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RAYLEIGH’S QUOTIENT FOR MULTIPLE CRACKED
BEAM AND APPLICATION

Nguyen Tien Khiem, Tran Thanh Hai
Institute of Mechanics, VAST

Abstract. Rayleigh’s quotient for Euler-Bernoulli multiple cracked beam with different
boundary conditions has been derived from the governed equation of free vibration. An
appropriate choosing of approximate shape function in terms of mode shape of uncracked
beam and specific functions satisfying conditions at cracks and boundaries leads to an
explicit expression of natural frequencies through crack parameters that can simplify not
only the analysis of natural frequencies of cracked beam but also the crack detection
problem. Numerical analysis of natural frequencies of the cracked beam by using the ob-
tained expression in comparison with the well known methods such as the characteristic
equation and finite element method shows their good agreement. The analytical expres-
sion of natural frequencies applied to the crack detection problem allows the result of
detection to be improved.
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1. INTRODUCTION

Recently, a significant effort of researchers as well as engineers has been devoted to
solve forward and inverse problems in vibration of cracked beam. The most important tool
for solving the problems is so-called the characteristic equation relating implicitly natural
frequencies with crack parameters. It has been shown in several studies, for instance [1, 2]
that for a beam with single crack of extent ~ at position z. the characteristic equation has
the form

Fy(w) +vFi(w, xc) =0 (1)
where Fy and F} are functions given by boundary conditions of the beam. If the crack
extent v is small, from the equation an explicit expression of natural frequencies through
crack parameters can be derived as

Awy, = wi, — wio = v9(wko, T¢) (2)

with wg,wrg are frequencies of cracked and uncracked beam respectively. This is an ap-
proximation available only for small extent of single crack [3, 4]. J. Fernandez-Saez, L
Rubio and C. Navarro [5] have obtained a formulae for fundamental frequency of sim-
ply supported beam using Rayleigh’s method without assumption on smallness of crack
depth. Comparison of the obtained analytical result [5] with numerical one shows that
both the results are almost identical for the crack depth reached 75% beam thickness.
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The characteristic equation (1) has been developed for multiple cracked Bernoulli-Euler
beam in [6, 7] by using the transfer matrix method and obtained explicitly in an ana-
lytical form in [8]. The author of reference [9] has developed the finite element model
of multiple cracked beam and established the characteristic equation accordingly to the
FEM. The approximate equations similar to the equation (2) for multiple cracked beam
was also established in [2, 7] assuming that the mode shapes of cracked beam remain the
same as those of uncracked one. An important idea arisen from [5] is to obtain an explicit
expression of natural frequencies of higher modes with other boundary conditions and for
multiple cracked beam based on the choosing mode shapes of cracked beam. This idea
has been developed in [10] to obtain higher frequencies (but not in analytical form) for
no uniform beam using Galerkin’s method. This paper is devoted to derive an analytical
expression for any natural frequency of multiple cracked beam with arbitrary boundary
conditions using Rayleigh method. Theoretical section is devoted to establish general form
of Rayleigh’s quotient for multiple cracked beam, that is applied in subsequent section to
obtain analytical expressions of natural frequencies of the cracked beam through crack pa-
rameters for different cases of the classical boundary conditions. Numerical investigation
is presented in the last section for comparison in order to validate the theory.

2. THEORY

Consider an uniform with the material and geometrical constants: Young’s modulus
FE, mass density p, length L, cross section area and moment of inertia F', I and with given
arbitrarily boundary conditions at the ends x = 0 and = = L.

It is well known that for such the beam, the eigenparameters consisting of nat-
ural frequencies and corresponding mode shapes {w,%, op(x), k=1,2, } satisfying the
equation

v pFw}
V(@) = Mole) =0, ak = =k k=12, (3)
EI
Suppose, furthermore, that the beam has been cracked at the positions (eq, ..., en)
and the cracks are modeled as rotational springs of stiffness Ki,..., Ky respectively.

Dividing the beam into N segments (z;_1,2;),j = 1,..., N, each of those contains a crack
(ej, Kj) so that Tj—1 <¢j < :L'j,j =1,...Nand zg =0,z = L.

