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Abstract. The first natural frequency directly affects the operational conditions of com-
pliant mechanisms in precision engineering systems. To address this challenge, a compu-
tational method based on the surface response method is proposed to optimize the fre-
quency of a new one degree of freedom (DOF) compliant mechanism. Initially, a 1-DOF
3D model of a compliant mechanism is built. The dynamic equation and the frequency
response are formulated via equivalent stiffness and the Lagrange method. Subsequently,
a series of numerical simulations are conducted to find the fundamental frequency of the
mechanism. The initial dimensions of the flexible joints are determined, and the initial
frequency is analyzed by using finite element analysis. Next, the flexible joints in the de-
signed mechanism are optimized by a variant of the genetic algorithm. The optimized di-
mensions of the mechanism are found with the thickness of the circular joint of 1.10 mm,
the thickness of the leaf joint of 1.19 mm, and the length of the leaf joint of 54.50 mm.
The optimized result showed that there is a significant improvement in the frequency of
the mechanism, increasing from an initial design of 53.218 Hz to an optimal design of
75.927 Hz with an improvement of 42.6%. This study provides important reference mate-
rials for future research on compliant mechanisms.
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1. INTRODUCTION

Compliant mechanisms have been widely applied in various fields, including
medicine [1, 2], MEMS [3, 4], and precision engineering [5]. Due to their advantages of
simple structure, precise motion, and minimal energy loss attributed to the compliant na-
ture of their motion model, compliant mechanisms play a crucial role in devices, directly
influencing their performance and accuracy. Operating at high speeds poses challenges
in ensuring rapid response of internal components and raises issues regarding the opti-
mal frequency of the mechanism. While previous studies on compliant mechanisms have
addressed some limitations, such as suboptimal structures and inadequate consideration
of natural frequencies, resulting in predominantly low resonance frequencies [6] and con-
sequent slow response during operation [7]. Up to now, many analytical methods have
been developed (e.g., pseudo-rigid-body model, compliance matrix, etc.) for analyzing
the characteristics of compliant mechanisms but they are still limited for large behav-
iors [6, 8]. According to the literature review, the first natural frequency is an important
response of a structure. When a dynamic equation, it is known that the frequency is di-
rectly related to the dynamic response. When the frequency is high or low, it can avoid
the resonant phenomenon as well as enhance the speed of the system. Hence, this paper
also considers the frequency in the design phase.

The one degree of freedom (DOF) compliant mechanism is a monolithic structure
which is designed for wide applications in precise positioning systems. It can provide
a smooth motion from a few micrometers to hundreds of micrometers. The designed
mechanism can be applied for micro/nano-indentation, vibration-assisted machining,
alignment, precise positioner, and so on. In this study, based on practical insights from
mechanical devices and on design and fabrication experience, this article regards the first
frequency to avoid the resonant phenomenon for the mechanism as well as enhance the
dynamic response. To effectively address these issues, this paper proposes a numerical
approach based on finite element analysis to achieve a best solution for a final design of
1-DOF compliant mechanism.

The purpose of this paper is to provide a visual analysis that facilitates the model-
ing and analysis of the 1-DOF compliant mechanism. The dynamic equation of the de-
signed mechanism has been developed via equivalent stiffness and the Lagrange method
to determine the initial frequency of the mechanism before optimization. Subsequently,
a series of FEA simulations were conducted to compare errors and validate the accuracy
between the two methods. In this study, the 1-DOF mechanism is optimized through
the use of the water cycle algorithm, resulting in an increased frequency of the mecha-
nism that meets the design objectives after optimization. The optimal solution is then
numerically verified.
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2. MECHANISM DESIGN

2.1. Module design of 1-DOF compliant mechanism

The 1-DOF mechanism is potentially used for precise positioning system in terms of
quick dynamic response. In this part, the mechanical design scheme of the 1-DOF mech-
anism is shown in Fig. 1. The suggested mechanism consists of a lever-type amplification
mechanism and various types of joints, including right circular joints and leaf joints, as il-
lustrated in Fig. 2. The designed mechanism has overall dimensions of 271.82 × 194.21 ×
10 mm3, with the dimensions and weights of the components detailed in Tables 1 and 2.
The mechanism is desired to be manufactured using 3D printing; therefore, the polylactic
acid (PLA) is chosen and its properties are provided in Table 3.

