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Abstract. The paper deals with a quarter-car model with nonlinear damping and stiffness
under white noise base excitation using the higher-order stochastic averaging method for
analyzing approximate responses. Recently, a novel higher-order averaging procedure has
been developed to find analytically the first-, second-, and third-order stationary joint
probability density functions (PDF) of amplitude and full phase by solving the corre-
sponding Fokker—Planck-Kolmogorov (FPK) equation, and it will be extended to the non-
linear quarter-car model. Accordingly, the mean-square responses such as the displace-
ment, and velocity of the sprung mass can be obtained analytically. The influences of exci-
tation intensity on the dynamic responses, as well as the variations of linear and nonlinear
damping, are analyzed. A very satisfactory agreement is found between the accuracy of
the solutions corresponding to higher-order stochastic averaging and that of Monte Carlo
simulation.

Keywords: higher-order stochastic averaging (HOSA), quarter car model, nonlinear sus-
pension, random excitation.

1. INTRODUCTION

In the literature, a linear vehicle suspension system is just an approximation of a real
vehicle and is not an accurate representation. Major sources of nonlinearity in a such
system are geometric effects resulting in not linear effective springs, asymmetric and/or
complex damping, tire separation, and bump stops [1,2]. Namely, for real vehicles, the
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suspension springs are usually installed in inclined directions at some offset from the
centers of the tires. Additionally, they are often supported by a set of suspension arms or
linkages that rotate around a pivot and do not move in a precisely linear direction. This
means the motion ratio of the spring and the wheel center does not remain constant along
with wheel travel. In other words, since the effective spring stiffness is not constant, then
a linear spring model is inaccurate. Automotive dampers are inherently nonlinear due
to the damping mechanism derived from fluid orifices in a passive system, as well as
from variable orifice valves for tuning the damping effect in a semi-active and/or active
system [2,3]. Tire separation and bump stops also make the system nonlinear due to the
impact effects, and they often lead to transient responses when compared to long-term
responses involving nonlinear restoring and damping effects.

Among simplified quarter-car models of the vehicle suspension system, the two-
degree-of-freedom (2-DOF) quarter-car model and the single-degree-of-freedom (SDOF)
quarter-car model are often used [4-9]. The first one is used for studying the effects
of nonlinear damping and/or restoring on the responses of the sprung and unsprung
masses [4-6]. Meanwhile, the second one involves a case where the tire stiffness is very
large compared to that of the suspension spring. In other words, the SDOF quarter-car
model is a reduced model of the 2DOF one when omitting the unsprung mass. Hence,
the SDOF quarter-car model is used to investigate nonlinear damping and/or restoring
effects on the sprung mass [4,7-9]. Focusing the attention on the nonlinear SDOF quarter-
car model, it is seen that there are two typical base excitations, harmonic and stochastic
ones. In [4], the effect of a cubic damping characteristic on the system is investigated
under the steady-state sinusoidal base input. The analytical solutions are obtained using
the harmonic balance method and validated with direct numerical integration. In [7], the
suspension system with cubic nonlinear damping and spring under multi-frequency pe-
riodic excitation from the road surface is investigated for possible chaotic motion. In the
case of stochastic base excitation, [8] investigates an SDOF quarter-car model with the
signum function of damping subjected to white or colored noise excitation. The Fokker—
Planck-Kolmogorov (FPK) equation is expanded in terms of generalized Hermite poly-
nomials and subsequently solved by a Galerkin method. In [9], the considered damp-
ing effect is asymmetrical, and the system is excited by the road roughness of ISO stan-
dard. The mean displacement of the sprung mass is numerically investigated.

Recently, a higher-order stochastic averaging (HOSA) procedure using the FPK equa-
tion was developed by Anh et al. [10,11] and then applied to the Van der Pol oscilla-
tor [12], mono-stable Duffing piezoelectric energy harvesting system under white noise
excitation [13]. The key factor of HOSA is the transient response, stability, and reliabil-
ity of the systems, and the intrinsic nonlinearity in the original system is retained in the
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averaged system [13]. Until now, no extension of HOSA has been performed to analyze
dynamical systems including both nonlinear damping and stiffness.