Considering equation (1) in j-th beam segment (x;_1,2;) and denoting the mode
shape for this segment by ¢;(x), one will have

o5 (2) = Niorj(2) =0, x € (-1, 7). @

Multiplying both sides of the equations by ¢y;(z), then taking integration along the
interval (xj_1, z;) yields

N N
Wi :(EI/pF)Zakj/Zbkj,k‘:1,2,3,.... (5)

=1 =1
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where
o

wz/&WU%UM% /mj (6)

Tj—1

If functions ¢y;, ;fj, Zj, ’k’; are continuous in the interval (a,b), one has

/ BV () () e = / &°2,(x)dix + Bij (b) — Bij(a) (7)

where
Byj(x) = ¢ig; (@) brj () — g (x)Bp; (). (8)

Applying equations (7), (8) to two segments (x;_1,Z;), (Z;,x;) for arbitrary Z; €
xj_1,x;) leads the first integral in (6) to
j j

/%dH@A)%(ﬂPM)&A)

Tj—

and, in consequence,
N N Y N-1
Doagi =) / 1y (@) + Y [Bij(w)) — Biji (z))] +
j=1 7=1g; J=1

N
+ [Bka — By;(z )} + [Bin (zn) — Bri(2o)] -
J=1

Because the beam is uniform (continuous) at the joints x;,j = 1,..., N — 1, the
functions ¢y;(x) satisfy conditions

P j—1(5) = buj (@] )i O ja (7)) = By (@) 81 51 (7)) = Dy (2 )s D5 (25) = ()

(10)
and following conditions at the crack position e;:
drjle;) = orj(e]) = dnj(ej); EIgyi(e;) = EI§](e]) = EI¢}i(e)); a1
K [0ha(e]) - dhy(e5)] = BI6,(e)) = E1ol(e}) = E1f ).
N—1
It’s not difficult to verify that the conditions (8) lead to > [Byj(x;) — B jt1(xj)] =0
j=1

and due to conditions (11) one has

N
[Bye0) = Blen)] = X buoten)] v = BI/K;,

<
Il
-

<
Il
-
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Therefore, the equation (9) can be rewritten as

N N | Y
o =3 | [ 6@det 563 | +Buv(D) - Ba (o).
J=1 ' -

=1
J ?]7

and the equation (5) gets the form

+ [Brn (L) — By (0)]

&

I/

N [ -'E] 1" 1"
21 | éj(@)dr + 76,7 (x5)
J=1%j-1

(12)

S
I
as)
%

J=1 [z

N [ =
> [ i (JSij(:E)diL'

This is Rayleigh’s quotient generalized for multiple cracked uniform beam with arbitrary
boundary conditions, some particular cases of which have been given in [10]. The equations
(12), in fact, represent a relationship between unknown natural frequencies and corre-
sponding mode shapes that allows to calculate natural frequencies by given mode shapes.
However, as it is well known, finding an exact mode shape is strictly related to finding the
natural frequency. An exact expression of the mode shape for multiple cracked beam has
been obtained in [7], but it contains unknown natural frequency so that substituting the
exact mode shape into equation (12) leads the latter into an identity. The major idea of the
well known Rayleigh’s method is to choose a trial shape function satisfying only boundary
conditions instead of the unknown mode shape for calculating natural frequencies. Al-
though such calculated natural frequencies are approximate, it may be closely approached
to exact frequencies by a proper choosing the trial shape function. Furthermore, in the
case of cracked beam, the calculated from Rayleigh’s quotient natural frequencies give an
explicit expression of crack parameters that is useful not only for analysis of natural fre-
quencies but also to detect crack positions and depth. Below, a combination of mode shape
for uncracked beam with specially chosen functions satisfying both the conditions (11) at
cracks and arbitrary boundary conditions is developed to obtain an analytical expression
of any natural frequencies through crack parameters.

