Vietnam Journal of Mechanics, VAST, Vol. 33, No.1 (2011), pp. 27-40

BENDING VIBRATION OF BEAM ELEMENTS UNDER
MOVING LOADS WITH CONSIDERING VEHICLE
BRAKING FORCES

Nguyen Xuan Toan
Da Nang University of Technology

Abstract. The study of fluctuations of structures in general and bridge structures in
particular under the influence of moving loads considering the impact of vehicle braking
forces draws the attention of many scientists. However, due to the complexity of this
problem a static method has been so far applied for approximate calculation in bridge
design standards. In this article the author introduces the equation of bending vibrations
of beam elements according to the model of dynamic interaction between beam elements
and moving vehicle loads considering vehicle braking forces.
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1. INTRODUCTION

The impact of vehicle braking forces on the bridge is huge and must be considered
in design. In the bridge design process of many countries it is imperative to audit vehicle
braking force bearing structures. Due to the complexity of this problem in the current
processes only vehicle braking force bearing structures have been audited in accordance
with a static method based on standard conventional loads. However, the neglecting of
dynamic effects of vehicle - bridge interaction may result in large errors [1, 2]. Today
modern bridges tend to use high - strength materials, their structure is very slender and
their hardness is small; therefore, they are very sensitive to cyclic impact loads, especially,
large ones of vehicles moving at high-speeds. As a result, the study of the vibrations of
bridge structures enduring/bearing moving loads has been interested by many scientists
3] - [13], [15] - 18],

In reality, the fact that vehicles brake on bridges causes very large vibrations, so
the study of bridge structure vibrations enduring moving loads considering the impact
of vehicle braking forces is of great importance and urgency. In this paper, the author
introduces a model of dynamic interaction between beam elements and moving vehicle
loads, namely, a three-mass model considering vehicle braking forces. A corresponding
system of differential equations of bending vibrations of the beam element considering
vehicle braking forces is obtained.



28 Nguyen Xuan Toan

2. COMPUTATIONAL MODEL AND ASSUMPTIONS

The three - mass model of dynamic interaction between the beam elements and mov-
ing vehicle loads, considering vehicle braking forces and the coordinate axes on elements
are described as in Fig. 1 and Fig. 2
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Fig. 2. Interaction model between two axes and beam elements
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It is denoted (see Fig. 1 and Fig. 2): L - the length of the beam elements being considered

(1)

T; =
! -{—’UZ':| .(t — tm’), when tp; <t < tg.
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x; - the i*" vehicle coordinate axes at the time being considered

v; - the velocity of the i*" axle before braking

a; - the acceleration of the it axle when braking

t; - the time when the it axle begins running on the beam elements

thi - the time when the it" axle begins braking

te; - the time when the i*" axle was at the end of the element

t - the time being considered

P = G.sin(Q.t+ «a) the conditioning stimulation force caused by the eccentric mass
of the engine

m - the mass of the entire vehicle and goods, excluding the mass of the axle

mo; - the mass of the 1% axle

Mo - the mass of the 274 axle

k11, di1 - hardness and damping rate of the 1%¢ cart spring

k21, do1 - hardness and damping rate of the 15 tire

k12, di2 - hardness and damping rate of cart spring 2"¢

koo, dog - hardness and damping rate of the 27¢ tire

211 - absolute displacement of the chassis at the 1% axle

291- absolute displacement of the 1% axle, absolute coordinates of the mass mo

212- absolute displacement of the chassis at the 2% axle

299 absolute displacement of the 2! axle, absolute coordinates of the mass moo

y11 - relative displacement between the chassis and the 1%¢ axle

Y21 - relative displacement between the beam element and the 1% axle

y12 - relative displacement between the chassis and the 2%¢ axle

Y22 - relative displacement between the beam element and the 25! axle

u - absolute displacement of the chassis at heart block (absolute coordinate of the
mass m)

- the rotation angle of the vehicle tank

s - the stretch of road that vehicles move on

a, b - the distance from the center of mass O to the 1% and the 25 axles

T4, T - the friction forces between tyre and bridge surface when braking

Inertial forces, dray forces, elastic forces, exciting forces and braking forces affecting
the system as shown in Fig. 2 have conventional dimensions and sign in accordance with
the system of corresponding coordinate axes.

