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Abstract. Robot applications in mechanical processing have become popular. The critical
issue when applying robots in mechanical processing is ensuring accuracy. Usually, robot
control is based on dynamic models. This method has difficulty accurately determining
the system’s dynamic model because the robot has a complex structure. Besides, dynamic
factors such as cutting force, friction force and machining conditions constantly change.
Robot control based on Hedge Algebras gives excellent and reliable results. The critical
factors that determine the quality and reliability of the Hedge Algebra controller are the
Control Law, the method of Denormalization, and the determination of the Physical Value
Domain. The construction of the Control Law and Denormalization is based on expert
knowledge. Determining the physical value domain is problematic because it requires
many experiments. This article introduces the method of applying genetic algorithms to
find the appropriate physical value domain for the controller based on Hedge Algebras.
The article presents a robot controller based on Hedge Algebras to do this. Numerical
experiments with a mechanical machining robot verify the results.

Keywords: Genetic Algorithms, Hedge Algebras, control, mechanical machining robot,
physical value domain.

1. INTRODUCTION

The application of robots in mechanical processing is already a common practice
[1–5]. Compared to CNC machines, applying robots has several advantages, such as a
robot structure with a multi-degree of freedom and flexible programming capabilities
that allow for complex technological operations. One of the problems when using robots
is controlling the robot to ensure technological manipulation as required. Conventional
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control methods based on dynamic models have difficulty fully and accurately determin-
ing the dynamic model. This is explained by the complex structure of multi-joint, multi-
degree-of-freedom robots and constantly changing dynamic factors such as cutting force,
machining conditions, etc.

The application of fuzzy logic in robot control allows us to overcome this problem
because fuzzy controllers can overcome the incompleteness and accuracy of the dynamic
model or even not based on the dynamic model [6–13].

Fuzzy controllers are implemented by inference and representation through natural
language and based on linguistic semantic values. However, fuzzy logic does not have
a mechanism to model the language semantics and ordinal structure of the language
domain.

As is known, the advent of Hedge Algebras (HA) and the application of HA in en-
gineering control problems has provided a way to model the semantics and order struc-
ture of language domains. In which linguistic values constrain the semantics of linguistic
terms and preserve semantics during data processing. Here, fuzzy term sets are designed
to be linked to their semantics with an inherent order-based structure. In this way, HA
terms directly and quantitatively reflect natural language properties, which makes the
inference mechanism of the fuzzy rule base easy to quantify.

Furthermore, the fuzzy rule base is a mathematical model that uses HA transforma-
tions and semantic quantitative mappings (SQMs). Here, SQMs of HA are functions used
to calculate the semantic values of HA terms based on the fuzziness measure. There-
fore, the fuzzy rule base can be constructed and represented as a real hypersurface in
the Cartesian coordinate system, where a fuzzy proposition can be defined as a point in
the Cartesian product of the appropriate HA. In engineering problems, this hypersurface
represents the relationship between the semantic values of input and output signals. The
semantic value of the output can be obtained by the interpolation method on this real
mesh hypersurface. The difference in HA compared to the inference mechanism of fuzzy
logic is that SQMs directly map the physical values of the input to the semantic value
domain [0, 1]. Then, the semantic values of the output results are obtained by interpola-
tion method on the real mesh hypersurface. Therefore, to get the physical values of the
output, their semantic values are simply mapped from [0, 1] to their physical domain.
These characteristics create favorable conditions for applying HA to solve technical con-
trol problems in general, robot control in particular, and mechanical processing robot
control with high requirements for accuracy [14–20].
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The structure of an HA-based controller has parts, including the Normalization of
HA terms of linguistic variables (Identification Normalization of HA terms), Quantifi-
cation of the rule base using Semantically Quantifying Mappings (SQMs) with control
algorithms, and Denormalization.

Structure of an HA-based controller with parts including (1) Normalization of HA
terms of linguistic variables (Identification Normalization of HA-terms); (2) Quantifying
the rule base using SQMs with control algorithms; (3) Denormalization.

(1) Standardizing the HA terms of linguistic variables means identifying the input
and output linguistic variables with the corresponding physical value domain, labeling
the linguistic variables, and determining the components in the HA of the linguistic vari-
ables.