Based on most importance for cracked beam that only its slope is discontinuous at
the crack position, the mode shape functions are assumed to be chosen in the form

Prj(2) = dro(w) + o (), (13)

where ¢yo(z) are mode shapes of uncracked beam, continuous together with its derivatives
1j0(2), Drjo(®), Phg() in whole the beam (0, L) and linear functions

0, Tj—1 <z< €;

14
Vit (xj)S(x —ej), ej <z <uxj (14)

$j() = Crjz + Dji; + {

with constants Cj;, Dy; and function S(x) = [sinh Az + sin Az] /2], satisfying conditions:
S(0) = S”(0) = S”(0) = 0, S’(0) = 1. Substituting equations (13), (14) into equations
(10), (11) yields

Ckj+17j + Dy j11 = Crjzj + Dij + 7o (5)S (25 — e5),
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Ck,j—l—l ij +7J¢kj(ej) ( ) J - 1727"'an
that in consequence lead to the expressions

-1 =]
Crj = Cra + > vidiy(ei)S (x; — €;), Dyj = Dy + Z Vil (€:)S (zi — €;), (15)
=1

S(z; —Zgi) = [S(z; —€;) — x5 (x; — €;)], Vj = 1, ey N.

with two arbitrary constants C1, Dr1 which would be determined from boundary condi-
tions.

To calculate frequencies by equation (12) with the chosen mode shapes (13)-(15),
at first, let’s consider the last term in numerator of equation (12) that can be expressed
as

N
[Bin(2n) = Bra(wo)] = [Bun (L) — B (0)] = BY + Bg = > %iBjd"fo(es),  (16)
j=1
where
By = ¢{o(L)¢ro(L) — 6o (L) b (L) — bl (0)1o(0) + dio (0) o (0), (17)
B = [¢10(L)L — ¢ro(L) + 650(0)] Cro + [¢40(L) — ¢10(0)] Dro, (18)
Brj = [dho(L)(ej — L) + ¢o (L)] /$ole;)- (19)

The equations (17) show that BY is derived from given boundary conditions at the
beam ends separately for uncracked beam, the determined by equations (18), (19) term By,
and non-dimensional coefficient (3;; express a combined effect of boundary conditions and
cracks on natural frequencies. In some particular cases shown below the terms BY, B¢,
Br; can be annulled by choosing the constants Cyo, Dyo accordingly to given boundary
conditions of the beam. Thus, the complete numerator of of the equation (10) can be
written in general form

N | % L
Z / ¢;;J2»($)d$ + 7j¢;;?(:17j) = /(;5”2 Ydx + Z v (1 = Brj) qﬁkj (zj) + By + Bg. (20)
J=1 g 0

Now let’s go to calculate the denominator of equation (10) using the mode shapes
(14), (15). First, it can be expressed as

N | Y N | Y L
Z / Oy Z / Drolx)dx + Ty / r)dr+V; + Uy,
=1y =1 0
where
v = pi*iéo B + Z% — Brj)bra(es) | (21)
N j-1
Uy = +Z%fky¢ko €5) +ZZ%% hjibroed)role;) (22)

Jj=1 j=2 i=1
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with B, Bi; given by (18), (19) and
= C}L?/3 + CroDyoL? + DL, (23)
hji = (L — ej) [(L — ei)z + (L — ei)(L — ej) — (ej — ei)z] /3, (24)
f (L — ej)3 |:1 (2L — ej)CkO + 3Dk0:|
kj — 7
! 3 (L— ej)7j¢k0(ej)
Finally, generalized Rayleigh’s quotient (10) for multiple cracked beam with mode
shapes chosen in the form (14), (15) can be written in the form

(25)

f¢”2 dm+z 51 = B)éid(e)] + BY + B

w = : (26)

‘%\t‘j

f¢k0 Jdz + ¥y [73¢k0(ey)] + Uy [73";5;;(2)(63')]

that is an analytical expression of natural frequency of cracked beam through crack pa-
rameters for arbitrary boundary conditions and mode shape of uncracked beam. Note that
Uy, Uy are linear and bilinear forms of crack extent vector (71, ..., vn) with coefficients
being functions of crack positions (e, ..., ex). For uncracked beam, equation (26) leads to
the well known Rayleigh’s quotient

wEy = / 12 (x)dz + BY / 6% (27)

At the end of this theoretlcal section, it has to emphasize that all equations ob-
tained above are free from any assumption on the boundary conditions at the beam ends.
Therefore, it provides a tool for investigation of either cracked or intact beam with differ-
ent cases of boundary supports. In the next section, some cases of the classical boundary
conditions are considered in more details.

