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Abstract. In this article, we present a numerical Smoothed Particle Hydrodynamic
(SPH) method. In the SPH method for the Navier — Stokes equations the most wide-
spread method to solve for pressure and mass conservation is the weakly compressible
assumption (WCSPH). This article presents two important benchmark problems to val-
idate the algorithm of SPH method. The two benchmark problems chosen are the Lid —
driven cavity problem and Poiseuille flow problem at very low Reynolds numbers. The
SPH results are also in good agreement with the analytical solution.

1. INTRODUCTION

Smoothed particle hydrodynamic method (SPH) is a fully Lagrangian method,
which does not require the use of any mesh. It was originally invented to simulate as-
trodynamics (Lucy 1977 , Gingold & Monaghan 1977 ). Since then the use of SPH has
expanded in many areas of solid and fluid dynamics (involving large deformations, impacts,
free-surface and multiphase flows). A major advantage of SPH over Eulerian methods is
that the method does not need a grid to calculate spatial derivatives. Instead, they are
found by summation of analytical differentiated interpolation formulae (Monaghan, 1992).
The momentum and energy equations become sets of ordinary differential equations which
are easy to understand in mechanical and thermodynamic terms. For example, the pressure
gradient becomes a force between pairs of particles [4].

While Eulerian methods have difficulties to construct a mesh for the simulation
domain when it has very complex interfaces, SPH is able to do it without any special
front tracking treatment. Moreover, the convection term of Navier-Stokes equations can
cause many problems in the Eulerian framework, which are only partially circumvented by
introducing numerical diffusion when it is discrete. However, in SPH this term is implicitly
considered.

2. SPH FORMULATIONS

In SPH, the fundamental principle is to approximate any function f(r)

f(r) = / FEW( - 7, h)di? (1)
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where h is called the smoothing length and W (7 — 7, h) is the weighting function or
kernel. This approximation, in discrete notation, leads to the following approximation of
the function at a particle (interpolation point) a,

_ fa
fr)= Eb:mbpb Wab (2)

where the summation is over all the particles within the region of compact support of
the kernel function. The mass and density are denoted by my and p, respectively and
Wap = W (7, — 7, h) is the weight function or the kernel function.

3. THE KERNEL FUCNTION

By considering a domain of interest €2, the kernel function W}, must satisfy the three
following properties:
- The kernel summation over the whole domain must be equal to unity:

/W(r —rdr' =1 (3)
Q

- When the smoothing length h tends to zero, the kernel function must tend to Dirac
distribution:
}LiH(l]W(:E—:E/,h):é(:E—:L'/). (4)

- The kernel must be at least once differentiable and its derivative must be contin-
uous in order to avoid large fluctuations which would affect the solution [1].
W(x —2',h) =0 when ’:E—:E/’ > kh

k is a coefficient which depends on the order of kernel.
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Fig. 1. Neighbor of particle with a compact support kernel.

The examples of 27¢ and 3"¢ order of spline kernels function for 2-D are as follows:

3 3
1—§q2+1q3 0<¢g<1
W(’I", h) =K 1(2_(])3

) 1<q<2 (5)
0 q>2
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where: £ is ——= in 2D and 73 in 3D; g = T being the distance between particles a
T

Tmh
and b.

4. THE CHOICE OF SMOOTHING LENGTH

The smoothing length h is very important in the SPH method, which has direct
influence on the efficiency of the computation and the accuracy of the solution. If the
smoothing length is too large, all details of the particle or local properties may be smoothed
out, and the accuracy suffers, too. The particle approximations used by the SPH method
depend on having a sufficient and necessary number of particles within the support domain
of kh. There are many ways to dynamically evolve i so that the number of the neighboring
particles remains relatively constant. The simplest approach is to update the smoothing
length according to the average density:

h = ho (%)Ud (6)

where hg and pg are the initial smoothing length and the initial density respectively, d is
the number of dimensions.

5. CONTINUITY, MOMENTUM AND STATE EQUATION

Density can be calculated directly from the SPH interpolation formulation (2):

Pa = Zmbwb(mb) (7)

b

By solving the continuity equation with one if the SPH divergence forms:

d _
% = Eb:mbuab.vawh(rab) (8)
where g, = Ug — Up. According to Monaghan [16]. The equation (8) has advantages over
(7). Density with (7) drops significantly near the edge of the fluid, which is unphysical.
However, density obtained from (8) will vary only when particles move relative to each
other. There is also a computational advantage in using (8) since the rates of change of
all physical variables can be computed in one subroutine.