(2) Quantitative semantic mapping is a function that determines the quantitative se-
mantic value of HA terms based on the fuzziness measure. Control algorithms based
on the HA rule system are similar to the basic fuzzy rule system, built based on expert
knowledge of the controlled object. Based on the control algorithm, the linguistic seman-
tic values of the output variables are determined from the linguistic semantic values of
the input variables.

(3) The standard solution is the linguistic value of the output variable on the interval
[0, 1] that is mapped to the physical value domain to determine the physical value of the
output variable.

The main factors determining the HA controller’s accuracy are the physical value do-
main of the input and output language variables and the HA control rule system. Based
on expert knowledge and dynamic characteristics of the controlled object, the built rule
system is stable. Meanwhile, determining the physical value domain, besides relying on
specialist knowledge, also requires a lot of experimentation. Manual methods take a lot
of time, and it isn’t easy to achieve good results. Methods that combine manual testing
to get preliminary values and then train the network when combining neural networks
can give better and faster results. The genetic algorithm method appears convenient for
determining the physical value domain of input and output variables.

This article presents a controller based on HA for mechanical processing robots. In
this controller, genetic algorithms are applied to find the physical value domain of input
and output linguistic variables.

The following sections include: Section 2 presents the general structure of the HA
controller; Section 3 presents the application of a genetic algorithm and an integrated
program to determine the physical value domain of input and output linguistic variables;



166 Phan Bui Khoi

Section 4 presents the application of HA controller for mechanical processing robots; Sec-
tion 5 concludes on the feasibility and effectiveness of the genetic algorithm and HA
controller and research and development directions.

2. ROBOT CONTROLLER BASED ON HEDGE ALGEBRAS

The general structure of a robot controller is shown in Fig. 1. In which the “Input”
block carries the input signal; the “Control” block calculates the output quantity, which
is the control quantity based on the input signal and control algorithm; The “robot” block
is the control object; the “Graph” displays the results. The characteristics of HA-based
controllers (from now on referred to as HA controllers or Hedge Algebras Control - HAC)
compared to other controllers are in the “input” block and “Control” block.
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2.1. HA Normalization

Variable language of input signals: position error e(t), velocity error ė (t), and control
force U(t). Hereafter referred to as position, velocity, and control force variables.

The HAC controller calculates the control quantity, the output signal U(t), based on
the HA control law and the physical value domain of the language variables of the input
and output signals e(t), ė (t), respectively. The physical value domain of the language
variable is the MAX-MIN value limits, expressed as follows ei = [ei min, ei max] , i = 1, . . . , n

ėi = [ėi min, ėi max] , i = 1, . . . , n
Ui = [Ui min, Ui max] , i = 1, . . . , n

(1)

In general, the HA of linguistic variables can be arbitrary. However, for ease of pre-
sentation and programming, the HAs of language variables are formally standardized
to be the same to realize their interrelationship in a unified whole, while their physical
values are different.

Thus, the HA of the linguistic variables of e(t), ė (t) and U(t) are expressed: AX =
(X, G, C, HI, ≤).

X consists of all HA terms of a linguistic variable, ≤ is an order relation on X.

G = { c−, c+} is a set of generators, c− ≤ c+, where c− = S, c+ = B. S and B are Small
and Big, respectively.

C = {0, W, 1}, where 0, W, and 1 are fixed points, respectively, called the smallest,
neutral, and biggest terms of the specified HA.

HI = H ∪ {I}, where H = {H−, H+} is a set of unary operations representing linguistic
hedges of X, HI = {L, V} ∪ {I}={ h−, h+}, where h− = L; h+ = V, that L and V stand for
Little and Very, respectively.
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The sets G, C, and HI are similar for all HAs of the selected linguistic variables as
follows:

With definite sets, the atomic generators S and B of G combine with the hedges L
and V of H to produce the entire set X consisting of all HA of linguistic variables in an
ordered relation linear, X = H (G) ∪C.

Then, the HA terms of the linguistic variables are presented as shown in Table 1.

Table 1. The HA terms of the linguistic variables

HA terms 0 VS LS W LB VB 1

X in every HA of e(t) and U(t) are defined similarly. Accordingly, the semantic
relationships and values of HA terms of linguistic variables are also similar. However, the
semantic values of the HA terms of e(t) and U(t) only realize their semantic relationship
separately because their physical domains are different.

