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Abstract. This paper investigates the linear free vibration and nonlinear transient re-
sponse of carbon nanotube (CNT)-reinforced composite plates subjected to pre-existent
compressive load in thermal environments. CNTs are reinforced into matrix according
to uniform and functionally graded distributions. The properties of constitutive materials
are assumed to be temperature-dependent while the effective properties of nanocomposite
are determined using an extended rule of mixture. Governing equations are established
within the framework of classical plate theory incorporating von Kármán nonlinearity and
initial geometrical imperfection. Analytical solutions of deflection and stress function are
assumed to satisfy simply supported boundary conditions, and Galerkin method is ap-
plied to obtain a time differential equation including both quadratic and cubic nonlinear
terms. Fourth-order Runge–Kutta numerical integration scheme is employed to deter-
mine dynamical deflection-time response of nanocomposite plates. Numerical analyses
are presented to consider the influences of CNT volume fraction, CNT distribution, initial
compressive load, geometrical imperfection, elevated temperature and plate geometry on
the natural frequencies and nonlinear dynamical response of nanocomposite plates. The
study reveals that the natural frequency and dynamical deflection are strongly decreased
and increased when initial compressive load is increased, respectively. Numerical results
also find that the natural frequencies are enhanced and dynamical deflection is dropped
as a result of increase in volume percentage of CNTs, respectively.

Keywords: CNT-reinforced composite, initial stress, free vibration, nonlinear transient re-
sponse, geometrical imperfection.

https://doi.org/10.15625/0866-7136/20934
https://orcid.org/0000-0002-8338-4497
https://orcid.org/0000-0002-3075-1978
mailto: hoangtung0105@gmail.com


Free vibration and transient response of initially compressed CNT-reinforced composite plates 207

1. INTRODUCTION

Carbon nanotubes (CNTs) possesses unprecedentedly superior properties and are
ideal fillers into isotropic matrix to form carbon nanotube reinforced composite (CN-
TRC), an advanced class of nanocomposite. Stimulated by the concept of functionally
graded material (FGM), Shen [1] proposed the functionally graded carbon nanotube re-
inforced composite (FG-CNTRC) in which CNTs are embedded into matrix according
to functional rules in order to obtain desired response of FG-CNTRC structures. Linear
static and free vibration analyses of FG-CNTRC plates have been carried out by Liew and
coworkers [2–5] using numerical methods and shear deformation plate theories. Linear
free vibrations of FG-CNTRC plates without and with piezoelectric layers were investi-
gated in works of Shahrbabaki and Alibeigloo [6] and Kiani [7] employing Ritz method,
respectively. Kantorovich-Galerkin and Galerkin methods were employed in works of
Wang et al. [8] and Duc et al. [9] studying the linear free vibration of thin FG-CNTRC
plates, respectively. Linear free vibrational behavior of simply supported FG-CNTRC
rectangular plates was analyzed by Karami et al. [10] and Bouazza and Zenkour [11] uti-
lizing Navier series solutions on the basis of different plate theories. Numerical investiga-
tions on the linear free vibration of FG-CNTRC plates with various boundary conditions
have been executed by Mehar et al. [12] and Shi [13] making use of finite element method
and isogeometric analysis, respectively.

Nonlinear free vibration and dynamical response of FG-CNTRC plates are important
and interesting problems. Wang and Shen [14] used higher order shear deformation the-
ory (HSDT) and asymptotic solutions to investigate the nonlinear free vibration of thick
FG-CNTRC plates. Tang and Dai [15] employed multi-scale method to study the non-
linear free vibration of simply supported FG-CNTRC plates with hygrothermal effects.
Cho [16] used natural element method to analyze the nonlinear free vibration of FG-
CNTRC plates with different edge constraints. Nonlinear dynamical response of thick
FG-CNTRC plates was presented in the work of Wang and Shen [17] employing HSDT-
based perturbation technique. Linear transient analyses of FG-CNTRC plates have been
carried out by Lei et al. [18] and Frikha et al. [19] using mesh-free and finite element meth-
ods, respectively. Based on isogeometric approach, Phung et al. [20] and Do et al. [21]
presented linear dynamic analyses of shear deformable FG-CNTRC plates with various
shapes and boundary conditions. There is no investigation on the nonlinear dynamic
response of FG-CNTRC plates with initial stresses, to the best of authors’ knowledge.