 
Fig. 1. Full design diagram of the 1-DOF compliance mechanism 

 

 
Fig. 2. Common flexure hinges: (a) Right circular hinge, (b) leaf hinge 

 

 

 

 

 

 

Fig. 1. Full design diagram of the 1-DOF compliance mechanism
 

Fig. 1. Full design diagram of the 1-DOF compliance mechanism 

 

 
Fig. 2. Common flexure hinges: (a) Right circular hinge, (b) leaf hinge 

 

 

 

 

 

 

Fig. 2. Common flexure hinges: (a) right circular hinge, (b) leaf hinge



314 Hung Dinh Nguyen, Hung Van Le, Minh Phung Dang, Hieu Giang Le, Thanh-Phong Dao

Table 1. The dimensional parameters of the 1-DOF compliant mechanism

Symbol Value Unit Symbol Value Unit

a 271.82 mm k 8.02 mm
b 194.21 mm l 10.94 mm
c 160.9 mm m 31.65 mm
d 27.66 mm n 16.52 mm
e 89.66 mm p 24.71 mm
f 41.19 mm q 25.26 mm
g 50 mm u 12 mm
h 39.68 mm c1 43.51 mm
i 0.9 mm v 8.73 mm
j 0.8 mm x 44.04 mm

Table 2. The mass values of links

Symbol Value Unit

m0 0.059 kg
m1 0.000 186 kg
m2 0.0012 kg
m3 0.003 49 kg
m4 0.0197 kg
m5 0.000 56 kg

Table 3. PLA plastic material [9, 10]

Young modulus
(GPa)

Poisson’s
Ratio

Yield strength
(MPa)

Ultimate tensile
strength (MPa)

Density
(kg/m3)

Melting point
(◦C)

3.5 0.4 72 26.4 1250 145-177

The degrees of freedom of the mechanism are determined based on the movement
direction of the central positioning table. In this design, an input displacement is exerted
to the amplifier, it causes the central positioning table to move only up and down in
one direction, specifically along the Y-axis. Therefore, the degrees of freedom in the
mechanism are determined to be 1. The designed mechanism is desired to achieve a high
dynamic response to avoid a resonant phenomenon and speed up the positioning ability.
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2.2. Kinematic scheme and working principle of the 1-DOF module

The 1-DOF mechanism is moved along the Y-axis with an input actuation from the
lever amplifier, and m will be moved and create an angle φ0, as shown in Fig. 3. In this
case, the mechanism includes kinetic and potential energy. The potential energy of the
mechanism while in motion includes the elastic energy stored in the right circular joints
and leaf joints, which are assumed to be springs. The equivalent spring system consists
of the springs of these joints which are arranged in parallel and in series, as shown in
Fig. 4.

 

Fig. 3. Working principle and corresponding amplification ratio of lever amplifier 

 

 

Fig. 4. Schematic representation of the springs for the joints in the mechanism 
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3. ANALYTICAL MODELING

3.1. Dynamic analysis

The stiffness Kc of a right circular joint is determined in the case of bending stiff-
ness by

Kc =
2Ebj2.5

9π

(
k
2

)0.5 .

The stiffness Kl of the leaf joint is calculated when bending hardness occurs as

Kl =
Ei3b
12g

.

The stiffness K′
l of the leaf joint is defined when straight stiffness occurs as

K′
l =

Eib
g

.

The stiffness Km1 of the leaf joint is computed at the mass position m1 results in linear
stiffness by

Km1 =
Eib
n

.

The amplification ratio of the lever-type amplification mechanism (AR) with mass
m0 and b being the width of the beam is calculated by

AR = C/C1.

The overall kinetic energy of the mechanism, so-called a mechanical system, includes
the kinetic energy of the masses m0, m1, m2, m3, m4, and m5.

The kinetic energy of the mass m0 is determined as

Tm0 =
1
2

j0 φ̇2
0 =

1
2

1
3

m0c2
(

ẏ0

c

)2

=
1
6

m0 (ẏ0)
2 ,

in which j0 is the moment of inertia, φ0 is the rotational angle/angular displacement, and
y0 is the output displacement of the block m0.

j0 =
1
3

m0 × c2.

