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Abstract. The present paper deals with a class of non-linear ordinary second-order
differential equations with exact solutions. A procedure for finding the general exact
solution based on a known particular one is derived. For illustration solutions of some
non-linear equations occured in many problems of solid mechanics are considered.
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1. INTRODUCTION

Generally for seeking an exact solution of a non-linear differential equation it is
necessary to find an appropriate transformation deriving the non-linear equation to a
linear one, but finding of such transformation is very complicated.

In fact many problems of solid mechanics reduce to different types of non-linear
differential equations, solutions of which can demonstrate specific effects, however through
only exact solutions these effects can be observed profoundly. Hence finding exact solutions
becomes very important in researching non-linear mechanical problems.

The present paper introduces an idea and a procedure to find general exact solu-
tions of a class of non-linear ordinary second-order differential equations based on known
particular solutions. If a particular exact solution is known, then a general exact solution
can be found, but for a received approximate particular one, a general solution may be
obtained approximately with desired accuracy by the varying coefficient iteration method.

2. IDEA AND PROCEDURE FOR FINDING EXACT SOLUTION

Consider a non-linear second-order differential equation

+d +d

d @ b @ b \?
+$<b1m+d+b2$+b3+x—+d>_<b1x+d+b2$+b3+x—+d> =0

where a;, b;(i = 1,2, 3), b, d are constants, z(t) is unknown function of ¢.
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Using notation
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equation (1) can be rewritten as follows:
d (i a\® d (10 192
el e - (=Y _ (2= — 4
dt <u> * <u> T <2v> (2 v> . )
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Eq. (1) has a particular solution when

or in the other form

u 10
24 -2 = 6
5, =0 (6)
or
(a1 4 b1)—— & (@ + bo) + a3 + by + —2— = 0 (7)
1 1;U—|—d 2 2 3 3 $+d_ .

The particular solution can be obtained from (7) as:
(i). A function of ¢

— — t
i azd + bs bzd_|_ Vo Vo ol (8)
2((12—1—()2) 2((12 —|—b2) 2((11 —|—b1)
where 6 = (a3 — aad + b3 — bad)? — 8b(ag + bs), ¢ - integral constant.
(ii). A constant
$+d:_a3—a2d+b3—b2d \/g ’ (9)
2(az + b2) 2(az + b2)
o 08— +by—bad Ve (10)
2(az + b2) 2(az + b2)
In order to represent funtion u through funtion v based on Eq. (5) it can be obtained
[1]
o_te, Gw (1)
U 2v ¢
Ch + Oy f’Udt
0
thus
. t
u = m 01 + 02 /’Udt s (12)
0

where C7, Cy - integral constants.
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Subtracting side by side of Eqgs.(2) and (3) and taking (11) into account yields

. .
+ (a2 — bo)(z + d) + a3 — apd — (by — bod) = ——2——— 2 (13)

t
C1 + Cy [vdt
0

T
(a1 _bl):n—l—d

Eq. (13) can lead to a linear differential equation with respect to unknown

1
+d

dt

d( 1 > 1 ’V CQ’U v —| 1 _ag—bg

_Z_ - — bod =
:E—|—d al—bl v (ag a2d)+(b3 2 )‘ ZE—|—d al—bl

t
C1 + Cy [vdt
0

(14)

Eq. (14) is derived from Eq.(1) by use of an equivalent transformation, consequently

it is equivalent with Eq.(1), Eq.(14) is a linear differential equation with varying coefficient,
that is in this case

1 ’V Cyv _ % — (as — agd) + (b3 - b2d)‘ :

al—bl

t
C1+Cy [vdt
0

Following the idea of varying coefficient iteration method [2], at the first iteration
this coefficient can be evaluated by particular solutions (8), (9) and (10).
Denote the particular solution of Eq.(1) by x1, then Eq. (3) and Eq. (7) give:

i 2b 0
2 2b 2b = - 15
b1$1+d+ 271+ 3+:E1-|—d v (15)
(a1 + 51— 1 (az + bo)ay + (ag + bg) + —2— =0 (16)
a1 1:131—|—d a2 2)T1 a3 3 :131—|—d_'
Subtracting side by side of two these equations yields:
(a1 — bl) 1 + (az — bg)ZEl + a3z — bg = —E, (17)
1 +d v

from that
t
v=(z1+d) @) exp | —(ag — by) / (x1 4+ d)dt| exp [(—az + agd + b3 — bad) t] . (18)
0

