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Abstract. Three-point correlation bounds are constructed on effective conductivity of
unidirectional composites, which are isotropic in the transverse plane. The bounds con-
tain, in addition to the properties and volume proportions of the component materials,
three-point correlation parameters describing the micro-geometry of a composite, and
are tighter those obtained in [1]. The bounds, applied to some disordered and periodic
composites, keep inside the numerical homogenization results obtained by Fast Fourier
method.
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1. INTRODUCTION

Effective (thermal, electrical,...) conductivity of multicomponent materials depends
on their often complicated irregular micro-structure, hence is hard to be determined ex-
actly. Variational approach has been developed to construct upper and lower bounds in
the effective conductivity of composites [1-13]. The bounds contain the properties and
volume fractions of the components and possibly correlation information about the micro-
geometries of the composites. On the other side, numerical homogenization methods have
been developed to estimate effective properties of particular composites, mostly, the two-
component ones [11-14]. An effective method to deal with the homogenization problem is
the Fast-Fourier one [14-16]. Le and Pham [1] developed a variational approach to esti-
mate effective conductivity of transversely isotropic composites. In this work we modify
the approach of Pham [7] to derive bounds tighter than those obtained in [1]. The tight
bounds are applied to some random and periodic composites and presented together with
the Fast-Fourier homogenization results.
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2. TRANSVERSELY ISOTROPIC COMPOSITES AND BOUNDS

Consider transversely isotropic composites, whose phase boundaries are cylindrical
surfaces, with generators (in zs-direction) orthogonal to the plane of isotropy (z1,x2).
The composite is composed of transversely isotropic components sharing the common

plane of isotropy, with longitudinal conductivities C(l)‘é, transverse conductivities C’é, and
volume fraction v, (o = 1,...,n). The longitudinal effective conductivity Cﬁff has been
determined, irrespective of particular transverse micro-geometry, as

cil = Z Ne)| (1)

However, for the transverse effective conductivity ! , we have to rely on the min-
imum energy definition on the representation area element V in the transverse plane

CHEY.E’ = 1nf / CE - Edx (2)

where E is the thermal gradient field, E® is a constant vector, (e) means the volume
average on V, () = f edx

= Culo(z) (3)
a=1

To(z) = { : i;“ﬁz (4)

and for simplicity of notations, we adopt C,, = Ci-. To find an upper bound on Ciff from
(2), we substitute into them the trial gradient field

n
Ei=E)+) a.E¢S; with d,j=1,2 (5)
satisfying restriction (for E to satisfy restriction (E) = EY)

n
Z Valq =0 (6)
a=1

and obtain
CHEY . E’ < Wy (7)
where
1 n
_ 0 0 af
Wg = /CE Edx = (E" - E°) {C’v —i-z:lva o (aa + 4a ; 1A7 anagCy| (8)
o o,P,Y=

where CV is Voigt arithmetic average:

CV = zn: UaCa (9)
a=1
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1
Ag’Y = (Plﬂa(p;yadx spfa = (p:@; - — (P,ﬁz .dx (10)
j Pij j iT v, j
Vo Va
1 1
P(x) = - / o My V) =das, x€Vp (11)

Va
Convenient summation carried out on repeating Latin indices from 1 to 2, d,3 is the
Kronecker delta; Latin indices after the common designate differentiation with respective
Cartesian coordinates.
We minimize the expression (8) over the variables a,, restricted by Eq. (6), with

inclusion of Lagrange multiplier to get (« = 1,...,n)
1 1 1 & as
5%004 + ZvaCaaa + 3 Z ASPCrag — Avg = 0, (12)
By=1

Summing Eq. (12), multiplied by C;!, on «a from 1 to n and taking into account
Eq. (6), one get

1 1 <& e B
5t3 > ClAYChag = ACR! (13)
a,B,7=1
where
Cr' =) wCy.' (14)
a=1
Substituting A from (13) into (12) leads to the equation
Vet A.ca=0 (15)
which has solution
a=-A ' v, (16)

where we have introduced the vectors a, v, and matrix A, in n-space

1 1 T

a={ay,... ,an}T; Ve = {ivl(cl —CR),..., ivn(Cn — C’R)} (17)
A.={Ap} a,f=1....n

c 1 1 . «Q " —

o = ZvaC’aéaﬁ + B Z (A’Yﬂ — Ua03205 1Aiﬂ) C'y (18)

v=1 6=1
Egs. (8), (12), (16) lead to
1 & '
_ 0. w0 1 w0 w0 (oA,
Wg =E"-E (C’U+ Q;UQCQ(JQ) E'-E (Cv v, A, Vc) (19)

where

vlC = {%vlCl,...,fann}T (20)
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Thus (2) and (19) yield the upper bound on the effective transverse conductivity of
unidirectional n-component composites

CF < CY({Ca} vk {AD}) = Co = Vi AT v (21)

To construct the lower bound, we start from the dual minimum complementary
energy principle

(cf) 030 = <Ji>an0 / €7 ddx 2
4

where the (thermal) flux J should satisfy the equilibrium equation
V-J=0 and J°=const