In the paper, HOSA is further applied to the SDOF quarter-car model with non-
linear damping and stiffness under white noise excitation. The outline of this paper is
organized as follows. The implementation of the procedure for this model is presented
in Section 2. The analytical expression of the first-, second-, and third-order probability
density functions (PDFs) are also given in this section. In Section 3, numerical examina-
tion is carried out, and the accuracy of the approximate responses is verified by the result
of the Monte Carlo method. The conclusion is presented in Section 4.

2. APPLICATION OF HIGH ORDER AVERAGING METHOD TO VEHICLE
SUSPENSION WITH NONLINEAR STIFFNESS AND DAMPING

Consider an SDOF quarter-car model with a nonlinear spring and a nonlinear damper

[7] as shown in Fig. 1.
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Fig. 1. Single DOF quarter-car suspension model

The motion equation of the system in terms of the suspension travel variable is

d2x dx dx\? 3 .
Mdﬂ+qwﬁm<w>%%ﬂ+hx——M% )

where the over dots denote the derivatives with respect to time 7, M is the sprung mass,
k1 and k3 are the linear elastic coefficient and nonlinear cubic stiffness coefficient of the
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spring, c; and c3 are linear damping coefficient and nonlinear damping coefficient, re-
spectively, Z is the base excitation, y is the vertical displacement of the sprung mass and
x = y — z is the relative displacement (suspension travel) between the sprung mass and
wheel. Let’s set

k1 C1 C3 k3
I = wyT, w,% = eA = M, eAg = mwn, ef3 = m, w% =1 (2
Eq. (1) is transformed to the following form
i+ whx = ef (x,%) + Veol (1), 3)
where the over dots now denote derivatives with respect to dimensionless time ¢,
fx,2) = — (2012 +2A32° + B3x), (4)

and —%/ w% = \/eo¢ (t), o is the white noise intensity, the small parameter ¢, 0 < ¢ < 1,
represents the weak excitation, the ¢ () represents the excitation acceleration being a zero
mean Gaussian white noise process with unit intensity

E(@(HE(E+17) =0(7).

The operator E denotes the mathematical expectation, J (T) is the Dirac-Delta func-
tion. Without loss of generality, the small parameter ¢ is also added to the restoring and
damping elements, and the solution of the corresponding linear system (3) (equivalent to
¢ = 0) has the form

x(t) = acos,

)

i (t) =

where a is the amplitude and ¢ is the phase angle. In the linear case, they are constants.
Otherwise, they are functions of time a(t), ¢(¢) in the nonlinear case. Following HOSA
[11,13], the system of Ito stochastic differential equations for amplitude and full phase
can be obtained from Eq. (3)

—awpsing, ¢ = wot + @, (6)

da(t) = eKy(a, ¢)dt — \/Eg singdB (1), o
7
dg (1) = (w + eKa(a, ¢))dt — \/5% cos pdB (1),
where B(t) is a Wiener process, {(t) = dB(t)/dt, and
2 3 2 -
— — Aqa — 7u3)x3w0 + <A1a + + a3/\3w0> cos 2¢
Ki(a,¢) = 4a wo 4aw
1(a, ¢ ,83 B3
——a%sin2¢ + > sind¢ — 3)\3w0 cos 4¢
L 3 o 20 R (8)
ﬂaZ — (/\1 + 0 2 + az/\3w0> sm2cp—|— P 2= 4% cos 2¢
K (a ) — 8(4)0 2a wo
2 Bs > 1,
I +87a]0a COS4(P —+ 111 /\36()0 Sln(4¢) |
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Accordingly, the FPK equation, written for the PDF of amplitude and phase W (a, ¢),
has the form

'y = —e55 (Ka(a, )W) — e (Kala, )W) )
€ 2 2
8 [ K0 W) + 250 (Ko, W)+ s (Kaa, )W),

where Ki(a, ¢), K2 (a, ¢) are given by Eq. (8) and
Kii(a,¢) = c?sin®¢/wi, Kipa(a,$) = c?singcosd/(a*w3),

10
Kx(a,¢) = o?sin® ¢/, (10)

Then the approximate PDF of Eq. (9) is determined in the form of a series with respect
to the small parameter as follows