Consequently at first iteration Eq. (14) has a general solution as follows

11
:E—|—d_,u al—bl
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where C' is an integral constant and
1
al — b1
/(:El + d)dt C1+ Cy /’Udt . (20)

0 0

¢ ¢
az — by

p= (ot dyexp | 22

In order to verify the general solution (19), (20) satisfying exactly or not Eq.(14), i.e.
the equivalent equation of Eq.(1), a procedure is established as following. Taking logarithm
both sides of Eq.(19) and differentiating with respect to t yield

k) ., o
T = ,u+a2—b2j dt+0— ,u+a1—b1($+d)
r+d al_blo“

In other side Eq.(14) reduces to

(o5 [ |
dt \z+d n 1 Cov v as — by

1 ai — by t _;_(a?)—azd)-l-(bs—bzd) Zal_bl(m—i—d).
vt d C1 + Cy 6[ vdt
G
Eliminating M from obtained equations results
r+d
1 Cov v )
2 - = — (ag — agd) + (bg — bgd) = E, (21)
ay — b1 t v 1%
LCI + Cy [wvdt J
0
and from (20) it follows:
. . _ 1
p_ 8 by g, O (22)

;L::E1+d al—bl 1_b1'

t a
C1 + Cy [vdt

0
Substitution of (22) into (21) reduces to Eq. (17)

(a1 — bl) 11 + ((12 — bg)(lEl + d) + a3 — asd — (bg — bgd) = —%.

z1+d

Summing up side by side of this equation and equation (15) we can get again Eq.(16).
Indeed Eq.(16) is the equation for seeking particular solution to Eq.(1).

In other side we can verify directly that, the general solution (19), (20) satisfies
exactly the original equation (1).

Remark: As seen that Eq.(14) is equivalent to Eq.(1), it has general exact solution
(19), (20) when z; is a particular solution of Eq.(1). So that at first iteration if z; is
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a particular exact solution, then the expression (19), (20) is a general exact solution of
Eq.(14). If z; is a particular approximate solution, then (19), (20) is a general approximate
solution of Eq. (14) at first iteration. For obtaining a general approximate solution with
desired accuracy it need to fulfill successive iteration by the varying coefficient method.
In the present paper we consider only the case when x; is a particular exact solution.

Consequently, the idea of the proposed method is to derive a non-linear differential
equation to a linear differential equation with varying coefficient. This varying coefficient
is determined by a particular solution of the original equation. If the particular solution is
exact, the general exact solution can be obtained, if the particular solution is approximate
then the approximated general solution can be evaluated with desired accuracy.

Procedure can be established by following steps:

Step 1: Seeking a particular solution of linear equation (16).

Step 2: Calculate v according to (18).

Step 3: Calculate p according to (20).

Step 4: Seeking a general solution according to (19).

The solution of Eq.(14), i.e. the expressions (19), (20) consists of four integral con-
stants and particular solution, which are chosen appropriately for each concrete problem.

3. PARTICULAR CASES OF EQ. (1)
3.1. Case 1: by =0,a3,=b=0,6=0,d=0
Eq. (1) is of the form:
2 .2

2
i 2033+ B " By = (1—a) . (23)
aq x

From Eq. (16) the particular solution is found directly

b
as + 375],
aj

1 = €exXp [—

the integral constant is taken ¢ = 0. According to Eq.(18) function v is calculated as
2b3t and substituting the obtained value v into (20) yields

C 1/(11
— —(a3+b3)t _2 2bst
(g

v=e€

where C7, Cy are integral constants. The expression p can be rewritten in other form
1
"= [Ae_“3t ch (bst + 7)] ay , A, ~ — integral constants.
By use of Eq. (19), the general solution of Eq. (23) is found
1

z =B [e %" ch (bst +v)] @1, (24)

where B, v are integral constants.
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If the coefficient of the Eq. (23) are denoted by

a%—b% 2 - 2 2
az = v, 4= = w”, i.e. by = 1% — qqw?,

ai

then with 12 — ajw? < 0, the solution has form

1
r=DB [e"’t cos (t\/ aw? — v + 7)} ar |

The general solution (25) for Eq. (23) was found in [3] by other method.

3.2. Case 2: a1 — by =—-1,a3=by, b=0,d =0
Eq. (1) in this case has the form:

s oft  2mas —biby) | 2ap(ay —by)a? | (af bz
x a1+ by ai + by ai + by

According to Egs. (8), (10) two particular solutions are obtained

a3—|—b3 a3—|—b3 [ a3—|—b3
+
2(a1 + by

=0.

