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Abstract. The paper deals with a novel tuned mass damper (TMD) with an energy har-
vester consisting of a combination of piezo stacks and two-stage force amplification frames
connected in series with TMD springs (TMD-2sPSFAFs). The governing equations of 2sPS-
FAF are established first, followed by those of TMD-2sPSFAF. It will be demonstrated that
the reduced order model of the series combination of 2sPSFAF and TMD spring is an
equivalent piezo stack energy harvester. Using the optimal results according to the fixed
point theory, the conditions for selecting stiffnesses of piezo stacks and TMD spring are
obtained. Next, a numerical examination of the electromechanical system reveals that the
voltage amplitude curve has a fixed point independent of TMD spring stiffness. Further-
more, an effective stiffness of the TMD spring would be found to ensure that the peaks of
mechanical magnification and voltage amplitude curves are of equal heights.

Keywords: tuned mass damper, piezo stack energy harvester, two-stage force amplification
frame.

1. INTRODUCTION

Recently, piezoelectric energy harvesting has become a popular subject in vibration
energy transmission. This can be attributed to the fact that piezoelectric materials pos-
sess a simpler structure and provide a greater energy density compared to other energy
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transmission mechanisms such as electrostatics and electromagnetism. Common piezo-
electric structure types are (cantilever) and (piezo stack) [1]. The piezo stack is made
up of many layers of piezoelectric ceramics mechanically linked together consecutively
and interspersed with electrodes. With such structural characteristics, the piezoelectric
stack can withstand mechanically the large load, as well as allow the distance between
electrodes to be reduced, thereby increasing energy harvesting efficiency compared to a
piezoelectric block of the same size [2].

Since the 2010s, the application of piezo stacks in many engineering fields has been
widely studied such as shoes [3], pavement [4], suspension systems [5], railways [6], and
TMD [7]. However, the stand-alone piezo stack could only harvest a small amount of
energy and it is vulnerable to damage without any protection [8]. In order to improve
these disadvantages, force amplification frames (FAFs) have been developed as effective
auxiliary elements for piezo stacks [9]. The application of piezo stack for TMD and/or
dynamic vibration absorber has become a rising interest in the last few years [7, 10, 11].
Such a device is also called the dual-functional one. The working principle of the system
is that the vibration energy of the primary structure is transferred partially to the TMD,
then a part of the transferred energy is absorbed by the TMD damper, and the other is
converted to electrical energy through the piezo stack energy harvester (PSEH). In [7], a
damped TMD-PSEH attached to a damped primary structure is studied. The proposed
PSEH is attached in series to the TMD spring and is a multiple-row-column piezoelectric
stack that can be characterized by an equivalent piezoelectric stack. The optimal design
procedure for the PSEH is performed using the available numerical optimization solver.
In [10], a system of dynamic vibration absorber integrated with a PSEH (DVA-PSEH)
subjected to base excitation is introduced. The mechanical and electrical responses of the
electromechanical system are determined by the complex amplitude method, then the
numerical simulations are carried out to investigate the characteristics of DVA-PSEH. In
the Patent [11], a TMD incorporating piezo stack energy harvesters with two-stage FAFs
is proposed. This piezo TMD is denoted as TDM-2sPSFAF. The novelty of the proposed
system is the series combination of the TMD springs and 2sPSFAF. The modeling of the
series combination of the TMD spring and piezo stack is performed in [12], and the series
combination of the TMD spring and the single-stage PSFAF (1sPSFAF) is carried out in
[13]. It is shown that those reduced-order models can be presented as equivalent piezo
stack energy harvesters. Numerical investigation of the electromechanical system reveals
that all mechanical magnification factors and voltage amplitude curves have fixed points
independent of damping. Notably, a successful extension of the fixed point theory to
TMD-PSEH has recently been performed in [14].

This paper is concerned with a design consideration of TDM-2sPSFAF. Modeling of
the electromechanical system and some design conditions derived from the fixed point
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theory are implemented in Section 2. Numerical examination is carried out in Section 3.
Section 4 contains a summary and conclusions.

