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Abstract. The method of first integrals (MFI) based on the equation of motion for
the displacement vector, or based on the one for the traction vector was introduced
recently in order to find explicit secular equations of Rayleigh waves whose characteristic
equations (i.e the equations determining the attenuation factor) are fully quartic or are of
higher order (then the classical approach is not applicable). In this paper it is shown that,
not only to Rayleigh waves, the MFI can be applicable also to other waves by running
it on the equations for mixed vectors. In particular: (i) By applying the MFI to the
equations for the displacement-traction vector we get the explicit dispersion equations
of Stoneley waves in twinned crystals (ii) Running the MFI on the equations for the
traction-electric induction vector and the traction-electrical potential vector provides
the explicit dispersion equations of SH-waves in piezoelastic materials. The obtained
dispersion equations are identical with the ones previously derived using the method of
polarization vector, but the procedure of deriving them is more simple.

1. INTRODUCTION

Elastic surface waves and elastic interface waves, discovered by, respectively,
L. Rayleigh [1] in 1885 and R. Stoneley [2] in 1924, have been studied extensively and
exploited in a wide range of applications in seismology, acoustics, geophysics, telecommu-
nications industry and materials science, for example. It would not be far-fetched to say
that Rayleigh’s study of surface waves upon an elastic half-space has had fundamental
and far-reaching effects upon modern life and many things that we take for granted to-
day, stretching from mobile phones through to the study of earthquakes, as addressed by
Adams [3].

For the Rayleigh waves and Stoneley waves, their dispersion equations in the ex-
plicit form are very significant in practical applications. They can be used for solving the
direct problems: studying effects of material parameters on the wave velocities, and espe-
cially for the inverse problems: determining material parameters from the measured wave
speeds. Thus, the secular equations in the explicit form are always the main purpose of
investigations related to Rayleigh waves and Stoneley waves.

When characteristic equations of waves (i.e. the equation determining the attenu-
ation factor) are biquadratic, such as those of Rayleigh and Stoneley waves in isotropic
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elastic solids, the analytical expressions of their roots are easily obtained, and explicit
secular equations are then derived (from the boundary conditions) using these expressions
(see, for instance, [4]). However, when the characteristic equations are fully quartic or are
of higher order, this approach is no longer applicable, because either the expressions of the
roots are too complicated or, according Galois’ theory [5], the roots can not be expressed
by the operations: addition, subtraction, multiplication, division and radicals.

In order to overcome this difficulty, some methods have been proposed such as the
method of the polarization vector [6]-[10], Ting’s method [11], [12], and the method of first
integrals (MFI) [13], [14], and with these methods one can obtain explicit secular equa-
tions of Rayleigh waves and Stoneley waves without using the characteristic equations.
The method of the polarization vector and Ting’s method are applicable to any kind of
anisotropic materials, however, the deriving of explicit dispersion equations by these two
approaches is not simple as that by the MFI. The method of first integrals was first intro-
duced by Mozhaev [13] in 1995, which is based on the equations of motion for displacement
components. In order to directly use the traction-free conditions, Destrade [14] introduced
this method to the equations for traction components, and he has successfully employed
this approach to the case of monoclinic materials with the symmetric plane x3 = 0, where
the plane strain still exists, and corresponding Rayleigh waves is a two-component surface
wave.

In the present paper, we show that, not only to Rayleigh waves, the MFI can be
applicable also to other waves, in particular: (i) Stoneley waves in twinned crystals (ii) SH-
waves in piezoelastic materials. The MFI to be used in this paper is based on the equations
for mixed vectors, such as the displacement-traction vector, the traction-electrical potential
vector. The obtained dispersion equations are identical with the ones previously derived
using the method of polarization vector, but the procedure of deriving them is more simple.

2. THE METHOD OF FIRST INTEGRALS

For deriving explicit secular equation of Rayleigh waves, the MFI based on the
equations for the traction components is more convenient than the MFI based on those
for displacement components, because when using the equation for the traction vector,
the traction-free conditions can be taken into account directly. Hence, in this section we
present briefly the MFI through the deriving the explicit secular equation of Rayleigh
waves in monoclinic elastic materials with the symmetry plane at x3 = 0. For detail the
reader is referred to the paper by Destrade [14].