( (P) {1+5 WlO( )+W11(Q,CP)]+€2 [Wzo(ﬂl)+W22(ﬂ,(P)]+...}, (11)

where Wy(a), Wig(a), Wa(a) are functions of only a; Wiq(a,¢), Waz(a, ¢) are arbitrary
functions of (a, ¢). Substituting (11) into (9) and comparing the coefficients of el &2 ..

in both sides of the obtained result, yields
. dWo(a, ¢)

@055 =0, (12)
2 2
ol Ozv;’)l:_ai(Klwo)_;P(szo) % [aa (KiWo) +25° a(P(Kleo) ai¢(K22W0):|
(13)
2 2 2
e woa‘;/q\zzz—;z(KlWl) aa(P (K2W1)+% |:aa2a(K11W1) e a¢(K12W1) aaij(Kzle)}
(14)

It is noted that Wp(a) is determined from the first-order averaging procedure corre-
sponding to Eq. (12) for the order of ¢°. One has

) o? 3 102 [ o2
% |:<4aa)2 - Ala - 4513)\260%) W()(a):| - Eﬁ |:2(02W0(a):| — O/ (15)
0

which gives the first-order PDF for amplitude
2
Wo(a) = Caexp {— <A1 + ia2)t3wg) 21 } . (16)

This shows that Wy(a) contains all coefficients of linear terms, say Ay and wy, as
well as that of the cubic damping terms A3, but excludes the coefficient B3 of the cubic
stiffness. Thus, the effect of the cubic stiffness is lost during the implementation of the
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first-order stochastic averaging procedure. That is the major disadvantage of this proce-
dure.

Next, substituting (8), (10) and (16) into (13) and integrating this equation with re-
spect to the variable ¢ leads to

Wi (a, ¢) = Wo(a) [Wio(a) + Wii(a, )], (17)

where
Wig(a) = (27a'°B3A3ws) / (1600*) — (a®B3Azwd) / (207)
— (3a*B3A1)/ (80%) + (9a®BsA1Azw;) / (640),
a*Bs (3a°A3wf +2M1) (4cos(2¢) + cos(4¢))

1602 (19)
N a*Aswy (3a%A3w} + 2A1) (4sin(2¢) + sin(4¢))

8c2

(18)

Wii(a, ¢) =

Next, substituting (8), (10) and (16) into (14) and integrating this equation with re-
spect to the variable leads to the second-order PDF

Wa(a, ) = Wo(a) [Wao(a) + Waz(a, ¢)], (20)
where
[ (a6 (—287182A3w8 + 9180A3wl4)) / (409600°)
—(a'%(—1098011 B3 A3wio? + 9768011 A3wlo?)) / (256000°)
W) = | ~ a* (1152003 A 3w30* + 31680A3w30®)) / (102400°) @1

—(a®(—2800B3A302 + 225083 A30* + 2464003\ 3wh0? — 152280A3wSc?)) / (204800°)
| +(a'*(—3828A1 B3A3wf + 1224001 A3wp?) ) / (358400°) — (3a”A1A3) /4 + (6a° A A Zwg) /o |

(
(
+ (a2 (—124083A2 A 3w 4 1057583A3wio? + 4080A2 A 3wl — 94140A5wi’e?)) /(307200°)
(
(

Wan(ag) — | P (a) sin(29) + P»(a) sin(4¢) + P3(a) sin(6¢) ] , )
+Py(a) cos(2¢) + Ps(a) cos(4¢) + Ps(a) cos(6¢) + P7(a) cos(8¢)

—(324B3a"°AJw)? + 486830 A A 3wl + 18083 A2 A3w§ — 20408302 A 3who?
Pi(a) = | —2440B3a"°A1 \3w8o? — 720B3a° AT Aswio? + 1500B3a° A 3wio? + 720B3a0 A Aswdo* | (23)
+720B3a*A30°) / (1280w} o)

Py(a) = (24)

[ (1628301 A4w12 + 2438301411 A30wl0 + 908301242728 — 210830 12A3wc?
—140B83a"21 A3w§o? + 3008328 A3wio* + 240B83a° A Azwio? 4 120B3a*A30°) /(2560w 0®)