The momentum conservation equation in a continuum field is [5]:

Dv 1 -

— =—-VP+4+06 9

D VP g+ (9)
where © refers to the diffusion terms.

Different approaches, based on various existing formulations of the diffusive terms,
can be considered in the SPH method to describe the momentum equation. Two different
options for diffusion are focused: (i) artificial viscosity, (ii) laminar viscosity.

(i) artificial viscosity
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The artificial viscosity proposed by Monaghan (1992). In SPH notation, Eq. 10 can
be written as follow:

dv, D, D, 5
=D my <%+z—g+nab> VaWab + (10)
b b a

The pressure gradient term in symmetrical form is expressed in SPH notation as
P
(o) g2

With Py and pgare the pressure and density corresponding to particle & (evaluated

at a or b).
—ac N
{ _ab,uab TpPap < 0
Hab =

= )v Was (11)

a

Pab (12)
0 17abFab >0

hﬁab'f'}ab' - S - 5 o -
- where Ty = Ty — T, Ugp = Uy — Up;
Tab +n

being 7, and ¥j the position and velocity corresponding to particle k (a or b); ¢u =

Cq + Cp 2
y M

where Il is the viscosity term with pg, =

=0.01 h?, o is a free parameter that can be changed to each problem.

(ii) laminar viscosity.
The momentum conservation equation with laminar viscous stresses is given by

Dy 1 . S
E = —;VP + g + U0V2v (13)
where the laminar stress term simplifies (Morris et at., 1997) to:
_ 4Ty VaWap \ -
v, V3T) = my | ————2 | (14)
(V70 Eb: ((pa +o0) |72 )

where v, is the kinetic viscosity of laminar flow (1076 m/s?).
Following (Monaghan et al., 1999; Batchelor, 1974), the relationship between pres-
sure and density is assumed to follow the expression:

ral(2)

where v = 7 and B = c3pg/~y being pp = 1000 kg/m? the reference density and coc(pg) =
\/ (%—I;)‘ the speed of sound at the reference density.
PO

6. BOUNDARY CONDITIONS

The boundary conditions are implemented using either dynamic boundary condi-
tions (Crespo et al, 2007) and repulse boundary conditions (Monaghan & Kos, 1999).
Dynamic boundary particle are forced to satisfy the same equations as fluid particles.
Thus, they follow the momentum equation, the continuity equation, the equation of state
and energy equation. They remain fixed in position (fixed boundary). Repulse boundary
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condition was developed by Monaghan (1994) to ensure that a water particle can never
cross a solid boundary.

7. NUMERICAL EXAMPLE

Lid — driven cavity problem

The first benchmark problem solved using SPH method is a two — dimensional
simulation of a lid — driven cavity problem. The lid — driven cavity problem is the fluid
flow within a closed square generated by moving the top side of the square at a constant
velocity Viop while the other three side stationary. The flow will reach steady state and
form a recirculation pattern. In the simulation, the dimension of the side of the square
domain is [ = 1073 m, kinetic viscosity and density are v = 107% m?/s and p = 1000
kg/m? respectively. The top side of the square moves at a velocity of Uriq = 1073 m/s,
thus the Reynolds number for this case is 1.

U, (= const)
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Fig. 2. Two — dimension lid — driven cavity Fig. 3. Initial particle distributions. The

flow domain interior fluid particle (dot) and boundary
particle (dot line). With array 40x40 par-
ticles.

Figure 3 show the velocity distridution at the steady state, in which the recirculation
parttern of flow can be observed clearly. Figure 4 shows the non — dimentional vertical
velocity profile along the horizontal centerline, while Figure 5 shows the non — dimensional
horizontal velocity profile along the vertical centerline. It can be seen from Table 1 that
results from the present method and those from the finite differences method by Marques
& Doricio [16] or R. Schreiber & Keller [15] agree well.

Table 1. Compare location of primary vortex center.
Schreiber & Keller [15] Marques & Doricio [16] Present
X z X z X z

0.50 0.76667 0.4906 0.7624 0.491 0.765
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Fig. 4. Steady state velocity distributions
for lid — driven cavity flow. The length of
the arrows represents the magnitude of the
velocity for Re = 1 (scale = 2)
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Fig. 5. Non — dimension vertical velocities
along the horizontal centerline
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Fig. 6. Non — dimension horizontal velocities along the vertical centerline

Poiseuille flow problem

The Poiseuille problem consists of a fluid between flow fixed plate placed at z = 0
and z = 1072 m . Initial the fluid is at rest while for ¢ > 0 a volume force F is acting
parallel to x - direction, In this problem, I = 1073 m, p = 1000 kg/m3, the kinetic viscosity

v =107% m?/s and the driven body force F' = 2x10~% m/s2.

