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Abstract. This paper presents the time history response of a sandwich beam with a porous
core subjected to two moving harmonic loads with opposite directions. In the modelling,
the beam is combined of two isotropic face sheets and a porous core with symmetric poros-
ity distribution. The quasi-3D shear deformation beam theory in conjunction with Hamil-
ton’s variational principle is utilized to set up the governing equations of motion. The
Navier solution is used to obtain the displacement field. The accuracy of the study is val-
idated by comparing with existing results in the literature for specific cases. Effects of
the velocity and excitation frequency of the moving loads on the deflection-time history
are investigated and discussed. Numerical results reveal that in the case of the double-
moving harmonic loads in the antiphase, the resonance phenomenon cannot occur when
the excitation frequency approaches the natural frequency of the beam.

Keywords: sandwich porous beam, moving harmonic load, Navier solution, dynamic re-
sponse.

1. INTRODUCTION

Lightweight sandwich structures with a porous core offer unique potential for var-
ious applications in space/aerospace, automotive, defense and civil engineering [1]. In
these structures, the porous core plays a prime key since it has many advantages, such
as high energy absorption ability, high resistance to impact, high strength- and stiffness-
to-weight ratios [2, 3]. Consequently, this type of structure has gained the attention of
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the scientific community. Chen et al. [3] investigated the effect of geometric nonlinear-
ity and shear deformation on the free vibration of sandwich beams with a porous core.
Wang et al. [4] studied the nonlinear bending of a sandwich beam with composite face
sheets and a closed-cell porous core subjected to a distributed load by the equivalent
single-layer model. Srikarun et al. [5] investigated the linear and nonlinear bending of
sandwich beams with a metal foam core under different types of distributed loads. Wang
and Zhao [6] explored the effects of porosity and elastic foundation on the natural fre-
quencies of the sandwich beam with a metal foam core. Garg et al. [7] reported the free
vibration and static bending of sandwich beams containing open-cell metal foam core by
zigzag theory.

The dynamics of structures subjected to moving loads is one of the interesting topics
for exploring mechanical behaviour. Furthermore, specific mechanical knowledge re-
lated to this problem is important for many engineering applications, such as bridges,
guideways, railroads, overhead cranes, and gun-tubes. It is found in the literature that
the vibration characteristics of structures under moving loads have been studied for well
over a century. Recently, this research topic has focused on structures with advanced
materials, such as functionally graded material (FGM), porous materials, materials re-
inforced with graphene platelets (GPLs)/carbon nanotubes (CNTs), etc. Zhang et al. [8]
presented the DSC regularized Dirac-delta method for the vibration analysis of GPL rein-
forced porous beams resting on an elastic foundation under a moving load. Songsuwan
et al. [9] examined effect of the geometrical nonlinearity on the vibration of sandwich
beams with a porous core under the action of a moving load. Simsek [10] analyzed the
dynamic behavior of a FGM beam under a moving mass with different beam theories.
Jafari and Kiani [11] focused on the dynamic response of porous beams reinforced with
GPLs subjected to a moving load by using the quasi-3D theory. Van-Long Nguyen et
al. [12] investigated the nonlinear dynamic features of porous beams interacted with the
Winkler–Pasternak foundation and subjected to a travelling mass. Yas and Heshmati [13]
dealt with the transient response of nanocomposite beams reinforced with CNTs under a
moving load by the finite element method.

The researches mentioned-above refer to the single moving load. In fact, structures
may undergo multi-moving loads with different values of velocity. Consequently, the
dynamic response as well as the mathematical modelling of the problem becomes more
complicated. A number of studies have also attempted to address and provide insight
into this situation. Heshmati and Yas [14] presented the dynamic behaviour of nanocom-
posite beams reinforced with CNTs subjected to multi-moving loads. Wattanasakulpong
et al. [15] examined the nonlinear response of polymer beams reinforced with GPLs and
excited by two moving loads. Simsek and Al-shujairi [16] analyzed the forced vibration
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of FGM sandwich beams excited by two moving harmonic loads. Using the mesh-free ap-
proach, Sayyidmousavi et al. [17] simulated the dynamic response of polymer sandwich
beams reinforced with CNTs and subjected to two moving harmonic loads.