= — t
T11 1a A ) +90] )

as + bs

12 = —
2(12

Based on Egs.(14), (19) and (20) the general solution of Eq.(26) has the form:

t
C <01 + Oy fvdt>
0

x I

(25)

(29)

In the formulas (29) figure four integral constants C, Cy, Co, ¢ and the particular
solution x1, which need to be chosen appropriately. Such choice can be established as

follows

t
CCy [vdt
1_ca 2J v

x T11 Z12

Carrying out some simple calculations in Eq.(27) yields

as + bs as + b3

t

_ag-l-bg as + bs

t
_|_Aea1+b1 ,

T11

2(12

az + b3
The function v is determined by use of Eq. (18) and (28)

e?# is an integral constant.

where A = —

_ W+ bs e—(az—b3)t
2(12 ’

(30)

(31)
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and the second term in Eq.(30) leads to

t
CCs [wdt
0 - _ CC, e—(az=b3)t _ Be—(aa—ba)t’ (32)
12 az — b3
CC:
where B = — 2 is an integral constant.
as — b3

Since C4, Cy are integral constants, by choosing CC; = 1, and substituting expres-
sions (31), (32) into Eq.(30) we can write the general solution of Eq.(26) as follows

as + bs

1 - _ 2a2 + Ae@1 + blt + Be(as=b3)t —
T as + bs
ajaz — b1bst bias — alb?)t biaz — a1bst (33)
_ 2w +e a1+b Ae a1+bi 41 Be a1+b
as + bs
or in other form:
ajas — blbgt
1 2 - —
o2 i pe ar+bi ¢ Mt+7 : (34)
x as + bs ai + by
where D, v - integral constants.
—b1b 2 — b2
By use of notation 8 = M, m+[%= e Eq.(26) has the form
ay + by ay + by
.2
.o ., 2ag(az —b3) o 2
—2— +2 — % — (1 =0 35
Z $+ﬁx+ P 1+ %)z =0, (35)

general solution of which

1 2

Lo f* + De Pt ch (t\/—m + 'y) when m < 0,

x as + bs (36)
1 2

i 42 + De P cos (t\/m + 7) when m > 0.

T az + b3

This solution was found in [4] by other method.
3.3. Case 3: a1 — b1 =1
In this case Eq.(1) has the form:
(a1 + b1)& + (a2 + by + 2a1a9 — 2b1bs)
+ (agd + bad + 2a1a3 — 2b1b3)3 + (a3 — b3)x> + (a3d — b3d + 2aza3 — 2bobz)x*>  (37)
+ (2aza3d — 2bob3d + a3 — b3 + 2asb — 2bob)x + a3d — b3d + 2azb — 2bzb = 0.
According to (10) the constant particular solution to Eq. (37) is defined

— (ag — agd + bg - bgd) \/g

d= ,
Tt 2 (ag -+ bg) 2 (ag -+ bg)

(38)
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where: 0 = (a3 — agd + bg — bad)? — 8b (ag + by).
Based on (18) function v is calculated as:

e ot (39)

where a = (ag — ba)(z1 + d) + az — asd — (bg — bad).
Function p can be determined by (20) and (39):

(40)

p= (1 +d)e P [C’wat __G ] ;

(1 + d)

where 3 = ag — asd — (bs — bad).
According to Eq.(19) and using (40) the general solution to Eq.(37) can be obtained:

1
(a1 + d) [A - 7]
rtd= it dal, (41)
Aect Bebt
et + bePt + (@1 1+ d)ajs
Ch .
where A = —, B = — - integral constants.
Cs Cs
Differentiating both sides of Eq. (41) with respect to ¢ yields
(a4B)t | X A at p Bt
(o — B)(x1+ d)ABe + —Ae* + —Be
. 1] «
T = 5 (42)
a—p
Aectt Bebt
et + be +(:131—|—d)ozﬁ
Suppose initial conditions
z(t)ly—o = w0,  E(t)|;—o = Zo, (43)
are satisfied, then
B 1 _ xo+d
(r1+d)a  (a—B)(x1 — z0)(zo + d) — To(x1 +d)’
(44)
1 T — 2o

(x1+d)p  (a—pB)(2r1 —20) (w0 +d) — do(x1 +d)