3. APPLICATION

Before application of the developed theory to some particular cases, let’s consider the
classical boundary conditions applied for mode shape chosen in the form of (15) rewritten
as

o(7) = dro(z) + ()

with R R
¢k($) = ¢kj($)7 for z € [:Ej—17$j] J = 17 an
7 vi(ej — ) o(ey) for x € [zj1, €5);
() = Crsz - Do
9i () SRR { 0 for x € (ej, x4,
that result in ¢} (x) = ¢} (x); ¢}/ (x) = ¢} (x), Vo € [0, L] and

?%(0) = ¢r0(0) + Dro; ¢1,(0) = ¢ro(0) + Cro; ¢ (L) = ¢0(L) + Cro + Z%%g €j);

J=1
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N
k(L) = dro(L) + CroL + Dro + > vi(L — €5) iy (e;)-
j=1
The following classical boundary conditions for a beam are well known:
- Simple supports: ¢ (0) = ¢} (0) = ¢p(L) = ¢{(L) =0
- Cantilever: ¢(0) = ¢.(0) = ¢}/ (L) = ¢}(L) = 0;
- Free ends: ¢//(0) = 6(0) = ¢//(L) = 9//(L) = 0;
- Clamped ends: 64(0) = 6}, (0) = dx (L) — ¢1(L) =
If the mode shape of uncracked beam ¢y(x) satisfying the given above classical
boundary conditions has been used, one has two constants Clg, Dio to be chosen from the
conditions
- Simple supports:

N
1 (0) = Dyo = 0,¢(L) = CroL + Do + >_ 7j(L — €5)do(e;) =0
j=1

- Cantilever:
$%(0) = Dio =0, ¢,,(0) =Cro =0
- Free ends:
1 (0) = ¢4(0) = 0; 6(0) = ¢ (0) = 0; ¢ (L) = ¢lo(L) = 0; ¢ (L) = djo(L) =
- Clamped ends:

N
¢k(0) = Do = 0, ¢x(L) = CroL + Dio + Y _ 75 (L — ;) iy (e5) = 0;
j=1

$1.(0) = Cro = 0; ¢ (L) = Cio + Z%%g ej)
7=1

From the latter equations it can be seen that in the case of simple supports and
cantilever the constants Cg, Do will be chosen uniquely. For the free-free ends beam, the
constants Cg, Dgo may be chosen arbitrary. For clamped end beam, the choosing of two
constants is inadequate to satisfy four conditions ¢x(0) = ¢}.(0) = ¢x(L) = ¢,.(L) =
Because of this uncertainty that requires a separated study, only the simply supported
and cantilevered beams are considered in this work.

3.1. Simply supported beam
For simple supports at the beam ends, the boundary conditions would be satisfied
if it is chosen ¢o(z) = sin(kmz/L), k= 1,2, ... and
N
Dyo =0, Cro = Y_ (£ = Ddfl(es),
j=1
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i.e.
N o N J
Crj= fJWjQSZio(ej) + ) vidhole): Drj == emidholes) j=1,..,N.  (28)
=1 i=j+1 i=1

Substituting (28) into (26) and taking account of (27) yield

N
wiy |1+2 '21 7; sin? kwéj]
2 j=
Wk = , (29)
N N
14+43 7% sin? kme; + 2(1?)4 Y ¢ijYisinkme; - ;sin kwéj]
Jj=1 i,j=1

where wyo = (kr/L)* \/EI/pF and

'_Vj:'Vj/Lé ej = e;/L; Qijzoai;'j§ )
qj; = éj(l—éj) 5 Qij :éi(l—éj) [1_61' —(1—éj) ],Z%].
If the crack extents are small, i.e. 7; = e;, in the first order with respect to the
small parameter ¢, the equation (29) is simplified to