The literature survey shows that studies on the dynamic response of porous beam
subjected to moving harmonic loads are in the beginning stage and the results are still
limited. No report is found in the case of the beams subjected to two loads travelling
in opposite directions. Moreover, effects of two moving harmonic loads with different
excitation on the dynamic response of the beams is worth exploring to gain an insight into
mechanical issues. Therefore, this study makes an attempt to simulate and investigate
dynamic behaviour of a sandwich beam with a metal foam core subjected to two moving
harmonic loads with opposite directions. Importantly, the analytical solution and the
quasi-3D theory are utilized to model the system. The rest of the paper is organized as
follows: Section 2 introduces the theoretical modelling of the sandwich beam; Section 3
is devoted to a validation study and investigation into the significant parameters on the
dynamic response of the beam; finally, Section 5 is for summaries and conclusions of new
findings derived from the numerical results.

2. THEORY AND MATHEMATICAL MODELLING

Fig. 1 illustrates a porous sandwich beam under two moving loads in opposite di-
rections. The two loads depart from the two ends of the beam at the same time. The three
dimensions of the beam are the length L, width b, and thickness h. The x-axis of the co-
ordinate system is on the mid-plane of the beam. The configuration of the studied beam
is composed of two isotropic skins and an open-cell metal foam core with a symmetric
porosity distribution. The thicknesses of the skins and the core are h f and hc, respectively.
It is assumed in the current study that there is no relative sliding between the layers as
well as the collision of the moving loads.

2.1. Material property modelling

The configuration of the sandwich beam is composed of three layers. The face ones
are made of isotropic and homogeneous material. Whereas, the core one contains pores
and their effective material properties strongly depend on the porosity distributions. Var-
ious types of porosity distribution scheme are proposed by authors in the literature. Pre-
vious studies show that the symmetric distribution of a high density of pores around the
middle zone and a lower density of pores near the faces of the porous layer exhibits the
highest structural stiffness. Thus, this porosity distribution is adopted for the studied
beam. According to this view, the effective mechanical properties can be modelled along
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Figure 1. Configuration and geometry parameters of a porous sandwich beam subjected to two moving 
loads with opposite directions. 

Figure 1 illustrates a porous sandwich beam under two moving loads in opposite directions. The 
two loads depart from the two ends of the beam at the same time. The three dimensions of the beam are 
the length L, width b, and thickness h. The x-axis of the coordinate system is on the mid-plane of the 
beam. The configuration of the studied beam is composed of two isotropic skins and an open-cell metal 
foam core with a symmetric porosity distribution. The thicknesses of the skins and the core are hf and 

L

o

b

h
x

z

isotropic skin

open-cell metal foam core

zQ1

xQ1

v1

y

Q2

xQ2

v2

hc

h f

 h f

Formatted: Not Highlight

Fig. 1. Configuration and geometry parameters of a porous sandwich beam subjected to
two moving loads with opposite directions

the thickness of the beam by the following expression

For the face layers:
E (z) = E f ,
ρ (z) = ρ f ,
−0.5h ≤ z ≤ −0.5hc ∪ 0.5hc ≤ z ≤ 0.5h,

For the porous core:
E (z) = Ec [1 − ϑocos (πz/hc)] ,
ρ (z) = ρc [1 − ϑmcos (πz/hc)] ,
−0.5hc ≤ z ≤ 0.5hc,

(1)

where E f and ρ f are, respectively, Young’s modulus and mass density of the material of
the faces. Ec and ρc are those of the core without any pores (pure material); ϑo and ϑm

indicate the porosity coefficient and the coefficient of mass density, respectively ϑm can
be determined via ϑo by the relation [3] ϑm = 1 −

√
1 − ϑo.