Consider a compressible elastic body of monoclinic material with the symmetry
plane at z3 = 0 (see [15]), and suppose that it occupies the half space x5 > 0. In this case
we can consider the plane strain (see [15]):

Uq :ui(lﬂl,ZEg,t),’i: 1,2; us =0. (1)
where u; are the displacement components. The equations of motion are then of the form:

011,1 + 0122 = pu1 2)
012,1 + 0222 = pug
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in which p is the mass density of material, a superposed dot signifies the differentiation
with respect to the time ¢, commas indicate the differentiation with respect to the spatial
variables x;. The stresses are related to strains by:

011 = C11€11 + C12€22 + 2C16€12
012 = C16€11 + C26€22 + 2Ce6€12 (3)
022 = C12€11 + C22€22 + 2C26€12

where c¢;; are the elastic stiffness constants of material and the components of strain e;;
are defined as:

2655 = Uij + U (4)
In addition to equation (2) - (4), the traction-free condition at the plane xo = 0:
012(0) = 022(0) =0 (5)

and the decay condition at the infinity:
U1 (+00) = ug(+00) = o12(400) = g92(+00) =0 (6)

are required to be satisfied.
Suppose that Rayleigh wave propagates in the x1-direction with speed ¢, and decays
in the xzo-direction. Then the displacement and stress components are sought in the form:

u; = Ui(y)eik(zl_“), Oip = ikti(y)eik(ml_“),i =1,2. (7)

where k is the wave number, and y = kzo.
Introducing (7) into (2) and (3), and taking into account (4) we have:

¢ =iN¢ (8)
where:
U . T T
E= || withU =[U1,Us]", 7 = [t1, 5]
N1 Na| _|-re —1
P IR ©
_|me6 no6| . - |-(n—X) O
N2 = [n26 nzz] K= [ 0 X
and:
r2 = %(012666 — C16C26), T6 = _%(612626 — C2¢16), N2 = ce6/A
noe = —Ca6/ A, nee = c22/A, A = cazce6 — C%G (10)

N = c11 — C19T12 — C1676, X = pcz, the prime stands for the derivative with respect to
y = kxg, and the symbol T indicates the transpose of matrices. From (9), (10), it is not
difficult to verify that the characteristic equation |N — pI| =0 of (8) is (see also [16]):

wap* — 2w3p® + wap? — 2w1p +wo =0 (11)
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where:
wy = 11, wy = shg, wo = S5 + 2579 — [511(she + sg) — S1p — G| X
w1 = 856 + [816(592 — 512) + s56(s11 — 512)]X (12)
wo = Sy — [sha (11 + s66) — 515 — 8161 X + X?/detC
here s;j (1,7 = 1,2,6) are elements of the matrix S’ (called the reduced compliance matrix)
that is the inverse of the matrix C' = (¢;5) (¢, = 1,2, 6) (called the stiffness matrix). Since
the characteristic equation (11) is fully quartic, the explicit secular equation of the wave

could not be derived by using the traditional approach.
Eliminating U from (8), we have:

ar’" —ipr' —qr =0 (13)
where:
—1
G=K1=|n"r¢
0 i
pc?
27’6 T9 1
-~ 1T _ — 2 — o2 02
=K N+ NK = 7}; pet pco pc (14)
n—pct  pc?
—r% —Tel2
R 1T n— pC2 — Ng6 n— pC2 — N26
Y= NlK Nl — N2 = 2
—Tel2 -y
5 — N26 5 — N22
n—pc n—pc

Note that a, Bﬁ are symmetric real matrices. In the component form Eq. (13) is
written as follows:

awt; —iButy =t =0, (k,1=1,2) (15)
Multiplying two sides of Eq. (15) by it,, and then adding the resulting equation to

its conjugation give:
Gt (i) T + 1) tm) + Bra(tEm + Titm) + At (Bt + Trit) = 0 (16)

where the bar indicates the conjugation. Now we introduce 2 x 2-matrices D, E, F' whose
elements are defined as follows:

Dy =< it] iy >; By =< U, ty >3 Fp =< ty, ity >; (I,m=1,2) (17)
“+0o0
where: < ¢,9>= [ (¢g+pg)dy. From (5), (6) and (17), we find out that D, E, F being

0
antisymmetric, i. e. :

X AU AP U I
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Now, integrating Eq. (16) from 0 to +oo provides:
aD + BE+A7F =0 (19)
From (18), (19) it follows:

and + @16 +711f =0
ai2d + Br2e +712f =0 (20)
Good + Baze + Faaf =0
Thus, we have:
an 511 11
a1z Pz M2| =0 (21)
Qoz  Baa To2
in order that the homogeneous linear system (20) has a non trivial solution. Introducing
(14) into (21) yields (see Eq. (28) in [14]):
[n— (1= r2) X]{(n = X)[(n — X)(ne6(X — 1) + r5X] + X>[(n — X)naz + r3]}
+27"6X2(77—X)[(77—X)n26 +rarg] =0 (22)
Ezquation (22) is the expected secular equation and it is a quartic equation for
* pE{émark 1: Starting from the equation for traction components (13) the boundary

conditions (5), (6) have been taken directly, and the secular equation has been derived
without using the characteristic equation.

3. STONELEY WAVES IN TWINNED CRYSTALS

Consider Stoneley waves traveling with the velocity ¢ and the wave number &
at the interface of a bimaterial made of two perfectly bonded orthotropic media. Both
half-spaces are made of the same crystal (mass density p, non-zero reduced compliances
11, Shoy Sy Sha, Shss Sg, see for instance [15]). However, the axis Oxg normal to the inter-
face and the direction of propagation Oz are inclined at an angle 8 to the crystallographic
axes Oy and Oz of the lower (x5 > 0) half-space and at an angle —f for the upper half-
space (z2 < 0).

In the lower half-space, the strain-stress relation is €;; = s;x0, where the reduced
compliances s;; are given by (see, for instance, [16] or [17]):

511 = 8110870 + 2(s)5 + spg)cos2Osin?6 + shysinf

599 = 5h9c0870 + 2(s)5 + sgg)cos2Osin?6 + s} ;sin*f

510 = Sho 4 (811 + Shy — 2875 — sg)cos’Osin?0

566 = Sgg + 4(5h1 + she — 2815 — Spg)cos?Osin?0 (23)
516 = [255981n%0 — 25710820 + 2(s)5 + S§g) (cos*0 — sin?6)]|coshsind

596 = [2559c08%0 — 25}151n%0 — 2(s)5 + S§g) (cos*0 — sin6)]coshsind
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For the upper half-space we have the formulas similar to (23) in which 6 is replaced
by —#.

Since the material of the half-spaces is orthotropic, we can consider the plane strain
(see [15]), for which the displacement components are of the form (1). In this case, the
stresses are related to the strains by Eqgs. (2), and the equations of motion are Egs. (3),
where the matrix C' = (¢;5), 4,j = 1,2, 6, is the inverse of the matrix S=(s;;), 4, j= 1, 2,6,
whose elements are defined by (23). Further, the displacement components and stress
components are required to be continuous at the plane zo = 0 and must vanish at 4oo.

Suppose that the Stoneley wave propagates in x1-direction and attenuates in in xo-
direction. Then, for the lower half-space (z2 > 0) the displacement and stress components
are sought in the form (7). Substituting (7) into (2) and (3) yield an equation determining
the vector & = [U(y) Ua(y) t1(y) t2(y)]*. It is Eq. (8), in which the matrix N is defined
by (9), (10). Note that here the matrix C is the inverse of S (not of S” as in Section 2).
Similarly, for the upper half-space (22 < 0), the solution is sought in the form:

uf = U ()™=, oty = ikt (1)1 i = 1,2 (21)
in which the vector &, = [Us(y) Us(y) ti(y) t3(y)]T satisfies:

where N, is defined also by (9), (10), but @ is replaced by -6 in the formulas (23) when
calculating s7;. Note that same quantities related to lower and upper half-spaces have the
same symbol but are systematically distinguished by an asterisk if pertaining to upper
half-space. In addition to the equations (8) and (25) the following conditions must be
satisfied:

§(0) = £:(0), £(+00) = &x(—00) =0 (26)

in order to ensue that the continuous condition at the plane o = 0 and the decay condition
at oo are satisfied.