N

wi=wiy [1-2 Z% sin kre; | . (30)
j=1

In a particularity, for a beam with single crack, equations (29), (30) become

wgo [1 + 27sin? kwé]
1+ 47sin? krz,. + 272 [(€2(1 — €)2) /3] (km)*sin? kne’

wi = (31)
@p = wip [1 — 27sin® kre] . (32)

Formulas similar to the equation (32) have been given in [2, 3, 4] and a particular
case of the equation (31) when k& = 1, i. e. for the fundamental frequency, was obtained
by J. Fernandez-Saez, L Rubio and C. Navarro [5].

3.2. Cantilevered beam

For a cantilever beam, choosing Cyg = Dgy = 0, i. e.

J J
i=1 i=1

and mode shape
oro(x) = Ay [cosh(Akox /L) — cos(Agox/L)] — [sinh(Agoz/L) — sin(Agoz/L)];

wiy = NpoE1/pFL*; Ay = [sinh Ago + sin Ao / [cos Ako + cosh Ay - (34)
Ao = 18751, Ago = 4.6941, Asg = 7.8747, Aso = 10.9955, Aso — 14.1372, ...
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satisfying the boundary conditions ¢ (0) = ¢,(0) = ¢}'(L) = ¢} (L) = 0, results in the
equations

N o _
1+ £ i)

Who gl
wi = ~ ~ (35)
1423 3,8(e) + (Mo/3) [ 5 77 (e) B e >]
‘7: :
with the notations wig = Ajg\/EI/pF and
P () = [cosh(Akoz) + cos(Akow)] — At [sinh(Agox) + sin(Ago)] ; (36)
Vi =i/l e = ej/Liqi; = 0, i - j,
3= j=€j j (37)

Gi=0-8)aq=0-¢)[1-&) +0-e)(1-¢)—(&—e)], i<
The first order approximation with respect to small crack depth of the equation (35)
is

N
wi =wip |[1=Y_%Pk(es) | - (38)
j=1

For a cantilever beam with a single crack, equations (35) and (37) are reduced to

=9, _ 1/2
W = Yk _ [1 + 74)%(6)] _ (39)
o0 |TH 2 [+ Mgh (1 - /6] 326)
and
- _=9,.\11/2
o= [1- ’7@%(6)] . (40)
In the case of two cracks, corresponding equations are
_ =9 ,_ _ 1/2
] 1+ 5182 (@) + 7:82()]
©r = T | (41)
L+2 [71<I>k(61) + 72<I>k( 2)] + W (71, Y2, €1, €2)

where ¥ = % [’712(1 — él)séi(él) + ’722(1 — 62)3q)2(62) + ’71’729(61, eg)<1>k(el)<1>k(eg)} with
g(él, ég) = (1 — ég) [(1 — 51)2 + (1 — él)(l — 62) ( €y — 61) ] and

o = [1 - 18} (1) — 1B (e)] . (42)

Thus, an explicit expression of natural frequencies through crack positions and ex-
tents for multiple cracked beam has been obtained in a form convenient for frequency
analysis as well as multi-crack detection of beam. To validate applicability of the obtained
above analytical formulas to practice, numerical calculation will be carried out below and
results will be compared with those obtained by using the characteristic equation and
experimental ones.
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4. NUMERICAL INVESTIGATION AND COMPARISON

Numerical investigation carried out in this section for illustration and validating the
theory is devoted to a cantilevered beam with a single and double cracks. In all the cases,
the crack extent is calculated as function of crack depth a by the formulae

_ ET
7 =+ = (5:346h/L)1(5), (43)

with 6 = a/h ( h is beam thickness) and

I(6) = 1.86246% — 3.956° + 16.3756* — 37.2266° + 76.815%—
—126.967 + 17268 — 143.976° + 66.565'°.