At that time, the angular displacement φ0 is calculated as follows

φ0 =
y0

c
.
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The kinetic energy of the block m1 is defined by

Tm1 =
1
2

m1 (AR × ẏ0)
2 .

The kinetic energy of the block m2 is computed as

Tm2 = 8
1
2

m2 (AR × ẏ0)
2 .

The kinetic energy of the block m3 is calculated by

Tm3 = 2
1
2

m3 (AR × ẏ0)
2 .

The kinetic energy of the block m4 is determined as

Tm4 =
1
2

m4 (AR × ẏ0)
2 .

In the kinetic energy of the block m5, the four vertical leaf springs are moving trans-
lationally, while the four horizontal leaf springs are performing rotational motion. It is
determined as follows

Tm5 = 4
1
2

m5 (AR × ẏ0)
2 + 4

1
2

j5 (ARφ̇5)
2 ,

in which j5 is the moment of inertia of the 4 horizontal leaf springs, φ5 is the rotational
angle of the 4 horizontal leaf springs, and y0 is the output displacement of the block m5

j5 =
1
3

m5 × g2,

φ5 =
y0

g
,

Tm5 = 4
1
2

m5 (AR × ẏ0)
2 + 2

1
3

m5g2
(

AR × ẏ0

g

)2

,

Tm5 = 4
1
2

m5 (AR × ẏ0)
2 +

2
3

m5 (AR × ẏ0)
2 .

The total kinetic energy of the entire mechanical system is yielded as

T =
1
6

m0ẏ2
0 +

(
1
2

m1 + 4m2 + m3 +
1
2

m4 + 2m5 +
2
3

m5

)
(AR × ẏ0)

2 .

The equivalent Keq hardness for the entire system is determined by

1
Keq

=

(
1

Km1
+ 12

1
Kc

+
1

4Kl + 4K′
l

)
.
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The potential energy for the whole mechanical system is calculated by

V =
1
2

Keqy2
0.

By using the Lagrange method, the dynamic equation* for the generalized coordi-
nates yi has the form as

d
dt

(
∂L
∂ẏ0

)
− ∂L

∂ẏ0
= 0,

where
L = T − V.

The equation* governing the free vibration of the system can be expressed as

MŸ + KY = 0.

The equivalent mass M is calculated as

M =
1
3

m0 +

(
2
(

1
2

m1 + 4m2 + m3 +
1
2

m4 +
8
3

m5

))
(AR)2.

The equivalent stiffness is determined as

Keq =
1(

1
Km1

+ 12
1

Kc
+

1
4Kl + 4K′

l

) .

The first natural frequency of the designed mechanism is yielded as

f =
1

2π

(
Keq

M

)0.5

. (1)

From Eq. (1), the value of frequency is calculated as f = 50.34 Hz.

3.2. Finite element analysis

3.2.1. Design of 3D model

To perform the optimization tasks, a 3D model of a 1-DOF compliant mechanism
is constructed in the geometry environment of ANSYS 2019R2 software. The proposed
mechanism is designed in the form of a cantilever beam, and various types of joints,
including right circular hinges and leaf joints, as shown in Fig. 5. The sixteen components
of the 1-DOF mechanism are shown in Fig. 5, and the material parameters of PLA, are
given in Table 2.

As depicted in Fig. 5, the designed mechanism is motivated to move in the y-axis.
The lever (2) is received a force from the piezoelectric actuator (15). The motion from the
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lever amplifier is transferred to the flexure joints. Then, the elastic energies are stored
in the flexure joints (1), (3) (4), the parallel guiding mechanism (6), and the series of
joints (8). It is noted that the parallel guiding mechanism (6) is arranged in symmetric
topology, and the series of right circular hinges are designed in symmetry as well. These
help to generate a single motion for the central positioning table (7). The outcomes of the
proposed mechanism consist of the displacement and the first natural frequency of the
central positioning table (7).

 
Fig. 5. 3D model of proposed 1-DOF compliant mechanism  
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In this study, the author selects the parameters of the spherical joints and the pris-
matic joints, specifically the types of joints in positions (1), (4), (6), and (8) as annotated in
Fig. 5, as the optimization targets. This is because, in a 1-DOF mechanism, these joints ex-
perience the highest bending stress during motion, which significantly affects the mech-
anism’s frequency. Therefore, the authors are chosen as the objectives for the further
optimization problem.