We have [1]: 5
v

According to equation (1), the peak fluid velocity is vg = 2.5 x 107° m/s, which

correspond to a

ve(z) = —E(a2 — 2%), where a = 1/2, 2= =+l/2

Reynolds number of Re = 2.5 x 1072 according to the following expression:

Re

_w!

v

(16)
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Fig. 7. Poiseuille flow domain centerline

The Navier — Stokes equations for this problem, written in dimensionless form:

dv (ﬁb Da > 4T VaWap \

—L == mp (S A ey | VaWar + Y my | —————5 | G+ Fr (17)
Z pg pg a a a ; (pa + pb) |,r_'gb| a xT

Morris et at. (1997) provided a series solution for the time dependent behavior of
the Poiseuille flow [1]

F > 4FI? (2n +1)%7%v
va(2, 1) = o +Zm3 TP sm( z “n+1))ex p(—————1)  (18)
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Fig. 8. Initial geometry and distribution for Fig. 9. Velocity profiles for Poiseuille flow
the Poiseuille flow with array 20x40 par-

ticles, (dot line: boundary particles, dot:

fluid particles)

In Figure 9, we show the results of the transient behavior for a sequence of times
until 1.0 s, when the velocity profile reaches its results — state regime given by Eq. (18). The
numerical solution (filled dots) is compared with the exact one (solid curves) as calculated
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Fig. 10. Depicts the flow velocity distribution at time t = 0.05s, 0.1 s, 0.5 s and 1.0 s

from Eq. (19). The dots on each curve are obtained by averaging over neighboring particles.
Compared with the exact solution, the maximum relative error in the velocity is less than

0.5 % for the steady-state solution at 1.0 s..

Furthermore, the maximum and minimum calculated densities are pmax = 1.004pq
and pmin = 0.999p0, respectively, so that the incompressibility of the flow is very well

reproduced by the numerical scheme.
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Fig. 11. Compare error of velocity with analytical solution using smoothing length
as 1.05 times the initial particle spacing at ¢ = 1.0 s

8. CONCLUSION

- The errors estimate between SPH solution and exact solution are always underes-
timated (0.5%) and the reliability is ensured for problems with singular point.

- The sub-domain algorithm and the implemented global/particle data structures
enabled to use higher order particles ranging from order (40,40), (80,80), (100,100) and
(120,120) are ensured the convergence of SPH method.

- Two important benchmark problems to validate that the SPH method produces
results that agree with know numerical and experimental literature were in very good
agreement.

- A little remark has to be mentioned about the numerical integration. To have
accurate result, the numerical integration has to be very fine, i.e. many integration points.
Note that it converge even with a small amount of integration points, but it is not accurate
enough. The only requirement to converge is that the number of particles in the support
domain is greater than the number of components in p. This to guarantee that the matrix
A is invertible. The many integration points combined with the enlarged system because
of the Lagrange multiplier, results in a very time consuming program. Even for a so simple
problem with linear static. But no optimization where made on the code to improve the
performance.
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UNG DUNG PHUONG PHAP SMOOTHED PARTICLE
HYDRODYNAMIC DE GIAI CAC BAI TOAN CO HOC CHAT LONG

Mot trong nhiing phuong phap s6 gidi quyét bai toan co hoc luu chat duge quan
tam trong bai bao nay la phuong phap Smoothed Particle Hydrodynamic (SPH). Xay
dung nghiém vdéi gidi thiét nén yéu clia phuong trinh Navier - Stokes cho bai toan co hoc
luu chat dua trén su bao toan ap suat va khéi lugng. O day, phuong phap SPH duge ap
dung dé giai hai bai toan ctia co hoc chat 1éng: bai toan Lid - driven cavity va bai toan
Poiseuille v6i hé s6 Reynolds thap. Két qua tit phuong phap SPH dugc danh gii va so
sanh tit cac 10i giai chinh xac hodc dya trén sai s6 chuan nang lugng véi mat do lam min
khéc nhau.