Remark 2:

i) It is not difficult to verify that s = s7y, S22 = S§g, S66 = Sgg, S12 = Si9, S16 =
—57¢, S26 = —S5g using (23).

ii) The characteristic equations |[N — pI| = 0 and |N, — pI| = 0 (of (8) and (25),
respectively), are of the form (11), and they are both fully quartic. Note that wy = wy,
w1 = —Wwj, W = Wws, W3 = —Ws, Wy = Wy.

ii) One can show that if A is a root of [N —pI| = 0, then —\ is a root of | N, —pI| = 0.

It is not difficult to demonstrate that the solutions of (8) and (25) are:

E(y) = PiT1ePY + BoTae™2Y | ¢, (y) = BiTie PV + B3The P2V (27)

where (31, B2 are constants to be determined, pi, ps are the roots of 11 having negative
imaginary parts in order to ensure the decay condition, and:

Iy = [ar b my nk]T, FZ = [—ar br mg —nk]T, k=1,2 (28)
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in which:

ar = [(1 4 r9) X — n|px + roreX + nog(n — X)X
b = —Xpi — 2r6Xpr — [1 + 78 +nge(n — X)X + 17
my = pj, + (r6 — no X )pr — r2(1 — nge X ) — renoe X (29)
ng = —pi — 2repi + [r2 — 5 — n66(n — X)]pk + n26(n — X) + rars
From (26)1, (27), (28) it can be shown that either:
U1(0) = £2(0) = 0 (30)
or
Us(0) = £2(0) = 0 (31)

Following Mozhaev et al. [18], the Stoneley wave satisfying (30) (resp. (31)) is called
IAW1 (resp. IAW2). Thus, the amplitude vector £ of the IAW1 satisfies Eq. (8) and the
boundary condition:

Ul(O) = tQ(O) = U1(-|—OO) = tg(—i—OO) =0 (32)

For the the IAW1 the vector £ is a solution of Eq. (8) with the following boundary
condition:
UQ(O) = tl(O) = U2(-|—OO) = t1(+OO) =0 (33)
3.1. The MFI for displacement-traction equations and explicit secular equation
of the IAW1

In view of (32), it suggests that in order to use directly the boundary condition (32)
we should establish the MFI that is based on the equations for Uy and to. To this end, we
introduce the displacement-traction vectors: 1 = [U; tg]T and Yo = [ty UQ]T, and find
the (ordinary differential) equation for ¥;. It is follows from (8) that:

¢ =iM¢ (34)

Eliminating ¥9 from (34), we have:

ay! —iBsh —3%; =0 (36)
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where:
X 1 —QTGX ’I’L26X —Te
~_ |ngeX —1 mngX —1 2_ | neeX —1 mgeX —1
o= 17 s » B = n2666X —T6 6%7126
’I’LGGX —1 ’I’LGGX —1 ’I’LGGX -1 ’I’LGGX —1 (37)
T’%X —T’G’I’LQGX
——Fn—-X ———— 4
5= ’I’LGGX —1 ’I’L662X —1
v —T’G’I’LQGX ’I’L26X

Equation (36) is desired equation for ;. Note that a, Bﬁ are symmetric real
matrices. Following the same procedure as done in Section 2, from (36) and (32) (i. e.
¥1(0) = X1(400) = 0) we arrive at (19), in which D, E, F are antisymmetric matrices
being of the form (18). Note that in order to prove the antisymmetry of D, E, F, the
fact 31(0) = X1(400) = 0 is taken into account. In component form (19) is of the form
(20), and vanishing the determinant of this homogeneous linear system gives the secular
equation of the IAW1, namely:

Qi @1 11
a1z Pz M2l =0 (38)
Qo2 Ba2 A2
Expansion of the left-hand side of (38) leads to:
e3 X +eaX?+e1X +eg=0 (39)
where:
e3 = nag(n3g + Ngg — N22n66)
€2 = NgaNag — 3NENes — MN26NGe — 2N26N66T2
+ 3n§6r6 — NoaNeeTe — néﬁrﬁ - 2n§6r2r6 + ngﬁnﬁﬁrg (40)
e1 = 2na + 3nnagnes + 2na6T2 + N22rs + NeeTe + NMMEeTs + 2neeTars + 2n26Tg + Ne6Te
ep = —2n261 — Ne6T6!