2.2. Kinematics

In this study, the quasi-3D beam theory, which includes both the shear deformation
and thickness stretching effect, is employed. Based on this beam theory, the displacement
field u(x, z,t), w(x, z,t), along the x- and z-directions, can be described as [18]{

u (x, z, t) = uo (x, t)− zwo,x (x, t) + Φ (z) θos (x, t)
w (x, z, t) = wo (x, t) + Φ,z (z)woz (x, t) ,

(2)

where uo, wo, woz and θos are four variable displacements on the mid-plane; Φ is the shape
function which characterizes the distribution of the shear strain over the beam thickness.
The third-order function Φ(z) = z−4z3/(3h2) is selected for this study.
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The strain field can be given as follows
εx = u,x = uo,x − zwo,xx + Φθos,x,
εz = w,z = Φ,zzwoz,
γxz = u,z + w,x = Φ,z (θos + woz,x) .

(3)

The stress-strain relation obeys the Hooke’s law:

σ =

 σx
σz
τxz

 =

 Q11 Q12 0
Q21 Q22 0

0 0 Q33

 εx
εz

γxz

 . (4)

The elastic coefficients in Eq. (4) are given as

Q11 = Q22 =
E(z)

1 − υ2 , Q12 = Q21 = υQ11 , Q33 =
E(z)

2(1 + υ)
, (5)

where υ is the Poisson’s ratio of the materials and assumed not to depend on the porosity
in this study.

2.3. Energy expressions and governing equations

The variation of strain energy δU of the beam due to the stresses can be evaluated by

δU =

L∫
0

∫
A

(σxδεx + σzδεz + τxzδγxz)dAdx, (6)

δU =

L∫
0

[Nxuo,x − MBδwo,xx + MSδθos,x + Rzδwoz + Q (δθos + δwoz,x)]dx, (7)

in which the stress resultants are defined by

{Nx, MB, MS, Q, Rz} =
∫
A

{σx, σxz, σxΦ (z) , τxzΦ,z (z) , σzΦ,zz (z)}dA, (8)

where A is the area of the beam cross-section, and L is the beam length.

The stress resultants can be expressed via the displacements by employing Eqs. (2)
and (4) as 

Nx
MB
MS
Rz
Q

 =


A −B BS C1 0
B −D DS C2 0
BS −DS HS C3 0
C1 −C2 C3 C4 0
0 0 0 0 AS




uo,x
wo,xx
θos,x
woz

θos + woz,x

 , (9)
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in which

{A, B, BS, D, DS, HS} =
∫
A

Q11
{

1, z, Φ, z2, zΦ, Φ2}dA, (10)

{C1, C2, C3, C4, AS} =
∫
A

Q11υ

{
Φ,zz, zΦ,zz, ΦΦ,zz,

1
υ
(Φ,zz)

2 ,
(1 − υ)

2υ
(Φ,z)

2
}

dA. (11)

The variation of kinetic energy δK of the sandwich beam due to the motion can be
determined by

δK =

L∫
0

∫
A

ρ (z) (u̇δu̇ + ẇδẇ)dAdx. (12)

Substituting Eq. (2) into Eq. (12) results in

δK =

L∫
0

[
Io(u̇oδu̇o+ẇoδẇo)− I1 (u̇oδẇo,x+ẇo,xδu̇o)+ I2ẇo,xδẇo.x+ J1

(
u̇oδθ̇os+θ̇osδu̇o

)]
dx

+

L∫
0

[
−J2

(
ẇo,xδθ̇os + θ̇osδẇo,x

)
+ J3θ̇osδθ̇os + J4 (ẇoδẇoz + ẇozδẇo) + J5ẇozδẇoz

]
dx,

(13)

where

{Io, I1, I2, J1, J2, J3, J4, J5} =
∫
A

ρ (z)
{

1, z, z2, Φ, zΦ, Φ2, Φ,z, (Φ,z)
2
}

dA. (14)

Finally, the variation of the work due to the distributed load q(x, t) can be determined by

δV = −
L∫

0

q (x, t)δwo. (15)

To obtain the the governing equations, the following Hamilton’s principle [19] can
be used

t2∫
t1

(δK − δU − δV)dt = 0. (16)

