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NONLINEAR SYSTEMS
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Abstract. The paper provides a new view on the averaging procedure and equivalent
linearization in the study of nonlinear mechanics. It is shown that the duality of those
techniques can be used to obtain better approximate solutions or to separate the original
nonlinear systems subjected to periodic and random excitations into deterministic and
stochastic ones.

1. INTRODUCTION

There have been extensive investigations in the study of nonlinear dynamic systems
due to the fact that all real engineering systems are more or less, nonlinear. Analysis of
the response of nonlinear systems subjected to combined periodic and random excitations
is considerable interest to the fields of mechanical and structural engineering. The devel-
opment of the mathematical theory of nonlinear mechanics was started by the classical
work of Poincare [1] and followed by many contributions (see for example [2-5]). Among
fundamental methods of nonlinear mechanics the averaging method and the method of
equivalent linearization have a common technique in order to simplify the problem con-
sidered. In fact, these methods are based on the averaging procedure over one period.

In the paper, we provide a new view on the averaging procedure and equivalent
linearization. It will be shown that the duality can be used in order to obtained better
approximate responses of nonlinear systems. To gain more insight into the new view let
us consider Duffing oscillator which drew a great attention in so many investigations.

2. DUALITY IN THE EQUIVALENT LINEARIZATION

The equivalent linearization method (ELM) is a basic tool in the study of nonlinear
systems. The idea is to replace in some equivalent sense a nonlinear equation by a linear
one since the latter is much easier to analyze. Due to its simple and clear conception the
equivalent linearization method is one of the most popular approaches to the approximate
analysis.

To describe the basic idea of the equivalent linearization method let consider Duffing
oscillator

54203 + Wiz 4+ 23 = f(t), (1)
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where the symbols have their customary meanings f(¢) is an external excitation. Following
ELM we replace (1) by an equivalent linear equation

2420 + (W +a)z = (1), (2)
where the linearization coefficient « is chosen by minimizing mean square equation error
< (v2* — az)? >— min, (3)

o

where < . > is the mathematical expectation operator. Condition (3) leads to the expres-
sion as follows:
<zt>
< 22>
Egs. (2), (4) allow to obtain second moments of an approximate response to the
original nonlinear (1). Although in general ELM gives a quite good prediction it has been
shown, however, by many authors that in the case of major non-linearity the solution
error may be unacceptable [5]. In order to reduce the solution error one may use the dual
approach to the mean square criterion (3) as follows: go back from kx to y12® and see how
is 1 using also the mean square minimum ;2

a=ry =3y< 2> (4)

< (az —712%)? >— min (5)
71
Eq. (5) yields
<zt>
— -2~ 6
71 O£< 26> ( )
or noting (4) one gets

<2t >? 3

N=V—F%——5_ =37 (7)

<z20><22> b
Hence, using the dual criterion (5) Eq. (1) is replaced by the following linearized
equation

£+ 2k + (Wf + o)z = f(1), (8)
where o is found from (4) and (7):
1 3
a/:§(1—|—3)37<$2 >= 2.4y < 2% > 9)

Table 1. Approximate second moments of displacements for Duffing oscillator

N[ y]<22> <225 <22 >,
1] 01| 0.805 0.833 0.818
21 1.0| 0.434 0.470 0.468
3| 10| 0.167 0.184 0.189
4 {100 | 0.056 0.063 0.065

To check the accuracy of the equivalent linear equation (8) consider the case where
f(t) is a Gaussian while noise excitation for which (§(7) is the Dirac delta function)

< f(t) >=0,< fF(O)f(t +7) >= %6(7). (10)
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Using (10) one gets from Eqgs. (2), (4) and Egs. (8), (9):

-1+ 1412y 2ol -1+ 1+ 9.6y
6y ’ 4.88 ’

<22 >=

noting that the following values are chosen: wg = 1, 02 = 4h.

In Table 1, the exact and approximate solutions of Duffing oscillator (1) subjected
to the random excitation (10) are listed for different values of . It is seen that the solution
< 22 >’ is much closer to the exact solutions < 22 >. than solution < 22 > obtained by
the conventional equivalent linearization method.

One can unify three procedures (3), (5), (9) into one global criterion as follows

< (723 —az)? > 48 < (az —112%)% > +u < (722 — 112%)? >— min, (11)

@,71

where 3, p are parameters.

3. DUALITY IN THE AVERAGING PROCEDURE

In this section we consider Duffing oscillator under combined periodic and random
excitations

54 2¢hi +wiz + ey2® = ePsinvt + \/ef(t), (12)
wherer f(t) is taken as in (10).
Denote
z(t) =< z(t) > +u(t). (13)
one gets from (13)
< u(t) >=0. (14)

Substituting (13) into (12) and taking probabilistic averaging operator to the equa-

tion obtained one gers
<E>42h < i> 4w <z>+ (15)
+ey(<z >3 43 <z ><u? > + <ud >) = ePsinvt.

Taking again averaging operator with respect to time to the equation and noting
(13) - (15) one gets

il + 2eht + wiu + +ey[3 << z >%> u

16
+3 <<z >> (uP— <u? >) + (ud— < u? >)] = Vef(t), (16)
where < . >; denotes the averaging operator with respect to time:
1T
<. 5= lim T/o ()dt (17)

Hence, by using the dual approach to the averaging procedure the equation (12) can
be separated into two equations (15) and (16) for two unknowns < z > and w. It is shown
in [4-6] that the equations (15) and (16) can be investigated by the averaging method and
equivalent linearization one.
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4. CONCLUSION

The main idea of the paper is to show that the dual approach can be used is the anal-
ysis of responses to nonlinear systems under periodic and random excitations. It the case
of mean square equation error criterion the duality allows to reduce the errror and leads
to a better approximate solution. In the case of combined periodic and random excitations
the duality allows to separate the original nonlinear equation into two deterministic and
stochastic equations, respectively. The advantage of the dual approach will be investigated
in more details in next works.

ACKNOWLEDGEMENT
The paper is supported by NAFOSTED.

REFERENCES

[1] Poincaré H., Les méthods nouvelles de la mécanique céleste, Gauthier - Villars, Paris, 3
(1899).

[2] Bogoliubov, Mitropolskii In. A., Asymptotic methods in the theory of nonlinear oscillations,
Gordan and Breach, NewYork, (1961).

[3] Nayfer A. H., Introduction to pertubation techniques, Wiley, NewYork, (1981).

[4] Mitropol’skii Yu. A., Dao N. V., Anh N. D., Nonlinear oscillations in systems of arbitrary
order, Naukova Dumka, Kiev (1992) (in Russian).

[5] Roberts J. B. Spanos Pol. D., Random vibration and statistical linearization, Wiley, N. Y.,
(1990).

[6] Anh N. D., Hieu N. N., Duffing oscillator under combined periodic and random excitations
(to be submitted)

Received June 14, 2010

TINH DOI NGAU TRONG PHAN TIiCH DAP UNG CUA HE PHI TUYEN

Bai bdo trinh bay mot cdch nhin méi d6i v6i qua trinh trung binh héa va tuyén tinh
hoéa khi nghién cttu co hoc phi tuyén. Da chi ra rang st dung tinh déi ngau ctia cic qua
trinh trén c6 thé thu duge nhitng nghiem gan ding t6t hon hodic c6 thé tach hé phi tuyén
chiu kich dong tuan hoan va ngau nhién thanh hai hé tién dinh v ngiu nhién.