It is clear that Eq. (40) is fully explicit, and it coincides with the result found
by Destrade [19]. However, it should be stressed that the deriving of the explicit secular
equation in this paper is more simple than that in [14] because that here we are involved
in only 2 x 2-matrices, while in [14] it was concerned with 4 x 4-matrices.

3.2. Explicit secular equation of the IAW?2

Since the IAW2 is required to satisfy (33), i. e. ¥2(0) = 3o(400) = 0, analogously
as above we need an (differential) equation for ¥5. The explicit secular equation of the
TAW?2 will be then obtained implementing the MFI on this equation. The equation for 3o
is derived eliminating ¥; from (34), and it is:

axy —iBS) — 4%, =0 (41)
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where:

~ 1 [nzz ro ] 51 [ 2(ronge — rengz)  noe(X —1n) — 7"27"6]
=5  A=3

ra X —n n26(X — 1) — r2r6 0
~ 1 ’r’gngg — 27rorgnog + ’I’L%G(X — ’I’]) — nggd )
Y= g [ 5 —X5 (42)

and § = nge(X — 1) — 73. Applying the MFI to Eq. (41) and taAking into account the fact
¥2(0) = ¥a(400) = 0 yield Eq. (21) in which the elements &, 3;5, 7i; are defined by (42).
Introducing (42) into (21) we have:
B3X2+ X2 +6 X +6=0 (43)
where:
&3 = —M3yn26 — N + N22M26Ne66
€2 = 2nnignag + 3NN — 3Nn2anaenes + 2naanagTa + 3naanaeTs
- n26n667“§ - 2“327”6 - n%szrﬁ + 3n§67”27”6 — N22M66T276 — nzznzﬁTg
&1 = —n°njgnas — 30 Nig + 31 N22n26nes — 4NNoanaera — 3NN22nETs + 2NM26NeeT
— 2n26r§’ — 2n26r§ + 417n§2r6 + nn%zrgrﬁ — 617n§6r2r6 + 2mngongerare + 2n22r§r6
+ nggrg’rﬁ + nﬁﬁrg’rﬁ + anggngﬁrg — 2n26r§r§ + nggrgrg’
&0 = n°ndg — 3n°nagnaenes + 21’ noanaera — 1 NaeneeTs + 2naers (44)
— 277271%27"6 + 3772n§6T2T6 — n2n22n66r2r6 — 217n22r§r6
— NNeeTITG — 1 Naan26TE + 2NN26TETG — NM22TITy
Equation (43) is the explicit dispersion equation of the IAW2. It is the same as the

result found by Destrade [19], but the procedure leading to it is more simple than that in
[14], as noted above.

4. PIEZOACOUSTIC SHEAR - HORIZONTAL WAVES

Consider a half space zo > 0 of piezoelectric crystals with mass density p, possessing
at most the tetragonal 4 symmetry (this symmetry includes the tetragonal 42m, cubic
43m, and cubic 23 cases) (see [8]), and its crystallographic axes are OX, 0Y, OZ where
OZ coincides wth Oz3, OX is inclined at an angle 6 to Oxq. Let ¢k, €k, €5 be its
respective elastic, piezoelectric, and dielectric constants with respect to the coordinate
system OXY Z. In the Oxzoxs system, under the electrostatic approximation for the
electric field, the stress tensor components o;; and the electric induction components D;
are related to the gradients of the mechanical displacement vector u and of the electrical
potential ¢ by:

Oij = Cijriuik + €k Pk, Di = eipiur g — €k k (45)

Using the Voigt constracted notation, these relations are written in matrix form as
(see [8]):
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011 ci1 c2 c3 0 0 c6 0 0 €31 u1,1