Now by use of mentioned above calculations we can seek general solutions of some
non-linear equations, which usually have place in mechanical problems such as

i+ (2v+ 30x)i + A 4 2q2® + kx + ¢ = 0. (45)
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Eq. (45) coincides entirely with Eq. (37) when putting
as + by + 2a1a9 — 2b1by = 3o(ay + by),
agd + bad 4 2a1a3 — 2b1bs = 2v(ag + by),
a3 — b2 = Nay + by),
a3d — b3d + 2asa3 — 2babs = 2q(a1 + by),
2apa3d — 2bobsd + a3 — b3 + 2anb — 2bob = k(ay + by),
a3d — bid + 2a3b — 2bsb = c(a1 + by).

(46)

The system of equations (46) consists of 6 equations with 6 unknowns ag, ba, as, bs,
b, d. So that 6 these unknowns can be determined through a; +b; and 6 known parameters
o, v, A, q, k, ¢, where a1 + by can be chosen arbitrarily such that a; — b; = 1. After that
substituting just determined values into the expression of general solution (41) and integral
constants (44) we can obtain the solution of Eq.(45) combined with initial conditions (43).

Note that Eq.(45) with all coefficients has a similar form of Van der Pol equation,
and when parameter o = 0 has the form of Duffing equation, and when ¢ = 0, v = 0 - the
form of KdV equation, respectively.

Explicit solution of the system of equations (46) can be received, it may be expressed
as real or complex values. This problem requires further investigation.

4. EXAMPLES
4.1. Case: a1 =1, =0,b=0,6=0,d=0
Eq (37) has the form

&+ (2a3 + 3a9x)E + ada® + 2aza32” + (a3 — b3)z = 0. (47)
Using calculations in Section 3.3 results
b
:El"i'd:_wv a:_2b37 ﬁ:a3_b37
a2

and the general solution is defined

ast

ch (bgt + (p) ’

1
— = 2 [—ag+ by th (bst + )] + Co
where Cy, @ - integral constants.
Solution (48) was found in [5] by other method.

4.2. Numerical case

a1 = 1,b1 = 0,60 = 0,b = 0,d = 0,a0 = 0.2,a3 = —0.5,b3 = 0.2, with initial
conditions: x[0] = 2, £[0] = 0.1.

a. Seeking solution by numerical method

Numericalsolution = N DSolve[{z"[t] + (2a3 + 3a2 x x[t]) x 2/[t] + a2 A2 x z[t] A3+
2a2 x a3 * x[t] A2+ (a3 A2 — b3 A 2) x z[t], z[0] = 2,2'[0] = 0.1, z, {¢,0,100}].
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b. Seeking solution by analytical method

6 = (ag — agd + bz — bad)? — 8b (ag + by) = 0.09,
—(ag—a2d+b3—b2d) + \/g

2 (az + b2) 2 (ag + b2)
a = (az — by)(z1 + d) + az — agd — (bg — bad) = —0.4,
ﬁ = as — agd — (bg — bgd) = —0.7,

:El—i—d: :1.5,

e Tl e e riwi e AL
v (21 id)ﬁ (o= B)(z1 - iEo:I;l(:E_o f—od) — @o(z1 + d) = —0.15873,
z+d= ot Aeat_m .

Ae®t 4 Beft 4 ﬁ

Plot[{x[t], Evaluate|z[t]/ .numericalsolution}, {t, 0,100}, PlotStyle — {Thick, Red, Blue}]
(see Fig.1).

35001

3495}

3490}

20 40 G0 80 100

Fig. 1. Graph of exact solution [{z(t), Evaluate[z[t]/.numericalsolution}, {t, 0, 100}]
to Eq. (47)

As can be observed, a very good agreement is obtained in this comparison study.
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5. CONCLUSION

- Equation of the form (1) is non-linear differential one, general exact solutions
of which can be found. They include many particular cases, where exact solutions were
defined by other methods.

- To obtain exact solutions of non-linear differential equations of the form (1) one
needs to know important informations about particular solutions (8), (9), (10) and expres-
sions (11), (12).

- Proposed method for finding general exact solution of non-linear differential equa-
tions of the form (1) is based upon a known particular solution and expressions (11), (12)
in use of idea of the varying coefficient iteration method.

- Verification of the proposed method is proven by obtaining exact solutions in many
particular cases. These solutions coincide with exact solutions obtained by other analytical
methods and are in good agreement with results using numerical methods.
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