As an extension of previous studies [22–24], the influences of pre-existent compres-
sive load on the nonlinear transient response of FG-CNTRC plates are investigated in this
paper using a semi-analytical approach. Basic equations in terms of deflection and stress
function are established based on the classical plate theory and solved using analytical
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solutions along with the Galerkin method. Fourth-order Runge–Kutta numerical integra-
tion scheme is employed to trace nonlinear deflection-time response paths. Parametric
studies are carried out and significant remarks are given.

2. STRUCTURAL MODEL AND EFFECTIVE MATERIAL PROPERTIES
Free vibration and transient response of initially compressed CNT-reinforced composite plates 
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Fig. 1. Structural model and geometries

Structural model considered in this
study is a rectangular plate of length a,
width b and thickness h. The plate is lo-
cated in a Cartesian coordinate system xyz
in which the origin is located on the mid-
dle surface at a corner, x, y and z axes are
the length, width and thickness directions of
plate, respectively. The plate is simply sup-
ported on all edges and subjected to uniaxial
compressive load P acting on two movable
edges x = 0, a, while two edges y = 0, b are
unloaded and tangentially restrained, as il-
lustrated in Fig. 1. The plate is exposed to a thermal environment with uniform temper-
ature rise ∆T = T − T0 in which T0 and T are room and elevated temperatures, respec-
tively. The plate is made of carbon nanotube reinforced composite (CNTRC) in which
CNTs are straight and aligned in the x direction.

In this study, CNTs are reinforced into isotropic matrix according to uniform distri-
bution (UD) and functionally graded (FG) distributions named FG-V, FG-Λ, FG-O and
FG-X. The volume fraction VCNT of CNTs corresponding to these distributions are deter-
mined as [1]

VCNT(z) =



V∗CNT, (UD)(
1 + 2

z
h

)
V∗CNT, (FG-Λ)(

1− 2
z
h

)
V∗CNT, (FG-V)

2
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|z|
h

)
V∗CNT, (FG-O)

2
(

2
|z|
h

)
V∗CNT, (FG-X)

(1)

in which V∗CNT is total volume fraction of CNTs. The effective elastic moduli E11 and E22

in longitudinal and transverse directions, respectively, and effective shear modulus G12
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are estimated using an extended rule of mixture as [1]

E11 = η1VCNTECNT
11 + VmEm, (2a)

η2

E22
=

VCNT

ECNT
22

+
Vm

Em , (2b)

η3

G12
=

VCNT

GCNT
12

+
Vm

Gm , (2c)

where Vm = 1− VCNT, Em and Gm are volume fraction, elastic modulus and shear mod-
ulus of matrix, respectively, ECNT

11 , ECNT
22 and GCNT

12 are elastic and shear moduli of CNTs,
respectively. In the above Eqs. (2), η1, η2, η3 are CNT efficiency parameters taking into ac-
count size effect of reinforcements. Effective Poisson ratio ν12 is assumed to be constant
and determined using conventional rule of mixture as [1]

ν12 = V∗CNTνCNT
12 + (1−V∗CNT) νm, (3)

where νCNT
12 and νmare Poisson ratios of CNT and matrix, respectively. Similarly, the ef-

fective mass density ρ is estimated as the following [14]

ρ = VCNTρCNT + Vmρm, (4)

where ρCNT and ρm are mass densities of CNT and matrix, respectively. Effective thermal
expansion coefficients α11 and α22 in the longitudinal and transverse directions, respec-
tively, are determined using Schapery model as [14, 17]

α11 =
VCNTECNT

11 αCNT
11 + VmEmαm

VCNTECNT
11 + VmEm

, (5a)

α22 =
(

1 + νCNT
12

)
VCNTαCNT

22 + (1 + νm)Vmαm − ν12α11, (5b)

in which αCNT
11 , αCNT

22 and αm are thermal expansion coefficients of CNT and matrix, re-
spectively.