Beam with single crack

The first frequency ratio calculated by using equation (39) and those obtained from
the characteristic equation [6, 7, 8] as functions of crack position with different relative
crack depth § = 0.1-0.6 (i. e. crack depth of 10-60% beam thickness) are shown in Fig. 1.
Graphics in the figure show that the equation (39) is almost equivalent to the characteristic
equation in calculating the fundamental frequency of cracked beam. For higher frequencies
the equation (40) gives better results than the equation (39) in comparison with solution
of the characteristic equation.

- L TR S -5 -0 00 Ca e
e
.——""_--‘ =7 ;-v'"‘-'—' f-
_’__a—’ /{/ o
P~ =

Fig. 1. Comparison of first frequency ratio computed by equation (39) with that
obtained from the characteristic Equation for crack depth ratios from 0.1 to 0.6

Fig. 2 shows the second frequency ratio computed from equation (40) and charac-
teristic equation for relative crack depth running from 0.1 to 0.4. It can be seen from the
figure that difference between frequencies calculated from equation (40) and characteristic
equation has been visible only when crack depth reaches 40% beam thickness.

Beam with double cracks

First, three natural frequencies ratios (cracked to uncracked) computed from equa-
tions (41) and (42) are compared with the experimental results obtained in [12] for a
cantilever with two cracks e; = 0.3175,v; = 0.2, é3 = 0.6812, 72 = 0.3and shown in Table
1. From the table it can be seen that equation (41) results in frequencies really more close
to the experimental ones than the equation (42) and error of both the equations for all
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Equation (40)

+ Characteristic Egution

Fig. 2. Comparison of second frequency ratio computed by Eq. (40) with solution
of Characteristics Eq. for crack depth ratios from 0.1 to 0.4

three frequencies does not exceed 1%. This fact confirms validity of the formulas derived
above.

Table 1. Comparison of three frequencies ratios with experimental results [11]

Frequencies | Eq. (42) | Eq. (41) | Exp. [12] | Err. of (41)(%) | Err. of (42)(%)
First 0.993866 | 0.993938 | 0.994581 0.064637 0.07188
Second 0.98574 | 0.982846 | 0.981361 -0.15133 -0.44621
Third 0.971835 | 0.9696 | 0.964265 -0.5533 -0.78511

After comparing frequencies computed by FEM with the experimental results ob-
tained by the authors of J. Lee [11] has suggested in [12] a correction of the formulae
(43) to get numerical results more close to the measured one. Of course, crack model has
a considerable effect on numerical analysis of cracked structures, but disagreement be-
tween predicted and measured data can arose also from the inaccurate model parameters
such as material constants (F, p, v) or geometrical one (A, I, b, h) and from the non-ideal
boundary conditions in experiments. Therefore, only crack model correction is insufficient
to agree prediction with experiments. In this study, numerical results are in good agree-
ments with experiments with no crack model correction because they have been obtained
in non-dimensional form that are free from inaccuracy of the model parameters.

5. CONCLUSION

The main result of this study is the Rayleigh’s quotient developed for multiple
cracked beam in an analytical expression relating directly the frequencies to crack param-
eters, which can be used to calculate natural frequencies of all modes with different cases
of boundary conditions. The improvement has been made based on the special choosing
the mode shape of cracked beam consisting of mode shape of uncracked beam and linear
functions satisfying the continuity conditions at cracks. In the case of multiple cracked
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beam with simple supports, general formulae has been derived for calculating natural fre-
quencies that contains as a particularity the formulae obtained by J. Fernandez-Saez, L
Rubio and C. Navarro [5] for fundamental frequency. Asymptotic approximations of the
obtained herein formulas are similar to those given by former authors as R.Y. Liang and
his coworkers [2], A. Morassi [3] and Y. Narkis [4]. The corresponding formulas have been
obtained also for a cantilever beam and are applied to numerical investigation of natural
frequencies in comparison with solutions of the characteristic equation given in [6, 7, 8].
Further study should be carried out in developing formulas for a nonuniform beam with
different boundary conditions and using the direct relationship between frequencies and
crack parameters to multi-crack detection for beam.
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