The following assumptions are adopted:

The mass of the entire vehicle and goods, excluding the mass of the axle is transferred
to the center of mass system. It is equivalent to the mass m and the rotational inertia J.

The mass of the 1%t and 2@ axles is moy; and moo, which are regarded as a point
with concentrated mass at the center of the corresponding axle.

The chassis is hypothesised to be absolutely hard and undistorted when moving.

The vertical displacements of mass m, mg1, mos are smaller than the height from
their center to the centre of beam.

Beam materials work in the linear elastic stage.
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The bridge surface is flat, and has the friction coefficient homogeneous over the
entire bridge surface.

Brake forces of axles of vehicle are assumed to occur simultaneously. The direction
of the forces between bridge surface and tires are assumed to be in the opposite direction
of movement of vehicle as shown in Fig. 2.

According to this assumption, the brake forces between bridge surface and tires,
called T1,T>, make the vehicle decelerates uniformly and cause inertia forces —moy.3,
—myg2.8, —m.S. These inertia forces which in turn produce longitudinal and vertical oscil-
lations of the whole system.

The most dangerous case is when an emergency brake is applied. In this case, the
forces 17, Ty are assumed to be directly proportional to loaded weight of vehicle:

Ty + Ty = (m + may + ma2).g.7 (2)

7 - the friction factor between bridge surface and tires
g - the acceleration of gravity.

3. DIFFENTIAL EQUATIONS OF MOVING LOADS

Based on the calculation model and assumptions in Section 1, we consider the system
of mass m, mo1, mao, viscous drag, elastic forces, inertial forces, stimulation forces, bridge
surface constraint forces, braking power, which are converted to frictional forces against
the bridge surface as shown in Fig. 2.

Applying the principle of d’Alembert, considering the balance of each mass m, ma1,
mao according to the vertical axis and the whole system according to the horizontal axis,
we have:

P—mii—Fn—Flg—mgzo

Fi1 — F51 — ma1Za1 —m21g =0 (3)
Fig — Fay — magZag — magg =0

T1 —|—T2 = —(m+m21+m22)§

Similarly, considering the torque balance of the whole system with the 3" points:

(mii +mg — P) .a— (m.h+m21.h21 +m22.h22)§ —Jo+ (mgg.ézz —I-mgg.g—i—Fgg).(a—l-b) =0
(4)
in which:
Fi1 = k11.y11 + di911, Fio = ki2.yi2 + di2.312
Fo1 = kao1.y01 + d21.921, Foo = ko2.y22 + d22.722
o= (211—212)/(a+b),u=(b.z11 + a.212) / (a +b) (5)
211 = Y11 + Y21 + W1, 212 = Y12 + Y22 + W2
221 = Y21 + W1, 222 = Y22 + W2

Combining (2) with (3), (4) and (5) then having them transformed, we obtain a set
of equations:
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mJ 11 + (a®*m 4 J)di1 211 — (mba — J)dyoz12 — (a®m + J)dy1221 + (mba — J)dy2390+
(a*m 4 J)k11211 — (mba — J)kioz12 — (a®m + J)k11201+

+(mba — J)k12292 — JP + Jmg + (m.h 4+ mo9q.hoy + mag.ha2) .ma.§ =0

mJ Z12 + (mba + J)di1 211 + (0*m + J)dioz12 — (mba + J)di1z01 — (b°m + J)di2zaa+

+ (mba + J)k11211 + (b*m + J)k12z12 — (mba+ J)ki1201—

—(b2m + J)ki2299 — JP + Jmg + (m.h 4+ moq.ho1 + maa.he2) .mb.5 =0

ma1 291 — di1211 + (di1 + do1)Zo1 — krizin + (ki + k21)z21 + mgq.g — da1.y — kai.wy =0
MmagZos — di2212 + (di2 + da2) 222 — k12212 + (K12 + k22) 202 + m99.g — dog.we — kag.we =0
§=—g.71

(6)

The constraint forces F5; and Fyo are as follows:

Fo1 = —maiZ91 + (211 — 221)d11 + (211 — 221)k11
Fag = —mgoZas + (212 — 222)d12 + (212 — 222) k12

