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A NEW METHOD FOR DETERMINING THE
REACTIONS OF MECHANICAL CONSTRAINTS

Do SANH, Do DANG KHOA
Hanoi Unwersity of Technology

Abstract. In the present paper it is introduced the method for determining the reactions
of mechanical constraints ( holonomic and nonholonomic constraints).

As is known, for studying dynamical characters of a mechanical system it is necessary
to determine the constraint reactions acting on the system. Up to now, the reactions are
calculated through Lagrange’s multipliers. By such a way the reactions are determined only
indirectly. In the [ 3, 4 |, two methods of determining directly the reactions are discussed.
However, for applying these methods, it is necessary to compute the inverse matrix of the
matrix of inertia. This thing in general is not convenient, specially when the matrix of
inertial is of large size and dense.

In the present paper it is represented the method for determining the constraint reac-
tions, by which it is possible to avoid inertia the computation of the inverse matrix of the
matrix of inertia is avoided. For this in the paper it is used the middle variables by which
we obtain a closed set of algebraic equations for directly determining reactions.

1. INTRODUCTION

[z the development of technics the completed systems are very interested. In accor-
Zznce with this, the dynamic study of constrained systems is becoming more and more
mapenrtant.

As is known, up to now there is not yet a general method for determining directly
=2= reactions of constraints. There is only the method of Lagrange’s multipliers, by which
=== reactions are determined through Lagrange’s multipliers [ 2, 7 |. Besides this, there
== =wo of methods of calculating the reactions, which are discussed in the works| 3, 4 ].
= m=ver. in order to apply the last methods, it is necessary to compute the inverse matrix
< =oe martrix of inertia. This thing is not always convenient, for example, when the matrix
I ime=rtia is of large size and is dense.

I= oresent paper it is constructed the method, which overcomes the foible of two above

2., THE METHOD FOR DETERMINING THE REACTIONS OF
CONSTRAINTS

L~ us consider the system with generalised coordinates ¢;(j = 1, m) . The expression
7 == xinetic and potential energy of the system under consideration are of the form:

m
s % Z ai54i45; H = H(ql,QQ, Al (2.1)

ij=1



36 Do Sanh, Do Dang Khoa

Suppose that the system subjected to stationary constraints of the form:
~ !
D bajii +ba=0; a=T,r, (2.2)

where the coefficients b,j, b, are the continue functions of coordinates and velocities, i.
e’

baj T aj(‘]l) q25 -++s Gm, (;Il: ‘?2, arey qm))
ba = ba(q1a q2; -+ Gm; 41) 42, ey q‘m)

It is noticed that, the coefficients a;;(i, j = 1,m) in the expression of kinetic energy are
the functions of coordinates, i. e.

aij = aij(‘]l, q2, ---,Qm)-

It is easy to show, that the holonomic constraints, linear and nonlinear nonholonomic
constraints with respect to the velocitees are written in the form (2. 2) too.
Let us denote the generalised force corresponding to the coordinate g; by @Q;, which
is the function of coordinates and velocities, i. e., Q; = Q;(q1, g2, .-+, Gm, 41,42, -+, @m)-
For compact, let us introduce the following matrix notations:

= ”ql’ g2y .-+ (Im” )
:t = ”(jla q2, -"’qm” )
iiT = ”61762, 7q'rn” .

These are the (m x 1) matries of coordinates, velocities and accelerations respectively.
The symbol “T™ is notation of transpose of matrix.
the Q is the (m x 1) matrix of generalised forces,

T =1Q1, Q2 s Quul -
In the matrix form the expression of the kinetic energy will be written as follows
1
T=;4"Aq,

where A is an (m X m) matrix of inertia of the system.
the equations of constraints will be

b + bo = 0, (2.3)

where b and by are the (r x m) and (r x 1) matrices respectively. The their elements are
the functions of generalised coordinates and velocities.
As is known [3, 4] the equations of motion of the system can be written as follows:

doT oT
(E% = a =Q+R, (2.4)
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where R is the matrix of the reactions of the constraints (2. 3) acting on the system:
RT = ||R1, Ry, ..., Rml| -

By the Principle of Compatibility [3, 4] the reactions must satisfy the algebraic equations,

Yy
¥

hich in the matrix form are written as follows

BR + BQ* +bg =0, (2.5)
ere
B —hA- (2.6)
Q" =Q+AV. (2.7)
The (m x 1) matrix ¥ has the elements
m

Oajs , Oaks 5ajk) o

y = o S 8 2'8

where the a;;(i, j = 1,m) are the elements of the (m x m) matrix of inertia, but A~! is
the inverse matrix of the last.