2. TUNED MASS DAMPER WITH ENERGY HARVESTER OF PIEZOELECTRIC
STACK AND FORCE AMPLIFICATION FRAME

2.1. Modeling two-stage PSFAF

(a) Configuration (b) Physical model (c) Quarter free body

Fig. 1. Modeling 1sPSFAF

As depicted in Fig. 1(a), a single-stage PSFAF has only a FAF containing a piezo-
stack, while the 2sPSFAF proposed in the Patent [11] consists of a primary FAF containing
secondary single-stage PSFAFs which are assembled in series as seen in Fig. 2(a). For
modeling this 2sPSFAF, one can first derive from the single-stage one which has been
studied in [10, 12]. Assuming that each linkage of the FAF is an elastic element, has
dismissed mass and hinge connections at both ends (no reaction moments) while other
parts can be considered as a rigid body. Therefore, the deformations occurring in the
linkages are so small that they are only axial. The force-voltage relationship of the piezo
stack is governed by the following constitutive equations [10, 12, 13]

fp,i = kp,ixp,i + θp,iVp,i , (1)

qi = θp,ixp,i − Cp,iVp,i , (2)
where θp,i is the effective electromechanical coupling coefficient, qi is the produced elec-
tric charge, Cp,i is the internal capacitance, and Vp,i is the voltage of the PSEH caused by
the axial force fp,i acting on the piezo stack. As proven in [10, 12] for the 1sPSFAF, the
relationship between the input force and displacement, say fd,i and xd,i, and the output
ones, say fp,i and xp,i, can be described by

xd,i

xp,i
=

fp,i

fd,i
= cot φi , (3)
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where φi is the structural angle of the single-stage FAF. Substituting (3) into (1) and (2),
those constitutive equations can be rewritten in terms of fd,i and xd,i as follows

fd,i =
kp,i

cot2φi
xd,i +

θp,i

cot φi
Vp,i , (4)

qi =
θp,i

cot φi
xd,i − Cp,iVp,i. (5)

(a) Configuration (b) Physical model (c) Equivalent model

Fig. 2. Modeling a 2sPSFAF

Next, consider a 2sPSFAF with a primary FAF containing N elements of 1sPSFAF
which are connected mechanically in series and electrically in parallel (see Fig. 2(b)). It is
clear that

- Similar to the relationship (3), the relationship between the input force and dis-
placement, say fd,2 and xd,2, and the output ones of the primary FAF with the structural
angle φ, say fp,2 and xp,2, can be described by

xd,2

xp,2
=

fp,2

fd,2
= cot φ. (6)

- The relationships between the output force and displacement of the primary FAF,
fp,2 and xp,2, with that of the series combination of N elements of 1sPSFAF with the struc-
tural angle φi are, respectively

fp,2 = fd ,i, xp,2 = Nxd,i. (7)

- The electrical quantities representing the parallel circuit of N capacitors, say the to-
tal electric discharge q, the total capacitance Cp, and the total voltage Vp, are, respectively

q = Nqi, Cp = NCp,i, Vp = Vp,i. (8)
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Substituting (6) into (4) and (5) with noting (7), (8), those constitutive equations can
be rewritten in terms of fd,2 and xd,2 as follows

fd,2 =
kp,i

Ncot2(φi) cot(φ)
xd,2 +

θp,i

cot φi
Vp , (9)

q =
θp,i

cot(φi) cot(φ)
xd,2 − CpVp. (10)

Rearranging (9) and (10) to get

fd,2 = kFAFxd,2 + θFAFV, (11)

q = θFAFxd,2 − CpV, (12)

where

kFAF =
kp,i

Ncot2(φi) cot(φ)
, θFAF =

θp,i

cot(φi) cot(φ)
, V = Vp cot φ. (13)

Thus, from the above modeling of single-stage and 2sPSFAFs, the following remarks
could be drawn:

- The 1sPSFAF, which consists of a FAF containing a piezo stack, is equivalent to a
PSEH governed by Eqs. (4), (5) which has been proven in [10, 12].