022 cr2 c11 c3 0 0 —cig O 0 —e3 2,2

J33 C13 C13 C33 0 0 0 0 0 0 u3.3

023 0 0 0 Cq4 0 0 €14 —e€15 0 U2.3 + us3,2

o3l =10 0 0 0 C44 0 e1s €14 0 u1,3 + U3 1 (46)
012 ct6 —cig 0 0 0  ces 0 0 €36 U233 + U32

D1 0 0 0 €14 €15 0 —€11 0 0 (1571

D2 0 0 0 —€15 €14 0 0 —€11 0 (1572
| D3 es1 —e3r O 0 0 es3 0 0 —ess| | o3

Explicitly, the c;;, e;; and €;; are deduced from ¢é;, é;; and €; in OXY Z by the
well-known relationships. In particular (see also [8]):

Cqq4 = 644, €11 = éll, €14 = é14C0829 — é15sin20, €15 = é15C0829 + é14sin20 (47)

Now we consider an anti-plane SH wave propagating in the xi-direction with the
speed ¢ and the wave number k, and attenuating in the zo-direction. It is known [20] that
for the crystals under consideration this waves decouples entirely from its in-plane coun-
terpart, a purely elastic two-component Rayleigh wave. Therefore, the wave is represented
as up = ug = 0 and:

{us, ¢} ={Us(y), ¢(y)}explik(z1 — ct)] (48)
where y = kxo. From (46), (47) it follows 011=092=033=012=D3=0, and:
{o31, 032, D1, Do} =ik{t1(y), t2(y), di(y), da(y)}explik(z1 — ct)] (49)

where:
t1 = c4Us + e150 — ie14’, ty = —icaaUs + e14 + iersy’
di = e15Us — ie1aUs — €11, do = €14Us + ie15U5 + i€y’ (50)

the prime signifies the derivative with respect to y = kxo. Using the above-introduced
functions Us(y), ©(y), t:(y), di(y) (i=1, 2), the classical equations of piezoelasticity:

Tijj = pui, Di; =0 (51)
reduce to:
—t1 + ’itlz =—-XU;s, —di + ’Ld/2 =0 (52)
In addition to six equations (50) and (52) six unknown Us(y), ¢(y), ti(y), di(y)

(i = 1,2) are required to satisfy the boundary condions:
i) Electrical boundary conditions at the surface zo = 0 (see [8]):

d2(0) =0, or ¢(0) =0 (53)
ii) Traction-free condition at zo = 0:
t2(0) =0 (54)

and must vanish at infinity:

Us(+00) = p(-+00) = 1 (+00) = fa(+00) = da(+00) = do(+00) =0 (55)
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The condtions (53); and (53), are called the elecrically open boundary condition
and the metallized boundary condition, respectively. Now we consider separately these
conditions and derive corresponding explicit secular equations using the MFI.

4.1. Electrically open boundary condition

Let V = [ty d2]”, a traction-electric induction vector. From (53)q, (54), (55) it
follows:

V(0) = V(+00) =0 (56)

|4
U = [Us |7 Tt is not difficult to verify, from (50), (52), that the vector ¢ satisfies the
following equation:

Thus, we need an equation for V' on which we can run the MFI. Let £ = [U] , Where

& =iN¢ (57)
where:
N = [][\? ]]\\,71%] (58)
2
with N1, No, K are defined as (p* = it

—):
C11€11 + €75

[pzem _pzen]

[ penn _p26151

e2 e2
Ny = | €1 €l | N, = 34 C14
b Caqy  pPT€15 b éis b C44
e ) ) (59)
14 €14 €14 €14
o | X —eull +p%) —es(1+p?)
—e15(1+ p?) e11(1+p?)
Eliminating U from (57), we have:
av’ —ipV' —3V =0 (60)
where:
~ 1 Jen €15 -~ p? 0 e X —2A
“=3 X enl P ReiT D _
Alels 17 —Cau Aepg(1+p?) |[enX — 24 2e15X
2
~ p —€11 €15
SRR d— 61
= L o (o1

Note that @, 3,7 are symmetric real matrices. From (58) and (59) it is readily to
see that the characteristic equation [N — A\I| = 0 of Eq. (57) is fully quartic, so that we
should employ the MFT for getting the explicit secular of the wave. Applying the MFI to
Eq. (60) and taking into account (56) yield Eq. (21) in which &;j, Bi;, s are defined by
(61). Introducing (61) into (21) and expanding its left-hand side lead to:

2,2 2
€ (&
5EX? —en(p” + DB - p(1+430)1X +20° + D)(encu — ey~ F) =0 (62)
14 14
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This result is the same as Eq. (30) in [8] that was found by Collet and Destrade by
using the method of polarization vector that is not simple as here due to the same reason
mentioned above.