To find a lower bound on ijf from (2), we substitute into them the equilibrated
trial field

Ti=J0 4+ aad) (9% — 65Ta) with i, j=12 (23)
a=1

satisfying restriction (6), and obtain

{13030 <w, (24)
where
Wy = /CJ - Jdx (25)
14
= JO.j0 [Cgl =Y vaCylaa + 1 > waCilal + 3 > AlanasC;!
a=1 a=1 a,B,v7=1
We minimize expression (25) restricted by (6), using Lagrange multiplier A, to get
1 1 1 <
—§UQC’;1 + zvanlaa + 3 Z A,C;ﬁC',Y_laﬁ — Mg =0 (26)

By=1

Summing Eq. (26), multiplied by C,, on « from 1 to n and taking into account Eq.
(6), one get

1 1< B
—5t5 2. CaA’Cllag =20y (27)
a,B,y=1
Substituting A from (27) into (26) leads to the equation
v.+A.-a=0 (28)

which has solution

a=A, v, (29)
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where
_ _ 1 _ _ 1 _ 07T
a={ay,...,an)7; V.= {§v1(0V1 — O, 5un(CF - cnl)}
.AC:{AZQ} a,B=1,....n
A€ 1 -1 1 - e -1 - 6 -1
Aoy = 70aCabas + 5 (457 —vaCyt Y C54Y7) €5 (30)
y=1 6=1
Thus we have
Wy =30.30(CRt - .- A v (31)
where
< _ | [
c { - Qvlcl ) 7*51}”0” } (32)
Finally, (25) and (31) yield the lower bound
CF = Ch({Ca} {vak {AD}) = (CRH = V.- ATt v (33)

The bounds (22), (33) contain the conductivities C,, volume fraction v, of the
phases, and three-point correlation parameters Ag7 describing the micro structure of the
composite. The expressions are much simpler than those obtained in [13] because of mod-
ifications in the approach.

3. APPLICATIONS

Firstly, consider three phase doubly-coated circle model, where the disks made of
material-1 are embedded in the circular shells of material-2, the latter are embedded in
the circular shell of material-3, and all composite circles of all possible sizes but with the
same volume proportions of phases fill all the material space (Fig. 1). The three-point

correlation parameters ABY of the model have been determined 8, 12]

Fig. 1. Doubly-coated circles
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AL 422 — _gl2 g2 1 vy AL — 1 vivs
2 2 2(1)1 +'U2), 3 2(U1+U2)
1 vivovs 1 1 viug
A12:A21—* : A13:A31:—*U v3; A22:* 2
3 3 2 (Ul + 1}2) 3 3 2 1w 3 2 (Ul + '1}2)
1 1
A%g = A§2 = T v2us; Agg = 5”3(01 + v2) (34)

and other A@ = 0. For numerical illustrations, we take

1
Ci=1, Cy=5 C3=20, v =0.1—0.9, ’1)22113:5(1—1)1)

Exact

e - = = HS bound

N - — - — Wiener bound

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Volume fraction of inclusion V,

Fig. 2. Bounds and exact effective conductivity of doubly-coated circle model

The results of calculations are reported in Fig. 2. The upper bound (22) and lower
bound (33) converge to give unique value of the effective transverse conductivity C’iff
(shown as Exact in Fig. 2). Wiener bounds and Hashin-Shtrikman bounds [2] are also

given for comparisons. In the case cl = C'a( = Cé),a = 1,2, 3, the effective longitudi-

nal conductivity of the unidirectional composite C’ﬁff equal to the Wiener upper bound

according to (1).
For symetric cell materials (without distinct inclusion and matrix phase) [4, 9], we

have (0 # 3 # 7 # a)

1 o
Ag’y = VaVBUy (261 - 2); Aga = Ua(l - ’Ua) |:(1 - 2va)€1 + 1)2:| (35)
o 1
ALY = vaug [(2% —1)e1 — 1]2]’ AL = vavg [2(1 —vg) + (2v5 — 1)61]

where
0<e <

N =
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The bounds for symetric cell materials read
max OV ( {Cu}, {va}, {42} € (35) ) > C¥ > min CE({C.}, {va}, {497} € (35)) (37)
0<er <3 0<e;<3

Numerical results of the bounds for symetric cell materials in the particular case
(34) are given in Fig. 3. In Figs. 3-6 new bound means the presented one.

10
or New bound P
e
8 - — —HS bound -7
-
P
7t - — . — Wiener bound P

Ceﬁ

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Volume fraction of inclusion VI

Fig. 3. Bounds for symmetric cell materials

(a) Square (b) Hexagonal (¢) Random (non-overlapping)

Fig. 4. Some periodic and random two-phase models

9r 10
- — - — Wiener bound 1S - =+ — Wiener bound et
8l - -
. o,
— — — HS bound -7 gl | = — —HS bound =
7t s ad
- -
New bound - s 7+ New bound e 7 %
6l - - :
P - . g
. FFT results - P 6 . FFT results Lo
5 - - . =
O 5 P - © ;
- - 5 R4
g L - ’
at ey e P .
e -7 =z 4
- z
3t -7 -7 = 7
A -~ o 3
-7 .- -7
217 o= oo d e R T 2
F™ e = - 3
- RE =
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Volume fraction of inclusion V, Volume fraction of inclusion V,

(a) (b)

Fig. 5. (a) Square model; (b) Hexagonal model
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New bound -7

— = = HS bound e

- = - = Wiener bound - <
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Fig. 6. Random model

Now consider some periodic and random two-phase models (Fig. 4), the correlation
parameter of which has been tabulated in [11].