- The proposed 2sPSFAF, which consists of a primary FAF containing 1sPSFAFs con-
nected mechanically in series and electrically in parallel, is also equivalent to a PSEH
governed by Eqs. (11)–(12).

2.2. Series combination of 2sPSFAF and a spring

Since the proposed 2sPSFAF can be modeled as an equivalent PSEH whose constitu-
tive equations are given by (11)–(12), its series combination with a spring of stiffness kd
is governed by the following equations [10, 12]

fd = keqxd + θeqV, (14)

q = θeqxd − CeqV, (15)

where

keq =
kdkFAF

kd + kFAF
, θeq =

kd

kd + kFAF
θFAF , Ceq = Cp +

θ2
FAF

kd + kFAF
. (16)

Substituting (13) into (16), one gets

keq =
kdkp,i

kdNcot2(φi) cot(φ) + kp,i
, θeq =

kdN cot(φi)

kdNcot2(φi) cot(φ) + kp,i
θp,i ,

Ceq = NCp,i +
N cot(φi)

kdNcot2(φi) cot(φ) + kp,i
θ2

p,i.
(17)
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Once again, it is seen that the series combination of a spring and the proposed 2sPS-
FAF can be modeled as an equivalent PSEH where its constitutive equations (14)–(15) are
expressed in the total deformation xd and the applied force fd of the combination.

2.3. A design consideration of TMD incorporating 2sPSFAF attached to undamped
primary structure

The proposed system in the Patent [11] deals with a TMD incorporating a 2sPSFAF
(TMD-2sPSFAF) which is depicted in Fig. 3(a). The primary structure has a mass ms and a
linear spring of stiffness ks, it is undamped and subjected to harmonic external excitation
F(t̄)

F(t̄) = F0 cos ωt̄, (18)

where t̄ is the time, F0 is amplitude, and ω is excitation frequency. The TMD-2sPSFAF has
mass md, the linear viscous damper of damping coefficient cd, the series combination of
TMD’s linear spring of stiffness kd , and the 2sPSFAF. From the above proven, this series
combination can be replaced by an equivalent PSEH as shown in Fig. 3(b). The equivalent
PSEH has stiffness keq, effective electromechanical coupling coefficient θeq, and internal
capacitance Ceq, which are given by (17). The free-body diagram in Fig. 3(c) represents
the force balance of the masses where the force fd of the equivalent PSEH is given by (14).
Accordingly, the governing equations of the considered system are given by

ms ẍs − cd ẋd + ksxs − keqxd − θeqV = F0 cos(ωt̄),

md ẍd + cd ẋd + keqxd + θeqV = −md ẍs ,

CeqV̇ +
V
R

= θeq ẋd ,

(19)

(a) Physical model (b) Equivalent model (c) Free-body diagram

Fig. 3. Undamped primary structure with TMD-2sPSFAF
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where the third equation is obtained by integrating (15). Let us denote

t = ωs t̄, xs = x1, xd = x2, ωs =
√

ks/ms, ωd =
√

keq/md, µ = md/ms,

ξd =
cd

2mdωd
, β =

ωd

ωs
, λ =

ω

ωs
, κ2 =

θ2
eq

keqCeq
, v =

CeqV
θeq

, α =
1

ωRCeq
, Xst =

F0

ks
.

(20)

Physically, ωs and ωd are the natural frequency of the primary structure and the
equivalent PSEH, κ2 is the electromechanical coupling coefficient, α is the resistance ratio,
v is the transformed voltage, and µ, ξd, β, λ are the mass ratio, damping ratio, tuning
ratio, and the ratio of excitation frequency to primary structure frequency, respectively.
The equation system (19) can be transformed into the following dimensionless system

ẍ1 − 2µβξd ẋ2 + x1 − µβ2x2 − µβ2κ2v = Xst cos λt,

ẍ2 + 2βξd ẋ2 + β2x2 + β2κ2v = −ẍ1 ,

v̇ + λαv = ẋ2 ,

(21)

where the over dots now denote the derivatives regarding dimensionless time t. It is
seen that the system (21) is a linear system of ordinary differential equations for three
unknowns, x1(t), x2(t) and v(t), which can be analytically solved.