2.2. HA rule base and Semantic quantitative mapping SQMs

Building the base rule system for the HA controller is similar to the control rule for
the fuzzy controller. Table 2 shows the basic HA rule system.

Table 2. HA rule base system, input e(t), ė (t), output U(t)

ė (t)

U 0 VS LS W LB VB 1

e(t)

0 1 1 1 VB VB LB W
VS 1 VB VB VB LB W LS
LS 1 VB LB LB W LS VS
W VB VB LB W LS VS VS
LB VB LB W LS LS VS 0
VB LB W LS VS VS VS 0
1 W LS VS VS 0 0 0

The semantic value of HA terms belongs to the domain [0, 1], and therefore, points
0 and 1 are used in the HA rule base as semantic limits for interpolation methods and to
preserve data during processing.

The following calculation functions are shown to determine the measure of fuzziness
of linguistic terms of linguistic variables and quantify the semantics of linguistic terms
for the HA rule base.
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2.2.1. Fuzziness measure

The fuzziness measurement function fm: X→ [0, 1] of linguistic terms is determined
based on the following formulas (

c−
)
+ fm

(
c+
)
= 1, (2)

∑
h∈H

fm (hx) = fm (x) , ∑
−q≤i≤p,i 6=0

fm (hix) = fm (x) ∀x ∈ X, (3)

∑
−q≤i≤p,i 6=0

fm (hic) = fm (c) , c ∈
{

c−, c+
}

, (4)

fm (x) = 0, ∀x, H (x) = {x} , fm (0) = fm (W) = fm (1) = 0, (5)

fm (hx)
fm (x)

=
fm (hy)
fm (y)

, ∀x, y ∈ X, h ∈ HI , (6)

fm (hx) = µ (h) fm (x) , ∀x ∈ X, (7)

where µ(h) is often called the fuzziness parameter, which measures the fuzziness of the
hedge h.

∑
h∈H

µ (h) = 1. (8)

By recursion, with x = hm, . . . , h1c ∈ X, where c ∈ G,

fm (x) = µ (hm) fm (x |m ) = µ (hm) . . . µ (h1) fm (c) , (9)

where x|m = hm−1, . . . , h1c is the mth suffix of x.

−1

∑
i=−q

µ (hi) = α,

p

∑
i=1

µ (hi) = β,

α > 0, β >, α + β = 1

(10)

Based on expert knowledge and given the systems in which the language terms rep-
resent, fuzziness measurement functions can be determined according to the formulas
given. For example, the opacity measurement functions fm(c−) and fm(c+) are chosen
arbitrarily but must satisfy (2). The measure of hedges µ(h) can be chosen arbitrarily but
must satisfy (8).
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2.2.2. Semantic Quantitative Mapping SQMs

SQMs calculate the semantics of HA terms. Based on Table 2 and the formulas below,
the HA law base of U(t) in Table 2 is converted into semantic value relationships and
determined.

Combined with the fuzziness measure function fm on X, the semantic quantification
function υ on X is determined as follows

υ (W) = θ = fm
(
c−
)

, 0 < θ < 1, (11)

υ
(
c−
)
= θ − α fm

(
c−
)
= β fm

(
c−
)

, (12)

υ
(
c+
)
= θ + α fm

(
c+
)

, (13)

υ
(
hjx
)
= υ (x) + sign

(
hjx
) j

∑
i=sign(j)

fm (hix)−ω
(
hjx
)

fm
(
hjx
) , (14)

{
ω
(
hjx
)
=

1
2
[
1 + sign

(
hjx
)

sign
(
hphj−1x

)
(β− α)

]
,

j ∈ {−q ≤ j ≤ p, j 6= 0} = [−q, . . . , p] .
(15)

Sign is a sign function, sign: X→ {− 1, 0, 1}, defined recursively as follows

1) sign
(
c−
)
= −1, sign

(
hc−

)
= +sign

(
c−
)

, hc− < c−, sign
(
hc+

)
= −sign

(
c−
)

, hc− > c−

2) sign
(
c+
)
= +1, sign

(
hc+

)
= +sign

(
c+
)

, hc+ > c+, sign
(
hc+

)
= −sign

(
c+
)

, hc+ < c+

3) sign (h) = +1, h ∈ H+, sign (h) = −1, h ∈ H−

4) sign
(
h′hx

)
= −sign (hx) , h′ negative w.r.t. h, h′hx 6= hx

5) sign
(
h′hx

)
= sign (hx) , h′ positive w.r.t. h, h′hx 6= hx

6) sign
(
h′hx

)
= 0, h′hx = hx

(16)

The impact of a hedge h′ on a hedge h depends on whether h′ strengthens or weakens
h’s tendency to influence. Sign(h′h) = +1 or sign(h′h) = −1.