3. FORMULATIONS

In this study, CNTRC plates are assumed to be thin and geometrically imperfect.
Classical plate theory (CPT) is used to establish governing equations, namely, motion
equation and strain compatibility equation. Motion equation of CNTRC plates is [23]

I0w,tt + a11w,xxxx + a21w,yyyy + a31w,xxyy + a41 f,xxyy − f,yy
(
w,xx + w∗,xx

)
+2 f,xy

(
w,xy + w∗,xy

)
− f,xx

(
w,yy + w∗,yy

)
− q = 0,

(6)
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in which t is time variable, q is uniform lateral pressure, f (x, y, t) is a stress function and
I0 is mass moment of inertia defined as

I0 =

h/2∫
−h/2

ρdz. (7)

Furthermore, in the above Eq. (6), w(x, y, t) and w∗(x, y) are deflection and geo-
metrical imperfection functions, respectively, and coefficients a11, . . . , a41 can be found
in work [25]. Strain compatibility equation of a CNTRC plate is written in the form [25]

a12 f,xxxx + a22 f,xxyy + a32 f,yyyy + a42w,xxxx + a52w,xxyy + a62w,yyyy − w2
,xy

+w,xxw,yy − 2w,xyw∗,xy + w,xxw∗,yy + w,yyw∗,xx = 0,
(8)

where the detailed expressions of coefficients a12, . . . , a62 can be found in the work [25].

To satisfy simply supported boundary conditions, analytical solutions are assumed
as [23]

w(x, y, t) = W(t) sin βmx sin δny, w∗(x, y) = µh sin βmx sin δny, (9a)

f (x, y, t) = A1(t) cos 2βmx + A2(t) cos 2δny + A3(t) sin βmx sin δny

+
1
2

Nx0y2 +
1
2

Ny0x2,
(9b)

where βm = mπ/a, δn = nπ/b (m, n = 1, 2, . . .), W(t) is dependent-time amplitude of de-
flection and µ is size of geometric imperfection. In the Eq. (9b), A1, A2, A3 are dependent-
time coefficients to be determined, Nx0 = −Ph is active compressive force resultant on
movable edges x = 0, a and Ny0 is fictitious compressive force resultant at tangentially
restrained edges y = 0, b and related to average end-shortening displacement on these
edges as [25]

Ny0 = − c
ab

a∫
0

b∫
0

∂v
∂y

dydx, (10)

in which v is in-plane displacement in the y direction of the middle surface and c is
average tangential stiffness parameter.

By substituting the solutions (9) into compatibility equation (8), we receive

A1 =
δ2

n
32a12β2

m
W (W + 2µh) , A2 =

β2
m

32a32δ2
n

W (W + 2µh) ,

A3 = − a42β4
m + a52β2

mδ2
n + a62δ4

n
a12β4

m + a22β2
mδ2

n + a32δ4
n

W.
(11)
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By determining Ny0 from Eq. (10), putting solutions (9) into motion equation (6) and
applying Galerkin method, we have

I0h
d2W
dt2 + g1W + g2W

(
W + µ

)
+ g3W

(
W + µ

) (
W + 2µ

)
+ (g4∆T − g5P)

(
W + µ

)
=

16q
mnπ2 ,

(12)

where W = W/h and g1, . . . , g5 are coefficients depending on material and geometry
properties and in-plane boundary condition on unloaded edges and not displayed here
for the sake of brevity. Eq. (12) represents nonlinear forced vibration of geometrically im-
perfect CNTRC plates in the thermal environments. When lateral pressure and nonlinear
terms are neglected, Eq. (12) leads to the following equation

I0h
d2W
dt2 +

(
g1 + µg2 + 2µ2g3 + g4∆T − g5P

)
W = (g5P− g4∆T) µ. (13)

This equation describes the linear free vibration of geometrically imperfect CNTRC
plates undergoing pre-existent compressive load in thermal environments. Natural fre-
quencies are determined as

ωL =

√
g1 + µg2 + 2µ2g3 + g4∆T − g5P

I0h
. (14)

In numerical results, non-dimensional natural frequencies are computed as

ω∗L = ωL
a2

h

√
ρm

Em
0

, (15)

in which Em
0 is value of Em calculated at room temperature T0 = 300 K.