Having them rewritten in the form of distribution and adding a logic control signal
function, we have:

p1(z, 2, t) = &1(t). [-maiZa1 + (211 — 221)di1 + (211 — 221)k11] 0(z — x1) (7)
p2(z, 2, t) = &2(t). [—mazas + (212 — 222)d12 + (212 — 222)k12] 0 (2 — x2)

1 when t; <t<t;,+AT;

in which: &(t) = { 0 when t <t and t >t + AT is a logic control signal function,
(2 (2 (2

d(x — x;) is the Dirac delta function,
AT; is the period of time that the i** axle runs on the beam elements being considered.

4. EQUATIONS OF BENDING VIBRATION OF BEAM ELEMENTS
UNDER MOVING LOADS

According to [16] the equation of bending vibrations of beam elements under dis-
tributed load p(z, z,t) considering the effects of internal and external friction can be
written as follows:

4 5 2

B (G5 + 050 )+ oa S 4 850 = plet) = () +palenn ) (9

in which p;(z, z,t) and ps(z, z,t) are determined by the formula (7),

E Jg - the bending stiffness of beam elements,

pFy - the mass of the beam element on a length unit,

# and S - the coefficient of internal friction and coefficient of external friction, respectively.
Aggregating (6) with (8) we have systems of differential equations of bending vi-

brations of beam elements under the influence of moving loads taking into account the
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impact of vehicle braking forces:

oxt oxt.0t ot?
+(a*m + J)d11%11 — (mba — J)di2212 — (a*m + J)di1201 + (mba — J)di2200+
+ (a*m+ J)k11211 — (mba — J)kioz12 — (a®m + J)ki1201 + (mba — J)k12200—
- JP 4+ Jmg + (m.h 4+ m9q.ho1 + maz.hoa) .ma.5 =0
mJ 212+ (mba + J)di1 211 + (0*m + J)diozi2 — (mba + J)di1z91 — (b°m + J)di2zaa+
+ (mba+ J)k11211 + (B*m + J)k1az12 — (mba + J)ki1201 — (b*m + J)k12200—
- JP + Jmg + (m.h 4 mgq.ho1 + maa.hoa) .mb.5 =0
mao1221 — di1211 + (din + do1) 21 — kiizi1 + (ki1 + k21)zo1 +moq.g — doy.ain — kop.wq =0
MaoZas — di2212 + (di2 + do2) 292 — k12212 + (k12 + k22) 200 + mo9.g — dao.1iiy — koo.wo =0

§=—g.7T

(9)

o o° 0? 0
EJ,. ( v + 6. v > +de.—w —1—6.8—1: =p(z, z,t) = p1(x, 2, t) + p2(z, 2, t)mJ 211+

5. TRANSFORMATION OF THE EQUATION OF BENDING
VIBRATIONS OF BEAM ELEMENT TO THE MATRIX FORM

The bending vibration we can be approximately presented in the form [16, 19]:

wy

— ¥1
w=[ N Ny N3 Ny]. 0y (10)

P2

L s 2 3 Lo 2, .3

leﬁ(L —3Lz" + 2z ),Ngzﬁ(L x — 2Lx* + z°) ”
1 2 3 L3 2 1

Ngzﬁ(é’.Lx — 2z ),N4:ﬁ(:1: — Lz?)

where: w1, 1 - the deflection and rotation angle of the left end of beam element,
wa, @9 - the deflection and rotation angle of the right end of beam element.
Substituting (10), (11) into (9) and applying the Galerkin method in combination
with Green theory, we integrate each term by parts and obtain:

| M | wy wy
J N b [N N N Ne)$ = Ko L (12)
0 Ny 2 2
L %1 5 wy 5 wy
/ N (OB [N No Ny N3 56 de = 0Ky 00 (13)
0