The sign function of a point is not fixed

sign (x) = sign (hmhm−1) , . . . , sign (h2h1) sign (h1) sign (c) , ∀x = hm, . . . , h1c. (17)

Based on expert knowledge about technical systems in general and robots in particu-
lar, the fuzziness measurement functions of linguistic terms are selected and determined
according to (2)–(10). Thus, based on understanding the robot system and realizing the
impact of the hedges in H on the generators in G can be considered similar, the fuzziness
measures of the hedges and the generators chosen as follows{

fm (S) = θ = 0.5
µ (L) = µ (V) = 0.5 →

{
α = β = 0.5
fm (B) = 1− fm (S) = 0.5 (18)
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Table 3. The semantic value relationship of e(t) and ė (t)with U(t)

ė (t)

U 0 VS LS W LB VB 1

e(t)

0 1 1 1 0.875 0.875 0.625 0.5
VS 1 0.875 0.875 0.875 0.625 0.5 0.375
LS 1 0.875 0.625 0.625 0.5 0.375 0.125
W 0.875 0.875 0.625 0.5 0.375 0.125 0.125
LB 0.875 0.625 0.5 0.375 0.375 0.125 0
VB 0.625 0.5 0.375 0.125 0.125 0.125 0
1 0.5 0.375 0.125 0.125 0 0 0

With the defined fuzziness measurement functions, applying the formulas from (11)–
(17), the semantic quantitative functions of HA terms are calculated, and Table 2 is con-
verted into Table 3, representing the semantic value relationship of e(t), ė (t) and with
U(t).

The semantic relationship between position error e(t), velocity error ė (t), and control
force U(t) at the robot joints in Table 3 is represented by super surfaces in Euclidean
space, as shown in Fig. 4.
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2.3. HA Denormalization
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Interpolation is used to approximate
the semantic values of the output quantity,
the control force U(t), through the semantic
relationships between the inputs and out-
puts in Table 3. Below is the four-point bi-
linear interpolation method.

Fig. 5 shows a part of the real
mesh super surface, bounded by four
points Q11(x1, y1), Q12(x1, y2), Q21(x2, y1),
Q22(x2, y2), corresponding to the pairs value
(xi, yj, i, j = 1, 2) on the x, y axes. Call the co-
ordinates of the corresponding points on the
z-axis are z11, z12, z21, z22. A point Q(x, y) on
the surface will have coordinates along the
z-axis calculated according to the formulas
below

TI = (x2 − x1) (y2 − y1) , (19)
XI =

[
x2 − x x− x1

]
, (20)

YI =

[
y2 − y
y− y1

]
, (21)

AI =

[
z (x1, y1) z (x1, y2)
z (x2, y1) z (x2, y2)

]
=

[
z11 z12
z21 z22

]
, (22)

z (x, y) =
1
TI

XI AIYI . (23)

3. GENETIC ALGORITHM TO CALCULATE THE PHYSICAL VALUE DOMAIN
OF LINGUISTIC VARIABLES

Fig. 6 shows the genetic algorithm diagram integrated with the HA controller simu-
lation program. Accordingly, the genetic algorithm calculates the physical value domains
of the language variables. The calculation results are transmitted to the simulation pro-
gram to calculate the errors of the controlled variables as position errors. The position
errors provide to the genetic algorithm program for calculating the objective function.
One algorithm-stopping condition is that the objective function reaches a value less than
or equal to the allowed value.
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The main steps to apply the genetic algorithm to find the physical value domain of
the language variables of the HA controller:

(1) Construct the objective function as the sum of squared position errors of joint
variables during the control process.

f =
n

∑
i=1

e2
i , (24)

where n is the number of joint variables.