4. NUMERICAL RESULTS AND DISCUSSION

This section presents numerical results for dynamical analyses of CNTRC plates
made of Poly (methyl methacrylate), referred to as PMMA, as matrix and (10, 10) sin-
gle walled carbon nanotubes (SWCNTs) as reinforcements. The material properties of
the PMMA are ρm = 1150kg/m3, νm = 0.34, αm = 45 (1 + 0.0005∆T) × 10−6/K and
Em = (3.52− 0.0034T) GPa, in which T = T0 + ∆T and T0 = 300 K [14]. The Poisson’s
ratio and mass density of (10, 10) SWCNTs are νCNT

12 = 0.175, ρCNT = 1400 kg/m3 [14].
The material properties ECNT

11 , ECNT
22 , GCNT

12 , αCNT
11 , αCNT

22 of (10, 10) SWCNT have been
given in many previous works, e.g. [1, 14, 17], and are not displayed here for the sake of
brevity. Moreover, the CNT efficiency parameters η1, η2, η3 corresponding to values of
V∗CNT = 0.12, 0.17, 0.28 are the same as those reported in works [14, 17].
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As part of verification, the non-dimensional fundamental natural frequencies of square
FG-CNTRC plates with movable edges and without initial compressive loads are com-
puted employing Eq. (15) and given in Table 1 in comparison with results reported in
the work of Cho [16] using natural element method and FSDT. As can be seen, a good
agreement is achieved in this comparison.

Table 1. Comparison of non-dimensional fundamental natural frequencies ω∗L of square
FG-CNTRC plates with movable edges (b/h = 100, V∗CNT = 0.28, T = 300 K)

Reference UD FG-V FG-O FG-X

Cho [16] 26.5782 22.0928 19.4445 32.1978
Present 26.5562 21.9514 19.0434 32.4063

The effects of CNT distribution, initial compressive stress P and thermal environ-
ments on the dimensionless fundamental natural frequencies ω∗L of square CNTRC plates
with movable edges are shown in Table 2 in which Pcr is critical buckling compressive
load. It is recognized that the frequencies are significantly and slightly reduced when
compressive load P and temperature T are increased, respectively. Among five types of
CNT distribution, FG-O and FG-X plates have the smallest and largest frequencies, while
uniform distribution (UD) brings to an intermediate frequency of CNTRC plate.

Table 2. Non-dimensional fundamental natural frequencies ω∗L of square FG-CNTRC plates with
movable edges (b/h = 40, V∗CNT = 0.17)

T (K) P/Pcr UD FG-V FG-Λ FG-O FG-X

300 0 21.1948 17.6118 17.6118 15.3339 25.7656
0.3 17.7329 14.7351 14.7351 12.8293 21.5570
0.6 13.4048 11.1387 11.1387 9.6980 16.2956
0.9 6.7024 5.5693 5.5693 4.8490 8.1478

400 0 20.9895 17.4055 17.4055 15.1449 25.5388
0.3 17.5611 14.5625 14.5625 12.6711 21.3673
0.6 13.2749 11.0082 11.0082 9.5785 16.1521
0.9 6.6375 5.5041 5.5041 4.7892 8.0761

Fig. 2 considers the effects of initial compressive load P and CNT volume fraction
V∗CNT on the natural frequencies of FG-X plates. It is evident that the natural frequencies
are substantially reduced and enhanced when P and V∗CNT are increased, respectively.
It is also realized that the frequencies are zero-valued when P reaches critical buckling
value.

The nonlinear transient response of square CNTRC plates with fundamental shape
mode (m, n) = (1, 1), geometry properties a/b = 1, h = 2 mm subjected to suddenly
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Finally, Fig. 5 shows that amplitude of dynamical deflection is considerably increased
as the size of geometric imperfection is larger. It is also observed that geometrical imper-
fection slightly affects the vibration period of initially compressed CNTRC plates.

5. CONCLUDING REMARKS

The influences of initial compressive stress on the free vibration and transient re-
sponse of geometrically imperfect CNTRC plates in thermal environments have been
investigated. From the obtained results, the following remarks are reached:

- Natural frequencies and amplitude of dynamical deflection of CNTRC plates are
significantly decreased and increased when initial compressive load is increased, respec-
tively.

- Natural frequencies and amplitude of dynamical deflection of CNTRC plates are
remarkably enhanced and dropped as a result of increase in volume percentage of CNTs,
respectively.

- Initial geometric imperfection strongly affects the nonlinear transient response of
initially stressed CNTRC plates and the amplitude of dynamical deflection is consid-
erably enhanced due to the enhancement of imperfection size. Meanwhile, initial ge-
ometrical imperfection has marginal influences on the vibration frequencies of initially
compressed CNTRC plates.
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