Ny »2 »2
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in which:
12 6L —12 6L
EJg | 6L 4L? —6L 2L?
Kuw = L3 —12 —6L 12 —6L |’ (14)
6L 2L? —6L 4L?
L[ M , wi , | @
No 9 1 _ 9 o1 .
/ N, (PFiga [ Nt Na N3 Ny | vy (0T =Mowgz g g, 05 (15)
N A1 2 2
L| M wi w1
No 9 1 Myw 0 | o1
Lb.—| Nt No N3 N, dx = (. — ; 16
/ Na ﬁ@t[ 1 N2 N3 Ny | ws T ﬁdeat wy [ (16)
S A w2 2
in which:
156  22L 54 —13L |
_ pFyL | 221 4L? 13L  -3L* | o My .
—13L —-3L* —22L 4L* |
| M
No [—mo1.Zo1 + (211 — Z21)d11 + (211 — 221)k11] P+
plx, z,t).dr = . . . 18
/ N3 p(@,z,1).dv + [—maa.Zag + (212 — Z22)d12 + (212 — 222)k12] . P2 (18)
0 Ny
in which:
pi (L + 2z;)(L S ;)?
) o |G L.xi(L — x;)
Fi=9 ps (T 08 ) 22(L - 22 (19)
Dai —L.a?(L — ;)

Combining the results (12) - (19) with (9) and rewriting in matrix form, we obtain:

d,q, q, fe - the mixed acceleration vector, mixed velocity vector, mixed displacement vector,
mixed forces vector, respectively:

=9 2 p s {iy=3 4 p 5 o =9 2 ¢ 5 {fe} =4 fa
Z9 29 z2 fzz

M., C., K, - the mixed quantity matrix, mixed damper matrix, mixed stiffness matrix,
respectively:

Mww 0 sz2 wa szl sz2
M, = 0 M, O ;Ce = 0 Ciz1 Cax ;
0 0 Mz2z2 CZZ’LU 02221 02222
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wa szl sz2
K.=10 K Koz |;
Kz2w Kz2zl Kz2z2

mo; O mJ 0 m 0
szZ:P’[O mzz];lezlzp'[O mJ];]wZZZZ:[O21 mzz]'

P= [ P P ] , P, P, are determined by (19);

. —d11 0 . o dll 0 .
szl—[o _d12:|70wz2—|:0 d12:|7

C . (a2m + J)dll —(mba — J)dlg O . —(a2m + J)dll (mba — J)dlg .
A1z (mba + J)dll (bzm + J)dlg Az —(mba + J)dn —(bzm + J)dlg
T _ —da1 0 . | —di1 O | dii+di2 O .
CZQ’LU - N |: —d22 :| 702221 - |: 0 —d12 :| 02222 - |: 0 d12 —|—d22 :| )

0
(a2m + J k11 —(mba — J)k‘lg .
( ;

|
|
-
L

. —k11 O . . ki1 O .
Kw21 = |: _k12 :| » sz2 = |: 0 k12 )
KZ1Z1 2
mba + J)ki1  (b*m + J)ki2
e (a®>m + D)k (mba — J)kio )
#1722 (mba + J)ky1  —(b*m + J)k1o
T _ —ko1 0 - —dg1 0 .
Kepw = Na [ 0 —koo ] +Na . [ 0 —daa |’
—k11 0 | kii+ka O )
Kowm = —k12 ] Koz = [ 0 k1o + koo |’
Ni1 Ny Nli:$.(Lz—3L.:E?+2:E3)7
. No1 Noo . S N2Z__2(L:E2L:E —I—ZE)
Na - N31 N32 > 10 which : Ngi = %(3[/217@2 — 21}?)7
Ny Ny Ny; = 75.(#3 — L.a?);
x; is determined by the formula (1)
0 .
£ = fa = JP — Jmg — (mh + moiho1 + mgghgg)ma.s . —m21g
) fzz o JP — Jmg — (mh + maiha1 + mashao)mb.5 7 72 —maag |

6. APPLICATION TO VIBRATION ANALYSIS OF BRIDGE
STRUCTURE UNDER MOVING LOADS

By digitizing bridge structures into basic elements, combining the research results
above with finite element method and utilizing algorithms generally used in finite element
method one can construct vibration differential equations for the whole system [19].