P3(a) = —(180B3a°A3wio* + 120831148 A3wio*) / (3840wio®), (25)
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—(162a°B3A3w; 4 243a™ B3N A3 + 90a2 B3N A 3] — 840a'2 B3A3wi0?
Pua) +4680a'*Ajwito? — 980a'° B3N  Ascwio? + 6240a'00 Awio? — 28048 B3A2 woo? (26)
4\a) = ,
+150a8 B3 Azwpo* + 208048 A2 A 3w 0? — 14160a° A 3wl — 11280a°A Ajwio —

—1920a* A3 Aswdc* + 5280a* A3wio® + 960a? Ay A3woc®) / (1280w(o®)

(73522 B3\ 3wio? — (243a™ B3N ASw)) /2 — 45a2 BN A 3wy — 81a'0 B3AS W]

Py(a) +360a2 A 3wl o? +910a'°B3A1 Aswio? + 480a'° A A3wi o + 280a8 B3N woo? @7
5(a) = s

—180a%B3A3woo* + 160a°ATAJw]o? +

+600a8A3wfo* + 480a° A Adwio* — 240a*Awio®) /(2560wha®)

(270a2B3A3wio? 4 1080a'2Adwhlo? + 360a'° B3N A3 wio? +144Oa10/\1?\3w00

Ps(a) = | +120a°p3A3wpo? — 90a® B3A3wo0? + 480a°A3A3w]o? — 72008 A 3o , (28)
—240a° A Awio?) /(3840w a®)

Pr(a) = (29)

[ (450" B3 A3wio? + 180a"2 Mw{to? + 60a'° B3N Aswio? + 24000 A w) o
+20a8 B3A2woo? — 15a° B3A3wo0* + 80a8A3A3w] 0 — 60aA3wio*) / (5120w(c®)

Finally, substituting (16), (17), and (20) into (11) one obtains the third-order PDF

2w? 3w,
W(a,¢) = Caexp <020ﬂ2)\1 =0 49\3) [1 + eWio(a) + eWri (a, ¢) + €W (a) + €2W22(ﬂ/¢)} ,

20 972
(30)

where Wig(a), Wii(a, ¢), Wao(a), Waa(a, ¢), C are given in (18), (19), (21), (22) and C is the
normalization coefficient determined from the condition

]oda 7W(a,q[))dcp =1 (31)
0o 0

Using the obtained third-order PDF (30), the second moment of the displacement
and velocity of the sprung mass in Eq. (3) can be calculated by, respectively

o 2

1
== [ da [ a®cos®> pW(a,¢)do, (32)
1 o 2
— a*wi sin® pW (a, p)d¢. (33)

In the next section, the first-, second-, and third-order stationary joint PDFs will be
investigated and the accuracy of the corresponding responses will be verified by Monte
Carlo simulations.
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3. NUMERICAL RESULTS AND DISCUSSION

In this section, the numerical examination of the suspension system (3) is carried out
where the first-, second-, and third-order PDFs given by (17), (20), (30) will be analyzed,
as well as the corresponding mean-square displacements of the sprung mass. Besides,
the accuracy of those approximate displacements will be compared to the ones obtained
by the Monte Carlo method. The input parameters are taken as presented in Table 1, the
small parameter is ¢ = 0.1, the vehicle velocity is v = 14 (m/s), and the road rough-
ness is adapted from ISO 8608:2016 [14] which leads to various values of the excitation
intensity 0.

Table 1. Input parameter values

Nomenclature Parameter Value
Sprung mass (kg) M 240
Linear stiffness coefficient (N/m) kq 1.5 x 10*
Nonlinear stiffness coefficient (N/m?) ks 1.6 x 10*
Linear damping coefficient (Ns/m) c1 7000
Nonlinear damping coefficient (Ns*/m?) c3 50

Time histories of the displacements of the sprung mass corresponding to the road
classes A and H (see Table 2) are exhibited in Figs. 2 and 3 using the Monte Carlo method.
The maximum displacement amplitude is about 0.015 as o = 53.8 x 10~* (Fig. 2), and 0.82
as o = 3445.2 x 10~ * (Fig. 3). The mean-square values of the displacement related to those
road classes, say <x2> vic» are presented in Table 2.