3.2.2. Meshing results

The structure of the designed mechanism (Fig. 5) is operated based on the flexibility
of joints, so that rigid joints do not deform during movement. Therefore, only coarse
meshing is required for the rigid links (e.g., levers, fixed supports). Meanwhile, the flex-
ible joints, including right circular joints and leaf joints are deformed during operation.
Therefore, necessitating is to create a finer meshing for 25 right circular joints and 8 leaf
joints. The employed meshing method is self-adjusting using Tet10 elements, which is
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Fig. 7. 
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the 10-node tetrahedral element, totaling 19406 elements and 40256 nodes to ensure con-
vergence and accuracy of the analysis results. Meshing adheres to the Skewness stan-
dard [11], with a skewness result of 0.6. Boundary conditions and loads are illustrated
as in Fig. 6. Convergence and distribution diagrams of mesh quality are based on the
Skewness standard [12], as depicted in Fig. 7.
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Fig. 7. The distribution diagram of mesh quality according to the Skewness standard

From Fig. 7, the results revealed that the skewness value reaches 0.6, and according
to the previous research reference [12], the skewness values within the range of 0.5 to
0.6 ensure grid quality. Therefore, the grid partitioning results in this study achieving a
value of 0.6, indicating a good mesh quality.



Analytical modeling and computational optimization for a 1-DOF compliant mechanism 321

3.2.3. Analysis of amplification ratio

The central positioning table (mass m4) can move in both X and Y directions. The
main purpose of this paper is to design a mechanism which is moved in a single direc-
tion (Y-axis). The degrees of freedom are defined by the number of input actuators. As
shown in Fig. 1 and Fig. 5, the input force along the Y-axis is given from a piezoelec-
tric actuator. As a result, the central table m4 will be moved in a Y direction and it is
also be moved in the X direction. The movement in the Y-axis is the main motion of the
proposed mechanism. Meanwhile, the movement in the X direction is a sub-movement,
so-called parasitic motion error. The parasitic motion error in the X-axis will eliminate
the positioning accuracy of the proposed mechanism. Hence, a parallel guiding mecha-
nism is integrated with the central table so as to decrease the parasitic motion error. So,
the proposed structure has 1-DOF. Furthermore, the simulation results in Fig. 8 reveal
that the central table m4 moves in a single Y direction.
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Figure 8. Results of static simulation while the structure undergoes Y-movement. 

Fig. 8. Results of static simulation while the structure undergoes Y-movement

In this part, ANSYS Workbench 2019R2 software is utilized to assess the motion di-
rection of the designed mechanism. Fig. 8 depicts the movement of the proposed mech-
anism only along the Y-axis. In this simulation, an input displacement of 1 mm is em-
ployed. The simulated displacement amplification ratio (DAR) is computed. The devia-
tion error between the simulated DAR and the calculated DAR is about 7.8%, as given in
Table 4.

In addition, the Y-direction output displacement of the central positioning table
(mass m4) is achieved about 3.41 mm, whereas the parasitic motion error in the X-direction
is measured about 0.004 mm. Therefore, the coupling inaccuracy of the Y-axis with re-
spect to the X-axis is calculated approximately 0.11%.
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From Fig. 8 and the coupling inaccuracy of 0.11%, it can be concluded that the central
positioning table is moved in the Y-axis with a small parasitic movement in the X-axis.

Table 4. Comparison between analytically derived values versus simulated values

Ratio of displacement amplification Calculated value FEM value Deviation error

AR 3.69 3.41 7.8%

3.2.4. Frequency verification

Using ANSYS Workbench 2019R2 software, the Modal analysis system was em-
ployed to analyze the frequency of the proposed mechanism. Simulating the structure’s
frequency through the finite element analysis (FEA) method is yielded. The results found
a preliminary frequency of 53.218 Hz before performing the computational optimization.
The simulation results of the frequency through FEA are depicted in Fig. 9. The compar-
ison error between the analytical method (Eq. (1)) and FEA results is about 5.4%, and the
comparison results are presented in Table 5.
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Table 5. Error between calculated frequency and simulated frequency 