By such a way we obtain r algebraic equations containing m unknowns R;(r < m)."
In order to determine the reactions R;(j = 1,m) it is necessary to fill up k = (m — r)
equations containing only m unknowns R;(j = 1, m), which in addition to m equations
2.5) yield a complete set of equations of unknowns R;(j = 1,m)

For this purpose let us to use the condition of ideality of the constraints (2.2). This

ondition in the matrix form is written as follows [3]

DR = 0, (2.9)

where the (k x m) matrix D consists of the elements, which are the coefficients in term of
the expressions of generalised accelerations represented through independent generalised
accelerations.

The equations ( 2.5) and ( 2.9) yield a closed set of m algebraic equations containing
m unkowns R;(j = 1,m). By solving it we get the reactions of the constraints (2.2), which
wre the functions of coordinates and velocities, that is:

R =R(q,9)- (2.10)

Equations of motion of the system with the constraints will be written in the form:

d [OT oT
. (6—q) -S-Q+R (2.11)

Of course, these equations take an important part in dynamic study of mechanical
systems with constraints.

However, in order to write the equations ( 2.5) and ( 2.9) it is necessary to compute
the inverse matrix of the matrix of inertia A. This thing is unconvenient when the matrix
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A is of large size and is dense, for example, in the case of the elements of A being the
trigonometry functions.

In order to overcome this let us introduce in consideration the middle unknowns k2 =
1, m), which satisfy the following relation

RY=A Ry (2.12)

where R? the (m x 1) matrix of elements R3(j = 1,m) but R - the (m x 1) matrix of

reactions of the constraints ( 2.2) and A~! - the inverse matrix of the matrix of inertia
A.
By the tranformation ( 2.12) the equation (2.5) will take the form

bR® +bQ° + by =0, (2.13)

but the ( 2.9) will be now
D’R? = 0. (2.14)

The new unknown QP being the (m x 1) matrix will satisfy the following equation:
i

b,

‘

|
Co(hy)

Fig. 1

AQ = Q' (2.15)

where A is the matrix of inertia, but Q* and D® are computed respectively by the relation
(2.7) and
D% = DA, (2.16)

with D is constructed as in ( 2.9).
It is noticed that, the matrice b and by are described in ( 2.3).
In sum we obtain 2m equations ( 2.13), ( 2.14) and ( 2.15) contain 2m unknowns R
and Q(i = 1,m)
By solving these equations we obtain R? and further by (2.12) we get reactions of the
constraints (2.2), that is
R = AR®. (2.17)

By such a way the reactions are calculated. The represented computation scheme permits
to evade the calculation of the inverse matrix of the matrix of inertia.

It is noticed, that in the case of holonomic constraints or nonholonomic constraints
linear or nonlinear with respect to velocities the constraints equations must be treated as
the first integrals of the equations of motion (2.11)
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It is easy to show that in such a case we have R(q,0) = 0 . This means that at the

cquilibrium position the reactions are equal to zero.

For illustrating let us consider the two wheeled carriage (Fig.1) on a rough horizontal
mne [7]. The position of the system is determined by five generalised coordinates.
» Let us assume that the position of the body is defined by the coordinates z,y, 6, @1
i ¢pg where z,y are the coordinates of the point of intersection of the symmetry axis
the carriage with the axle on which the wheels are mounted; 8 - the angle between the

svmmetry axis of the carriage and the Oz-axis, ¢; and @o- the angles of rotation of the
‘wft-hand wheel and the right —hand wheel respectively. We shall assume that the body of
e carriage does not undergo vertical displacements. The condition of rolling without
<liding lead to three kinematic constraints (a is the radius of the wheels and b if half the
ength of the axle):

For the left-hand wheel:
b @ cosf + gsind — b0 + agy = 0. (a)
r the right-hand wheel:
@ cosf+ ysind + b0 + apy = 0. (b)

= absence of lateral sliding of both wheel yields

zsind — ycosf = 0. (¢

sen the system under consideration has two degrees of freedom.
Let us denote the mass centre of the body by Cj, which is situated on the symmetry

xis at a distance L from the point (z, y).

The kinetic energy of the carriage can be written as follows

s i .
S lm(¢2 ) %J92 + §C(gbf + ¢2) + moLO(3 cos — zsin ). (d)

2

«here mo= mg + 2m;, m is the mass of the whole carriage, mg - the mass of the body, m;
- +1= mass of each wheel (the wheels are assumed to be identical ), J = mok3 +2mb? +2A
- e moment of inertia of the carriage when it rotates as a whole about the vertical axis

passing through the point C(z, y), ko - the radius of gyration of the body about the vertical

wassing through C(z, y), A-the moment of inertia of a wheel about a diameter, C-the axial

mens of inertia.

L potential energy is equal to zero, i.e. [[ =0.