0.015 - T T T T T T T 3l 0.015

0.005

x(m)
x(m)

-0.01

-0.015 ‘————54 777777777777777777777777 i
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000

t(s) t(s)

Fig. 2. Time histories of the displacement Fig. 3. Time histories of the displacement
response with o = 53.8 x 10™* response with ¢ = 3445.2 x 104
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Table 2. The errors of the mean-square displacement with various values of o

o <x2>MC <x2>1 Error <x2>2 Error <x2>3 Error
x107*  x107%  x107* (%)  x107* (%)  x107* (%)

A (Very good) 53.80 0.121  0.1210 04176 0.1210 0.4176 0.1210 0.4179

Road class

B (Good) 107.59 0482 04820 0.1507 0.4820 0.1493 0.4820 0.1493
C (Average) 21519  1.930 1.930 0.1425 1930 0.1367 1.930 0.1367
D (Poor) 430.60 7.710 7720 0.1412 7720 0.1180 7.720 0.1181
F 861.30 30.830  30.89 0.1823 30.86 0.0895 30.86 0.0900
G 1722.6 12286 123.26 0.3269 122.81 0.0427 122.81 0.0376
H 34452 483.82 488.62 09926 481.56 0.4673 481.88 0.4015

Figs. 4 and 5 present the contours of the third-order PDF curve W(a, ¢) given by
Eq. (30) in the aW-plane with ten values of the linear damping coefficient A1 and ten
values of the nonlinear damping coefficient A3, respectively. The considered road rough-
ness is of class F, and wy = 1, B3 = 0.1. In general, as A; decreases and A3 is unchanged
(see Fig. 4), the W(a,¢) curve gets wider and the peaks move forward strongly along the
a-axis. On the other hand, as A3 varies and A; is unchanged (see Fig. 5), the influence
of the cubic damping on the shape of the W(a, ¢) curve is not much. It is seen that the
third-order PDF curve has the same shape as the Rayleigh distribution.
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Fig. 4. W (a,¢) contours on the aW-plane with ~ Fig. 5. W (a, ¢) contours on the aW-plane with
o = 86.13 x 1072 and A varies o = 86.13 x 1072 and A3 varies

As seen in Table 2, when the white noise intensity ¢ increases in the range of (53.80-
3445.2)x10~*, referring to the road roughness from a very good state to a very poor
state, the approximate mean-square displacements corresponding to the first-, second-,
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and third-order HOSA, say <x2>1, <x2> o <x2> 5, also increase in the range (0.121-488.62)
x1074, respectively, which are closed to the Monte Carlo results. In detail, the maximum
errors of <x2>1, <x2> o <x2> 5 are 0.9926%, 0.4673%, and 0.4015%, respectively. For road
classes from A to D, the accuracies of <x2>2, <x2> , are the same, and the accuracy of <x2> 3
is better than that of <x2 ), as the road roughness becomes large. Meanwhile, the accuracy

of (x?), is always less than that of (x*),, (x*), as the road roughness varies from class B.

3
4. CONCLUSIONS

In the paper, the HOSA is applied to the analysis of an SDOF quarter-car model with
cubic damping and stiffness subjected to a white noise base excitation. The works and
conclusions can be summarized as follows:

The HOSA procedure for determining the second- and third-order PDFs is estab-
lished. It is shown that the cubic stiffness term is lost in the first-order averaging proce-
dure but preserved in the second- and third-order HOSA.

Numerical examination with the variations of linear and nonlinear damping coeffi-
cients regarding ISO road roughness classes is carried out. The Monte Carlo simulation
is also performed to determine the mean-square values of the sprung mass displacement
which is used as the exact solution for comparing with the approximate ones obtained
from the first-, second-, and third-order stochastic averaging procedures. The results
show that the accuracy of the third-order HOSA is the best, followed by the second-order
one, and the first-order averaging procedure is the last.

The high accuracy of the HOSA shows its ability to investigate wider applications in
other engineering problems.
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