It is seen from (21) that when κ2 = 0 one gets the corresponding mechanical TMD
system. Normally, κ2 has a small value for various piezo materials. Hence, to investigate
the undamped primary structure with TMD-2sPSFAF in considering κ2 → 0, the results
of the optimal mechanical TMD obtained by the fixed point theory [15, 16] are adopted
for β and ξd of TMD-2sPSFAF

β =
ωd

ωs
=

√
1
µ

keq

ks
=

1
1 + µ

, (22)

ξd =

√
3µ

8(1 + µ)
. (23)

From (22) one has

keq =
µ

(1 + µ)2 ks. (24)

Substituting (24) into the first equation in (17), one gets

kd =
µkskp,i

(1 + µ)2kp,i − µNcot2(φi) cot(φ)ks
. (25)

Clearly, the number N of 1sPSFAFs should be a positive integer. Since φi, φ are nor-
mally small angles, say φi, φ < 10◦ [8, 9] then cot φ, cot φi > 0. Hence, to ensure kd being
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positive, the following condition is extracted from (25)

(1 + µ)2kp,i − µNcot2(φi) cot(φ)ks > 0

⇔
kp,i

ks
>

µNcot2(φi) cot(φ)

(1 + µ)2 .
(26)

From a technical perspective, the mass ratio µ and the primary structure stiffness
ks are known. The characteristic parameters of FAFs, such as structural angles φi, φ, as
well as that of PSEHs, such as the stiffness kp,i, the effective electromechanical coupling
coefficient θp,i, and the internal capacitance Cp,i, can be chosen from available materials.
Thus, (26) provides the condition for choosing stiffness kp,i, then the stiffness of TMD’s
spring kd could be obtained by (25).

It is interesting to see from (25) that we can generalize cases of TMD-PSEH with
FAFs. Namely, when cot φ = 1, one obtains

kd =
µkskp,i

(1 + µ)2kp,i − µNcot2(φi)ks
, (27)

which is the case of the TMD-1sPSFAF system as studied in [13]. When cot φ = cot φi = 1,
one obtains

kd =
µkskp,i

(1 + µ)2kp,i − µNks
, (28)

which is the case of TMD-PSEH without FAF as studied in [14].

3. NUMERICAL EXAMINATION

In this section, we carry out a numerical investigation of the undamped primary
structure-TMD-2sPSFAF system. The proposed design procedure for a given system will
follow that presented in Section 2. The initial input parameters are taken as presented in
Table 1 and Table 2. The calculated parameters used for investigation are presented in
Table 3.

Table 1. Physical properties of a piezo stack [7]

Parameter Symbol Value Unit

Stiffness kp,i 5.8 × 107 N/m
Effective electromechanical coupling coefficient θp,i 8.41 N/V
Capacitance Cp,i 1.6 × 10−6 F

Fig. 4(a) and Fig. 4(b) depict the curves of the mechanical magnification factor K1

and the voltage amplitude factor v0 in the frequency domain λ, respectively.
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Table 2. Initial input parameters

Parameter Symbol Value Unit

Mass ratio µ 0.05
Primary structure stiffness ks 1% kp,i N/m
Structural angle of primary FAF [9] φ π/30 rad
Structural angle of single-stage FAF [9] φi π/30 rad
Number elements of 1sPSFAF N 2
Electrical resistance ratio α 1

Table 3. Calculated parameters used for investigation

Parameter Value Referenced Eqs. Parameter Value Referenced Eqs.