MQ+CQ+KQ=F (21)
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M, C, K, which is the mixed quantity matrix, the mixed damper matrix, and the mixed
stiffness matrix of the total system,
Q,Q, Q, F, which is the mixed acceleration vector, the mixed velocity vector, the mixed
displacement vector, and the mixed forces vector of the total system.
After inserting corresponding boundary conditions and initial conditions to (21), we
can solve the set of equations (21) by the Runge- Kutta-Merson method on the computer.
An application in analyzing vibration of a three-span continuous steel girder bridge
structure (40m+60m+40m) can be condidered as follows:

Start

-Node data, join data
- Beam element data
- Load data, moving vehicle data,

i=1

|
Establishing matrix Myw, Cuw » Kww » fiw
for beam element i
— |
i=it+l L . . .

- Establishinh axis moving matrix.
- Moving axis, locating and arranging it
in the overall matrices: M, C, K, F.

*é

Assinging the boundary conditions of the problem
Assinging the initial conditions ¢ 0,0 0,0 0

le

1
Establishing matrix M 1,1, M2 , M2,
Czl;] ) C£Z£2 ’ C;Izls Cz?_zl. Cz?_\« ) I(Azl ) thl >
Ko, Kooz, Koaw s fues fare s e
i+ I
- Establishinh axis moving matrix =tth
- Moving axis, locating and arranging it
in the overall matrices: M, C, K, F.

[ 1]

@

Determining coefficients: K,K>,K3,K4,Ks ; Calculating
0,0, Q using the Run ge-Kutta-Mersion method

‘T

+
Providing results O, 0, Q far the overall

coordinate system ; Calculating and providing
results ofinternal forces, stress, deformation
ect... foreach element

End

Fig. 3. The general algorithm in analyzing vibration of girder bridge structure
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Elastic module of steel E = 2.1x10” T/m?, moment of inertia of area of steel girder
Jq = 0.0261 m*, and mass of the beam element on a length unit pF; =1.237 T /m, friction
factors § = 0.027; 8 = 0.01; 7 = 0.5, acceleration of gravity g = 9.81 m/s?, and SPTD=14;
SPTL=14, where SPTD is the number of beam elements of the whole structure, SPTL is
the number of lane elements on the carriage-way, T}, is the time period of analysis , h is
time step (about 1073s).

IFA-W50 trucks with following parameters: m = 9.838 T, ,,21=0.107 T, mos =
0.055T, P =0,a =1.035m, b =2.415m, h = 1.5 m, ho; = 0.5 m, hoy = 0.5 m, k1; =200
T/m, k‘lg = 30.2 T/m, k‘gl = 260 T/m, k‘gg =120 T/m, d11 = 0.7344 TS/IH, d12 = 0.3672
Ts/m, d2; = 0.8 Ts/m, dos = 0.4 Ts/m.

The general algorithm in analyzing vibration of girder bridge structure is shown in
Fig. 3, where K1, Ko, K3, K4, K5 are coefficients calculated by using the Runge-Kutta-
Mersion method.

Results of displacement calculation with velocity 3.6 km/h are given in Figs. 4 - 7
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Fig. 5. At node 3, when not brake, p = 1.507
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Fig. 6. At node 3, when not brake, = 1.039
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Fig. 7. At node 3, when not brake, . = 1.097

Results of displacement calculation with velocity 10.8 km/h are given in Figs. 8 - 11
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Fig. 8. At node 3, when not brake, = 1.663
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Biew do chuyen vitainutso 3, MaxUy =|-17.873| (mm) , khi t=8.385 (s), Kd= 1873
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Fig. 11. At node 3, when not brake, y = 1.358
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In Figs 4 - 11, the follwings are denoted:
- the static displacement of girder,
- the dynamic displacement of girder,
I - the dynamic factor.
Calculation results show that the dynamic coefficient of deflection considering vehi-
cle braking forces is bigger than that obtained without considering vehicle braking forces.
Dynamic coefficient is significant and need to be considered in design calculations.

7. CONCLUSIONS

This paper introduces research results of building differential equations of bending
vibrations of beam elements bearing moving loads considering vehicle braking forces and
the way to build the combined stiffness matrices, combined mass matrices, mixed block
matrices, equivalent force vector of beam elements bearing moving loads considering brak-
ing forces in accordance with a three-mass model. This research result is the basis for
the study of bridge vibrations under the effect of moving loads of three - mass models
considering the impact of vehicle braking force on the bridge.
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