(2) Select encryption parameters:

- The parameters chosen for encoding are the physical values domain of the input
variable ei, ėi and Ui, i = 1, . . . , n, are denoted k j, j = 1, . . . , m. Each joint variable has
three language variables: position, velocity, and control force. The physical value do-
main can be symmetric or asymmetric, i.e.: |emin| = |emax| or |emin| 6= |emax|. Thus, in
detail, with a robot with n-actuated joints, it will be possible to find m = 3n or m = 6n
parameters k j, j = 1, . . . , m that determine the physical value domain of all language
variables corresponding to the symmetric or asymmetric case.

(3) Initialization parameters for the genetic algorithm are preliminarily selected based
on expert knowledge, including:

- Selectivity constant, for example: Pc = 0.9;

- Mutation constant, for example: Pm = 0.5;

- Population size, for example: N = 100;

- Algorithm stopping error, for example: 0.00001;

- Maximum number of generations, for instance: genmax = 100;
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- The maximum number of generations of the objective function does not change; for
instance, gens = 50;

- Preliminary search domain can be selected: k j = [0.01; 1], . . . , j = 1, . . . , m.

(4) Select encryption method: Select real number encryption method.

(5) Programming is based on the GA algorithm diagram, as shown in Fig. 6, linked
to the HA controller simulation program.

4. APPLICATION OF HA CONTROLLER FOR MECHANICAL
PROCESSING ROBOTS

4.1. Integrated controller based on GA + HA for robot in mechanical machining by
laser

Apply HAC to control the machining robot to create detailed profiles using laser
beams, as shown in Fig. 7.
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Apply HAC to control the machining robot to create detailed profiles using laser beams, as shown 
in Fig. 7. 

Robot kinematic parameters are shown in Table 4. Where a2 = 400 mm, d3 = 80 mm, d4 = 400 mm, 
a5 = 150 mm. 

Table 4. Denavit-Hartenberg (DH) kinematic parameters of the robot 

Parameters  
i-1¬i 

θi di ai αi 

1 θ1 0 0 0 

2 0 d2 a2 0 

3 θ3 d3 0 90o 

4 θ4 d4 0 90o 

5 θ5 0 a5 0 

Joint coordinates:  

   (24) [ ] [ ]T T
1 5 1 2 3 4 5q q ,..,q ,d , , ,= = q q q q

Fig. 7. The model of the machining robot to create detailed profiles using laser beams

Robot kinematic parameters are shown in Table 4. Where a2 = 400 mm, d3 = 80 mm,
d4 = 400 mm, a5 = 150 mm.
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Table 4. Denavit-Hartenberg (DH) kinematic parameters of the robot

i− 1← i
Parameters

θi di ai αi

1 θ1 0 0 0
2 0 d2 a2 0
3 θ3 d3 0 90◦

4 θ4 d4 0 90◦

5 θ5 0 a5 0

Joint coordinates:

q = [q1, . . . , q5]
T = [θ1, d2, θ3, θ4, θ5]

T . (25)

Robot dynamic parameters are shown in Table 5. The processing object is a tapered
hole. Accordingly, the robot’s movement is such that the laser machining tip moves along
a circle with a radius r = 10 cm. The laser axis is in the plane containing the conical hole
axis and is inclined to the conical hole axis at an angle of α = 30 degrees.

Table 5. Dynamic parameters of the robot

Links 1 2 3 4 5

Mass (kg) 35 25 5 20 5

Origin position of the center of
mass coordinate system with respect to

the link’s coordinate system

xci (m) 0 −0.1916 0.10796
yci (m) 0 0 0 0.144551 0
zci (m) 0.229 0.02 0.022924 0 0

Inertia tensor of
the links ciΘci

(kg.m2)

Ixx 1.437777 0.010409 0.008052 0.166565 0.012375
Iyy 1.437777 0.554153 0.007806 0.006129 0.012355
Izz 0.026774 0.556332 0.003120 0.165564 0.000718
Ixy 0 0 0 0 0
Ixz 0 0 0 0 0
Iyz 0 0 0 0 0

The digital data files about the movement trajectory of active joints are calculated
and saved in a file.mat format, in which:

pst LZ.mat is the motion trajectory for the position of the links; vst LZ.mat is the
velocity. Fig. 8 shows the numerical simulation model of the HA controller’s operation.