kd (N/m) 1.2022 × 105 (25) Ceq (F) 8.28 × 10−6 (17)
keq (N/m) 2.6304 × 104 (17) β 0.9524 (22)
θeq (N/V) 0.0726 (17) κ2 0.0242 (20)
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(b) v0

Fig. 4. K1, v0 versus λ with µ = 0.05, κ2 = 0.0242, α = 1 and kd varies

The effect of the TMD spring stiffness kd on K1 is illustrated in Fig. 4(a) with four
different values of kd, where kdDH is given by Eq. (25). It is seen that the curve K1 always
has two peaks, however, it is not optimized due to the heights of those two peaks are not
equal in the case kd = kdDH/2, kd = kdDH, and kd = 2kdDH. Thus, the optimal tuning
and damping coefficients given by Eqs. (22), (23) derived from Den Hartog’s result do
not ensure the curve K1 being optimized. Meanwhile, we can optimize K1 by changing
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the value of kd empirically, say kd = 0.946kdDH that is a little smaller than kdDH. Conse-
quently, the coordinates of the corresponding left and right peaks are (0.904; 6.414) and
(1.052; 6.414), respectively.

At the first glance, the curve v0 has the same properties as that of the curve K1, as
shown in Fig. 4(b). With the value kd = 0.946kdDH, the curve v0 is almost optimized,
namely the two peaks are equal with coordinates of (0.927; 15.11) and (1.034; 15.14), re-
spectively. Furthermore, it is seen that the curve v0 has a fixed point independent of the
TMD spring stiffness kd. Therefore, one can see a good matching between the mechanical
domain and the electrical one with the effective value of kd, i.e. kd = 0.946kdDH.
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Fig. 5. K1, v0 versus λ with µ = 0.05, κ2 = 0.0242, α = 1, kd = 0.946kdDH
in cases of with and without FAF

To compare the performance of the TMD-PSEH system in the cases with FAFs (2sPS-
FAF, 1sPSFAF) and without FAF (0sPSFAF), the corresponding TMD spring stiffnesses
given by (25), (27), (28) are used. The plots of K1 and v0 are depicted in Fig. 5(a) and
Fig. 5(b), respectively, with the number of 1sPSFAFs N = 1. Clearly, there are differ-
ences in the TMD spring’s equivalent stiffness between these three scenarios, namely
keq−0sPSEH = 4.292 > keq−1sFAF = 4.025 > keq−2sPSFAF = 2.622. As a result, the equivalent
stiffness of the softer TMD spring results in less vibration of the primary structure (see
Fig. 5(a)). Meanwhile, although the peak voltage amplitude of the 2sPSFAF case may
be lower than the other two cases, in return it changes little over the entire resonant fre-
quency domain as seen in Fig. 5(b). As discussed in [14], the design of 2sPSFAF ensures
the priority of vibration suppression for the piezo TMD system but still allows a large
enough voltage in the resonant domain.
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4. CONCLUSION

Key works and findings included in the article are as follows:

- A novel configuration for a piezo TMD is introduced, in which the springs of the
TMD are coupled in series with the two-stage force amplification frames (FAFs) and piezo
stacks.

- After establishing the constitutive equations of 2sPSFAF, it is demonstrated that the
reduced order model of the 2sPSFAF and TMD spring series combination is an analogous
piezo stack energy harvester. The TMD-2sPSFAF system’s governing equations, which
include three responses for mechanical and electrical variables, are then executed.

- The fixed point theory ideal results are used to determine the requirements for
choosing the TMD spring and piezo stack stiffnesses.

- Subsequently, a computational analysis of the electromechanical system shows that
the voltage amplitude curve has a fixed point that is unaffected by the stiffness of the
TMD spring. In addition, the TMD spring’s effective stiffness would be determined to
guarantee that the voltage amplitude and mechanical magnification curve peaks are at
the same heights.

- Taking into consideration all these facts, the optimal design of TMD-PSEH with
multi-FAFs should be further developed.
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