¢ ms choose the independent coordinates to be x and 6.
v the constraint equations (a) (b) and (c) we obtain:

ool B

! i1l 1- Y bz S SBmptyn b
y = tg0%, Sol__ac_osas,c_go’ (p2__acos0m+59' (e)
The (2 x 5) matrix D in (2.9) in accordance with the relations (e) is of the form now
1
1 tgf 0 — : -
= a.cgsﬁ agosﬂ i (f)
[ BNEL B | —— -

a a
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The (5 x 5) matrix of inertia of the system will be

m 0 —mgLsiné 0 0
0 m —mopLcosf@ 0 0
A = | —mgyLsinf mqgLcost J 0 0 (9)
0 0 0 C 0
0 0 0 0 0
In accordance with (2.16) the (2 x 5) matrix D° has the form
m mtg6 0 - e — v
D° = DA — ac%sé) acl?sﬂ . (h)
¢ . & c
—mgoLsind mgLsinf J R —
a

By the constraint equations (a) (b) and (c) we obtain the (3 X 5) matrix b and the
(3 x 1) matrix bg, they are
| 0

bT = [0 0 —(cosogz;+siney)é]. (k)

a
cosf sin@ b O
sinf cosf 0 0

o 8 O

cosf sin@ b
b=

Because of the potential energy being to zero and the absence of external forces, the
matrix of generalised force is equal to zero, i.e. Q = 0.
It is easy to calculate the second term in (2.7), which is a matrix (m x 1) and has the

following form:
AD]” = [moL 08062 moLsindf? moL(siny + cosfz)d 0 0] : ()
The (5 x 1) matrix Q* will be
QT = [mo_L cos06? moLsin66? moL(sinfy + cosfz)f 0 O] ; (m)
The equations (2.13), (2.14), (2.15) now will be written as follows:
cosORJ + sin R + bRy + aR), + cos 0Q) + sin 6Q; + Qg = 0,
cos R + sin ORg — bRy + aRg1 + cos Q2 + sin 0Q2 - bQ3 =0,
sin6R) — cosOR; + sin Q2 — cos 9Q2 + (cos Az 4 sin69)4 = 0,
ng — mthRg + sin Q2 — cos GQS — (cos Oz + sin 03})9 =0, (n)
C C

asin '  acos® ¥’
ng — moLsin 0Q2 = mgL cos 062,

ng + mgL cos GQg = moL sin 662,

— moLsin6Q2 +moL cos8QY + JQ§ = moL(cos 8z + sin 85)f.

mR2 — mtgGRg —
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dving these equations we get

'II

0 J s m cosf ..
I?U = — —m - t 9’9 ““D‘ 2“‘ #
% mJ — m3L? e m R (1 + ma,2) Al e
2C
s el oy el (0)
¥ omJ - m3 L2 ar m (1 4 ,382) !
mmg L s
B = _ 6,
# cosf (mJ —m3L2?)
a i .
}@1 = RO — ——moL 02.
= w2 2
20" T

Sy the formulas (2.17) it is easy to compute the reactions of the constraints (a) (b)

w0 ¢ acting om the carriage. They are:
PR :
. ., moL? ;
. =mR° — myLsinfR) = —mtghif — —— 3 08 062,
o
‘ . . moL? y
By= ng + mgL sin 0R2 = mz6 — > Sin 692,
1+3%
Rg = ~moLsinR) + moL cosRY + JR) = 0, (p)
= — e 2 32
B, =R,, = —cR(p1 = —§moL TP %0 .

3
i

ns of motion of the carriage now will be written as follows:

]

- . . 2 -
m# — moL sin 00 = mgL cos 06% — mtgfz6 — —5 €08 662,
e
_ . n 5 VA o mOL2 = )
WY <=my L sin 60 = mo L sin 062 — ma6 — —5 sin66°,
B - 1+ %F
— moLsin0% + moL cos0j + JO = moL (sin 8y + cos bz) 6, (a)
C.?_ = —277’L0L2 3 9.2,
2 ma®
2c
) 1 .
C.}z = —aam()Lz — 92.
= 1+%¢
© & cleary thart the application of the other methods for this problem is very difficulty
g== these results.

3. CONCLUSION

T ymamic investigation of constrained systems is very important, but this is a hard

L8 CH

soem eeause of the determining the reactions of constraints on the system.
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As is known, up to the present time, there is not yet any method for solving usefully
above mentioned problem.

In the present paper it is represented the method, which permits to compute directly
the reactions of constraints and therefore the dynamic study of the system will be more
easy.

This publication is completed with financial support from the National Basic Research
Program in Natural Sciences.
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MOT PHUONG PHAP MGI DE XAC DINH CAC PHAN LUC CUA CAC
LIEN KET LEN CAC HE CO HOC

Trong bai bdo da: d& xudt mot phrrong phép. cho viéc xde dinh tryc tip céc phan lyc
lién két 1én c4c hé co hoc, cho dén nay bai todn nay chwa dwoc gidi quyét mot céch cé
hiéu qud do chi st dung phuong trinh chuyén dong dang nhan t&r. Phuwong phép néu ra
da cho phép xé4c dinh truc ti€p cac phan luc lién két v nho dé ¢6 thé xay dung phuong
trinh chuyén dong cla co hé khong chita céc nhan tir Lagrange.