Frequency 
Analytical calculation 

by (Eq. (26) 
FEA results Error (%) 

f (Hz) 50.34 53.218 5.4 % 

 

 

Fig. 9. Frequency simulation results

Table 5. The error between the calculated frequency and the simulated frequency

Frequency Analytical calculation by Eq. (1) FEA results Error (%)

f (Hz) 50.34 53.218 5.4%
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4. STRUCTURE OPTIMIZATION

4.1. Setup parametric factors

As illustrated in Figs. 5 and 6, the designed mechanism is operated based on the
bending of a compliant joint [13]. Hence, the thickness dimension of the spherical com-
pliant joints, the thickness dimension of the leaf spring joints, and the length of the leaf
joint directly affect the mechanism’s frequency. Therefore, in this mechanism, the fre-
quency of the mechanism is set as the optimization target. The reason is that a high
frequency can avoid a resonant phenomenon and can speed up the system. Accordingly,
the thickness dimension of the right circular joint is denoted as j in the design model,
corresponding to the value x1 in the optimization problem. The thickness dimension of
the leaf spring joint is denoted as i in the design model, corresponding to the value x2

in the optimization problem, and the length dimension of the leaf joint is denoted as g
in the design model, corresponding to the value x3 in the optimization problem. Thus,
the values x1, x2, x3 are the variables to be optimized in the optimization problem. The
symbols of the variables to be optimized are shown in Table 6.

Table 6. The geometric parameters of the flexure joints in the optimization problem

Variables Definition Unit Variable value

j Circular hinge thickness mm x1

i Leaf joint thickness mm x2

g Leaf joint length mm x3

4.2. Setting up optimization environment

The frequency optimization process of the proposed mechanism comprises three
main modules: (i) Geometric module, (ii) static analysis module, and (iii) optimization
module. In the geometric module, the authors establish a model of the mechanism and
identify the design variables such as input parameters. In the static analysis module, the
material parameters of PLA are input, and the finite element analysis (FEA) simulations
in ANSYS software are conducted to examine the initial frequency of the mechanism
before optimizing. Thus, determining the constraints for the optimization problem are
determined. In the optimization module, the design variables and the constraints re-
garding the frequency of the mechanism are added, and then the optimization process
is carried out. The result of this process is an optimal solution for the frequency of the
designed mechanism. The optimization flowchart of the 1-DOF mechanism is illustrated
in Fig. 10.
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Fig. 10. Flowchart of the optimization problem for the 1-DOF mechanism 

 

 

Fig. 10. Flowchart of the optimization problem for the 1-DOF mechanism

4.3. Setup ranges of design variables

In this study, the optimization problem is carried out with the goal of optimizing
the frequency of the mechanism. The optimization problem is performed based on the
principle of the water cycle algorithm. The principles of the water cycle algorithm are
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presented in detail and can be found in the references [14, 15]. Thereby, increasing flexi-
bility and reducing latency during operations.

Although the parallel guiding mechanism (6) guides the central table m4 along the
Y axis. However, during motion, the spring’s stiffness is increased, so it effects to nat-
ural oscillation frequency. This could change the system’s dynamic behavior. A greater
natural frequency reduces the ability to absorb vibrations or oscillating forces from the
environment, perhaps leading to stronger vibrations at higher frequencies. The leaf joint
enhances the system’s elasticity, which can increase effective stiffness (where deformation
is minimal). As the stiffness is raised, the system’s inherent frequency is also increased.
Considering the series of joints (8) consists of 6 flexure joints (4), the six flexure joints (4)
are particularly crucial since changing the thickness j (Fig. 1) has a considerable effect on
the entire stiffness. When there is a circular joint, the spring elements’ moment of iner-
tia might influence the natural oscillation frequency. According to Eq. (1), the Lagrange
equation indicates that as the stiffness K of the joints is increased, the natural frequency
is raised accordingly. Therefore, the series flexure joints (6) and (8) in the optimization.