4.2. Metallized boundary condition

In this case we also have (56), but now V = [ty ¢]7, called the traction-electrical
potential vector. Let £ = g] , where U = [Us da]”, then one can see, from (50), (52), that
the vector ¢ satisfies the following equation:

¢ =iN¢ (63)
where:
N1 Na
=[N
in which:
e1s eis €11 €11
Par  Tow P2, e
Ny = e ;o Np= ¢
—eis(1+p?) p?—2 —p?== en(1+p?)
e14 €14 (64)
c
X —eu(l+p?) pP=2
K= 4
- 9 C44 9 C44
P AN
€14 €14

By runing the MFI on Egs. (63) and (56) we derive the explicit dispersion equation
of the wave, namely:
3cqs€11 +4€3, + 46%5X 492 cas€11 + 2e3, + 235

X2 — C44
2 44 2
C44€11 1 €75 C44€11 1 €75

=0 (65)

Equation (65) coinsides with Eq. (24) in [8] found by using the method of polariza-
tion vector, but the deriving of it here is more simple.

5. CONCLUSIONS

In this paper we examine the Stoneley wave in twinned crystals and the SH-waves in
piezoelastic media. The main aim is to find explicit secular equations of these waves. Since
both of them have a fully quartic characteristic equation, so that the traditional approach
is not applicable. We have used the MFI in order to get explicit secular equations of these
waves running it on mixed vectors such as the displacement-traction vector, traction-
electric induction vector, the traction-electrical potential vector, not on the displacement-
displacement vector or the traction-traction vector as previously. This shows that, not
only to Rayleigh waves, the method of first integrals can be applied also to other waves by
applying it to equations for mixed vectors. The obtained dispersion equations are the same
as the ones previously derived using the method of polarization vector, but the procedure
of deriving them is more simple. It is noted that there really exist problems other than the
ones mentioned in this paper to which the MFI based mixed vectors can be applicable.
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PHUONG PHAP TICH PHAN DAU VA SONG MAT

Khi phuong trinh diic trunng ctia séng Rayleigh (phuong trinh xac dinh hé s6 tat
dan) 13 bac bén day da hay c6 bac cao hon, dé tim phuong trinh tan sic dang hién clia
né, thi phuong phap truyén théng khong con hiéu Iyc. Dé vugt qua khé khin nay, phuong
phap tich phan dau (PPTPD) (the method of first integrals) duya trén cidc phuong trinh
chuyén dong déi véi vécto chuyén dich hay vécto tng suat da duge dua ra gan day. Bai
béo nay khang dinh ring, khong chi c6 hicu lyc dbi véi song Rayleigh, PPTPD con c6 thé
ap dung doi véi cac song khéac bang cach thiyc hién né trén cac phuong trinh déi véi cac
vécta hdn hgp. Cu thé: (i) Bing cach ap dung PPTPD trén cac phuong trinh déi véi vécto
chuyén dich-ting suat hay vécto tng suat-chuyen dich, céc tac gid da thu duge phuong
trinh tén sic dang hién ctia séng Stoneley trong cac tinh thé xo#n (i) Thyc hien PPTPD
trén trén cac phuong trinh doi véi vécto ting suat-cdm ting dién hay vécto ting suat-thé
dien dua dén phuong trinh tan sic dang hién ciia séng SH trong moi truong dan-dien. Cac
phuong trinh tan sic thu duge tring véi cac két qua tim ra truée day bang phuong phap
vécto phén cyc, nhung qué trinh tim ra chiing thi don gian hon.