Assume C1 = 10 (inclusion), Cps = 1 (matrix). The bounds for the square, hexago-
nal and random models at v; = 0.1 — 0.9 are projected in Figs. 5(a)-5(b)-6, respectively.

The results presented in Figs. 2-3-5-6 shows the performance of the new bounds.
One can see that the three-point correlation bounds (22), (33) are tighter than the second
order Hashin-Shtrikman bounds.

4. FAST FOURIER TRANSFORM AND HOMOGENIZATION

The Fast Fourier Transform (FFT) has been used to compute the effective properties
of periodic composites by G.Bonnet and J.C.Michel [15, 16]. Then, this method is also
used to calculate the permeability of the porous media [14]. In this section, we present the
Fast Fourier method for calculating the effective conductivity of periodic two-component
materials.

Due to the periodic property of the microstructures, one can consider a unit cell
as a representative volume element (RVE) which consisting of a matrix medium (M) and
inclusion (I). Both matrix and inclusions are assumed to be homogeneous and have the
behavior described by Fourier’s law

J(x) = C(x)E(x) (38)

where C'(x) is the second order local conductivity tensor governed by (3) with E(x) being
the local temperature gradient

E(x) = -VT(x) (39)
and J(x) being equilibrated thermal flux
V-J(x)=0 (40)

Let the unit cell be subjected to the macroscopic temperature gradient E°, from
(38), one finds
Q= (J(x))v = C¥E (41)

in which C/ is the effective thermal conductivity.
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The localization problem can be reduced to finding the V-periodic perturbation
terms eP" and TP°" given by the expressions

E(x)=E’+e’, T=E’ x+T""
By introducing a reference medium with conductivity C°, the Eq. (40) becomes
V-J(x)=V-[(C°+AC)E(x)] =0 (42)

where
AC(x) = C(x) = C°
Replacing E(x) by (39), the Eq. (42) can be rewritten in the equivalent form

V- [COVTP] +V - 7(x) =0 (43)
where the "polarization tensor" 7(x) is defined by
7(x) = AC(x)[E® + P (x)] (44)

Due to the V-periodicity, eP¢", TP¢" and 7 admit the Fourier series representations

F(x) = Y F(©)c*>, F(¢) = (F(x)e )
3

in which F denotes eP", TP°" T and F denotes their Fourier transform erer, TPer and 7.
Substituting the Fourier representation of eP*", TP r into Eq. (43) yields

D (EmCoENTPT ()™ + ) i&mTm (€)™ =0 (45)

Therefore, the ;eld TPer and " can be e}fpressed as
frr(e) = 2T (46)
T = T = -l (47)

Owing to the fact that E(¢) — EO(¢) = &P (¢) with

=~ [ EY for £€=0
E’(¢) = { 0 for £#0 (48)
we obtain N N N
E(6) =E°(¢) - T(¢) : 7(¢) (49)
where the Green operator f({) is given by
fe) = 22 (50)
£ C%
The solution E(f) is obtained by the recurrence process
B¢ = —T(€).[(C) - )+ BI(g)]  for £#0 (51)
Eitl(¢) = E° for &=

starting from the initial value E! = EO.
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Note that V& # 0 one has fCOEi(f) = El(f) (see [16]), the Eq. (51) can be rewritten
in the form
E(6) = B'(€) ~T(€).[CE) «E(§)]  for £#0 (52)
Etl(¢) = E° for ¢€=0
The numerical algorithm is given as follows
Iteration i = 1: El(x) =
TH(x) = ( )-El(x)
Iteration i : E!(x) and J!(x) are known
Ji(¢) = F(I'(x))
convergence test
E™(§) =E'(¢) - T%(§).J(9)
Etl(x) = ]_—71(@#1(5))
Jitl(x) = C(x).E"(x)
The convergence of the iterative procedure is reached when
Ti+l(e) _ Ti
(RIS IR (IR
[ JHLE) |l

where ¢ is a prescribed value (1072 in the present work).
The numerical results for the microstructures of Fig. 4 are presented in Figs. 5(a)-
5(b), which fall inside all the bounds.

(53)

5. CONCLUSION

Effective behaviour of transverse-isotropic unidirectional composites is studied.
Bounds on the effective transverse conductivity have been derived from minimum energy
principles with the help of generalized polarization trial fields, which contain optimizing
multi-parameters. The procedure improves over the previous bounds based on Hashin-
Shtrikman-one-parameter polarization trial fields. They give the bounds that yield tight
simple estimates for some periodic and random models, which are also simulated by FFT
method in this paper.
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