transverse load, from (3.11) we can get 
relation between maximum deflection and transverse load 

2 
7r ( 2 3) q= 
16 

mif-m2/ +m3f , (4.1) 

it is the elastic equilibrium curve for the shell. 
Particularly for a plate 

(4.2) 

An interesting characteristics of composite laminated shell is its behavior under transverse 
load. Most often the critical buckling loads are determined through an eigenvalue analysis. 
The critical buckling loads can also be determined from geometric non-linear analysis, 
where the critical buckling loads are taken to be the so-called limit loads. Taking 

dq 7r
2 

2 
df = 

16 
(m1 - 2m2f + 3m3f ) = 0, 

we have 
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with condition m~ - 3m1m3 > 0. 
Critical buckling loads are determined by 

2 

q£;) = ~6 (mif1 - m2ff + m3fl), (4.3) 

2 

qJ:;) = ~6 (m1h - m2f? + m3fi). (4.4) 

We can show that q£;) is maximum and and qJ:;)is minimum. Consequently, because 
of 

d2q I 11"2 v and dj2 = 
16 

(-2m2 + 6m3f2) = 2m~ - 3m1m3 > 0. 
h 

The typical graphs of load-deflection curve of a laminat d compo ite shell and a 
laminated composite plate are presented in Fig. 1. 

q 

q~ 

0 

--, 
I 
I 
I 
I 
I 
I 

Plate 

Fig. 1. Load-deflection curves 

Shell 

f 

If m~ - 3m1m 3 = 0 the load-deflection curve of a laminated composite shell has only 
. . . m2 dql . 

an mfl.ex1on pomt at Jo=--, because d'' = 0 and 
3m3 :I Jo 

5. NON-LINEAR DYNAMICAL ANALYSIS 

Consider non-linear free vibration of a laminated composite shell by putting q = 0 in 
the equation (3.11) 

(5.1) 
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For linear vibration 

or 
d2f 2 -
dt2 +w f -0, 

where 

(5.2) 

w~ is the fundamental frequency of linear vibration of the shell. 
Equation (5.1) can be rewritten 

~:; + w5 (! - 0/2 + K f 3
) = 0, (5.3) 

where 

7r
2 

(. E2 Ei) 
K= m3 = ~~~~~~~~1_6---'_b_4_+~a_4 ___ ~~~~---=-~~-

mi 4 (D1 2D3 D2) (k1a
2 + k2b

2
)

2 

7r ~ + a2b2 + b4 + b4 ( 1 v* ) a4 
2 l 2b2 

E* + G* - E* a + E* 
2 1 1 

For seeking amplitude-frequency characteristics of non-linear vibration we substitute 

f = Acoswt, 

into (5.3) to give 

X =A (w5 - w2
) cos wt - w50A2 cos2 wt+ Kw5A3 cos3 wt= 0. 

Integrating over a quarter of vibration period 

7r 

2w 
j X coswtdt == 0, 

0 
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leads to 
7r A ( 2 2) 2w5A2r. 37r . 2A3 _ O - w0 -w -- H+--w0 - . 

4w 3w 16w 
Because of A i= 0, w i= 0 we have 

2 2 8 2 3K 2 2 w0 -w - -Ow0 A+-w0 A = 0 
37r 4 ) 

or 
2 2 ( 8 3K 2) w = w0 1 - -OA + -A . 

37r 4 
(5.4) 

w2 
Denote v2 = 2 - frequency of non-linear vibration of the shell. Equation (5.4) can 

Wo 
be rewritten 

v2 =1- ~OA+ 3KA2 
37r 4 . (5.5) 

For a plate 

0=0, 

and 
3K* 

v2 = 1 + -4-A2. (5.6) 

It is clear that frequency of non-linear vibration depends on amplitude of vibration. Typ­
ical graphs of frequency-amplitude of non-linear vibration of a laminated composite shell 
(??) and plate (5.6) are illustrated in Fig. 2. 

We can see that for non-linear vibration of a shell 

2 6402 

vmin = 1- 27K7r2' 

. . 160 
with amplitude A = 

9
K 7r. 
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160 
9Kit 

0 
64fl2 

1---
27Kll2 
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1 v2 

Fig. 2. Graphs of frequency vibration-amplitute 

6. CONCLUSION 

Governing equations for a laminated composite doubly curved shallow shell are derived. 
Some wellknown assumptions proposed allow to solve non-linear buckling and vibration 

problems by analytically approximate method. The advantage of this approach is to obtain 
analytical expressions of non-linear buckling critical loads, elastic equilibrium curves and 
frequency of the non-linear free vibration of laminate composite doubly curved shell and 
plate. 
Acknowledgement. This paper is completed with financial support of the National 
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PHAN Tf CH PHI TUYEN VO THO AI COMPOSITE LOP 
CO HAI DQ CONG 

bai bao de c~p den vi~c thiet l~p cac phuang trlnh CO' ban va nghi~m gifil tich gan dling 
dva tren m()t vai gia thiet quen biet cua bai toan 6n Qinh phi tuyen va dao d()ng phi tuyen 
cua v6 ngoai composite l&p c6 hai d9 cong. Cac ket qua duqc trlnh bay du&i d9-ng cac 
bieu th(rc giai tich cua lvc t&i h~n du&i, ducmg cong lvc -d9 vong sau t&i h~n va tan s6 
CO' ban cua dao d()ng tv do phi tuyen cua v6 composite l&p. 