Block K receives a signal that is a physical value domain from the GA algorithm
program. With a survey robot with 5 degrees of freedom, there are 3 × 5 = 15 physical
value domains to find. Thus, we can see 15 or 30 parameters corresponding to the case
where the physical value domain is symmetric or asymmetric. If many parameters are



176 Phan Bui Khoi

to be found, the calculation time will be significant. We present a calculation plan with
fewer parameters to verify the algorithm while evaluating its effectiveness.Integration of Genetic Algorithm and Hedge Algebras in controlling mechanical machining robots 
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Fig. 8. The program integrates a genetic algorithm and HA controller simulation

Accordingly, the domain of physical values of the linguistic variables of position
and velocity of all joint coordinates is assumed to be the same, and the symmetric form
is chosen. Thus, with the linguistic variables position ei and velocity ėi, i = 1, . . . , 5,
determining two parameters, k1, and k2, will be necessary.

Because the loads at the joints are quite different, each joint must find a physical
value range of the control force. Therefore, with the language variables Ui, i = 1, . . . , 5
it will be necessary to determine five parameters, k j, j = 3, . . . , 7. Thus, the number of
parameters determining the physical value domains will be k j, j = 1, . . . , 7.

Seven values are preliminarily selected according to Table 6 based on expert knowl-
edge of the controlled object, the parameters k j, j = 1, . . . , 7.

Table 6. The HA terms of the linguistic variables

k j k1 k2 k3 k4 k5 k6 k7

Min 0 0 0 0 0 0 0
Max 0.2 2 200 1500 200 100 60

Other parameters are selected as described in Section 3.

The GA algorithm program determines the parameter set k j for each calculation step
and sends it to the controller simulation program.
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Block E, which contains the position errors determined by the control simulation
program, is fed back to the GA program to continue the loop.

4.2. Calculation and simulation results

Table 7 shows the results of calculating the physical value domain of the input and
output linguistic variables.

Table 7. Physical value domains of input and output linguistic variables

Joint ei ėi Ui

1 [−0.0017, 0.0017] (rad) [−0.7445, 0.7445] (rad/s) [−98.9144, 98.9144] (N.m)
2 [−0.0033, 0.0033] (m) [−0.3388, 0.3388] (m/s) [−1081.1081] (N)
3 [−0.0011, 0.0011] (rad) [−0.0740, 0.0740] (rad/s) [−87.2828, 87.2828] (N.m)
4 [−0.0071, 0.0071] (rad) [−0.07182, 0.07182] (rad/s) [−81.5385, 81.5385] (N.m)
5 [−0.0010, 0.0010] (rad) [−0.1254, 0.1254] (rad/s) [−47.9604, 47.9604] (N.m)

With the physical value domain determined, the HA controller simulation program
receives the results shown in Fig. 9.

Fig. 9 shows the simulation results corresponding to several physical value domain
choices to identify the evolutionary process, i.e., gradually improving the controller’s
simulation results.

The images in Fig. 9(a) left column (corresponding to symbol (1) in the title) represent
controller simulation results corresponding to the physical value domain of language
variables preliminarily selected based on expert knowledge.

The images in the middle column of Fig. 9(b) (corresponding to symbol (2) in the
title) show the controller simulation results corresponding to the physical value domain
of the linguistic variables found in generation 30 of the genetic GA.

The images in the right column of Fig. 9(c) (corresponding to symbol (3) in the title)
show the controller simulation results corresponding to the physical value domain of the
language variables found at the end of the GA.

The above results show that the GA algorithm program allows for finding the appro-
priate domain of physical values of language variables so that the HA controller operates
to ensure accuracy and reliability.
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Fig. 9. The controller simulation results correspond to the physical value domains (a), (b), and (c) 
Fig. 9. The controller simulation results correspond to the physical value domains (a), (b), and (c)

5. CONCLUSION

Calculation and simulation results show that the physical value domain of language
variables is found based on the GA algorithm, allowing the HA controller to operate with
accuracy and reliability.

Control quality depends on the control law and the physical value domain of the
input and output variables. The control law may be stable, but the physical value domain
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may change due to uncertain dynamic factors. Therefore, applying a genetic algorithm is
one possible solution to finding the appropriate physical value domain.

The next focus of research and development is on researching and optimizing the GA
algorithm, for example, by learning methods of selection, crossbreeding, and mutation
so that new generations gradually give better results and achieve the goal optimally.
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