The optimization process is conducted through the following steps. First, because
the 1-DOF structure is made by PLA material which can be printed using 3D printing
technology [16, 17]. Therefore, the ranges of the parameters to be optimized, including
x1, x2, x3, are established as in Eqs. (2)–(6). Next, the authors proceed with the optimiza-
tion process. The obtained results are given in Table 7. Subsequently, this process incor-
porates the constraint conditions f (X) as in Eq. (6). Finally, after filtering the results, the
best outcomes are shown in Table 8.

Find vector of design factor: X = [x1, x2, x3]

Maximize f (X) : (2)

Ranges of design factors

0.8 mm ≤ x1 ≤ 1.1 mm (3)

0.9 mm ≤ x2 ≤ 1.2 mm (4)
48 mm ≤ x3 ≤ 55 mm (5)

Subject to constraint
f (X) > 53.218 Hz. (6)

Table 7. Design layout plan and computational results

No. x1 (mm) x2 (mm) x3 (mm) f (X) (Hz)

1 0.95 1.05 51.5 64.79
2 0.95 0.9 51.5 63.51
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No. x1 (mm) x2 (mm) x3 (mm) f (X) (Hz)

3 0.95 1.2 51.5 66.909
4 0.8 1.05 51.5 54.398
5 1.1 1.05 51.5 74.616
6 0.95 1.05 48 64.291
7 0.95 1.05 55 66.682
8 0.82 0.92 48.65 55.237
9 0.82 1.17 48.65 60.028

10 1.072 0.92 48.654 70.311
11 1.072 1.172 48.6 75.238
12 0.82 0.92 54.34 55.738
13 0.82 1.172 54.34 55.792
14 1.07 0.92 54.346 71.44
15 7.07 1.17 54.3 76.548

Table 8. Optimal results

Optimal candidates x1 (mm) x2 (mm) x3 (mm) f (X) (Hz)

Candidates point 1 1.1 1.19 54.50 78.236
Candidates point 2 1.1 1.19 54.72 78.232
Candidates point 3 1.09 1.19 54.65 78.230

In Table 8, among three optimal candidates, the best solution is chosen as candi-
date #1 for the final design of the proposed mechanism because the first frequency is the
highest.

4.4. Verification after optimization

To ensure the accuracy of the study, the author selected the best parameters from the
optimization process (candidates #1). A new model of the 1-DOF mechanism is built,
and then the authors proceed to simulate to check the verified frequency of the 1-DOF
mechanism after the optimization process. The FEA results in Fig. 11 showed that the
frequency of the 1-DOF mechanism after optimization is 75.927 Hz. The results indi-
cated that the frequency of the mechanism after optimization is higher than the initial
frequency (53.218 Hz), improving by 42.6%, as shown in Table 9.

Table 9. Comparison of frequency improvement after optimization

Frequency Frequency before
optimization

Frequency after
optimization

Improvement
(%)

f (Hz) 53.218 75.927 42.6
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Fig. 11. Frequency verification of the optimized mechanism 
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Fig. 13. Variable factors versus first natural frequency: (a) x1, (b) x2, (c) x3 
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Additionally, in Fig. 13(a), which represents the thickness of the ball joint, the linear
chart remains unchanged, suggesting that this parameter has the greatest impact on the
frequency. In contrast, Figs. 13(b) and 13(c), which represent the thickness of the leaf joint
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and the length of the leaf joint, respectively, show nonlinear charts, indicating that these
parameters have a smaller effect on the frequency compared to Fig. 13(a).

5. CONCLUSIONS

In this article, an optimization method for the first natural frequency of a 1-DOF
compliant mechanism has been conducted. By employing the response surface method-
ology, the computational optimization has been presented. The main aim of this article
was to enhance the first natural frequency of the mechanism, while reducing the size
and efficiently utilizing materials. The result of the optimization process was a signif-
icant improvement in the frequency of the 1-DOF mechanism, increasing from 53.218
Hz to 75.927 Hz, achieving a percentage improvement in frequency of 42.6%. This ac-
complishment fulfilled the desired optimization target. The outcomes not only served
as a theoretical basis for research but also opened avenues for practical applications in
precision engineering systems. This optimization provided a better reference solution
for real-world engineering applications and established a foundation for exploration and
application in the future.

In upcoming studies, the experimentations on the real prototype by 3D printing tech-
nology. Physical experimentations are performing to verify the numerical results.
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