By substituting δU, δK and δV from Eqs. (7), (13) and (15) into Eq. (16), then per-
forming the integration by parts and collecting the coefficients of δuo, δwo, δθos and δwoz,
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the governing equations of motion of the sandwich beam can be obtained as follows
Auo,xx − Bwo,xxx + BSθos,xx + C1woz,x = Ioüo − I1ẅo,x + J1θ̈os,

Buo,xxx − Dwo,xxxx + DSθos,xxx + C2woz,xx + q = I1üo,x + Ioẅo − I2ẅo,xx + J2θ̈os,x + J4ẅoz,

BSuo,xx − DSwo,xxx + HSθos,xx + C3woz,x − AS (θos + woz,x) = J1üo − J2ẅo,x + J3θ̈os,

−C1uo,x + C2wo,xx − C3θos,x − C4woz + AS (θos,x + woz,xx) = J4ẅo + J5ẅoz.
(17)

3. NAVIER SOLUTION

Eq. (17) can be solved by using Navier solution for the case of the beam with the
simply supported conditions. Assuming the four unknowns have been expanded to the
trigonometric series as follows

uo (x, t) =
∞

∑
n=1

Un (t) cos (λnx) , wo (x, t) =
∞

∑
n=1

Wn (t) sin (λnx) ,

θos (x, t) =
∞

∑
n=1

Θn (t) cos (λnx) , woz (x, t) =
∞

∑
n=1

Wzn (t) sin (λnx) , λn = nπ/L,
(18)

where Un, Wn, Θn and Wzn are the time-dependent unknown coefficients that become
the alternative variables of the problem; n is the term of the series.

When the two concentrated moving harmonic loads Q1 = Qosin(Ω1t + ϕ1) and Q2

= Qosin(Ω2t + ϕ2) are applied on the beam as illustrated in Fig. 1, they may be written
as [11]

q (x, t) =


∞

∑
n=1

Q1
n (t) sin (λnx) , Q1

n (t) =
2Q1

L
sin (λnxQ1) for moving load Q1,

∞

∑
n=1

Q2
n (t) sin (λnx) , Q2

n (t) =
2Q2

L
sin (λnL − λnxQ2) for moving load Q2,

(19)

where Qo is the amplitude of the moving harmonic loads, Ω1 and Ω2 are the excitation
frequencies, ϕ1 and ϕ2 indicate the phase angles, xQ1 and xQ2 are the locations of the
moving loads.

By substituting Eqs. (18) and (19) into Eq. (17) we obtain

KX + MẌ = F. (20)
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The explicit form of the matrices and vectors of Eq. (20) are

K =


k11 k12 k13 k14

k22 k23 k24
k33 k34

sym. k44

 , M =


m11 m12 m13 m14

m22 m23 m24
m33 m34

sym. m44

 ,

F =


0

−Q1
n − Q2

n
0
0

 , X =


Un
Wn
Θn
Wzn

 ,

(21)

The components in the matrices K and M are defined by

k11 = −λ2
n A, k12 = λ3

nB, k13 = −λ2
nBS, k14 = λnC1, k22 = −λ4

nD, k23 = λ3
nDS,

k24 = −λ2
nC2, k33 = −λ2

nHS − AS, k34 = λnC3 − λn AS, k44 = −C4 − λ2
n AS,

m11 = −Io, m12 = λn I1, m13 = −J1, m14 = 0, m22 = −Io − λ2
n I2, m23 = λn J2,

m24 = −J4, m33 = −J3, m34 = 0, m44 = −J5.
(22)

Eq. (20) can be reduced to the equation of free vibration with the natural frequency
ω as follows (

K − ω2M
)

X = 0. (23)

4. NUMERICAL EXAMPLES

4.1. Validation study

Firstly, the first three dimensionless natural frequencies
(

ωiL/h
√

12ρ/E
)

of the an
isotropic homogeneous beam are computed and compared with those of Jafari and Kiani
[11] based on the quasi-3D beam theory. Parameters of the beam are set as E f = Ec = E, ρ f
= ρc = ρ, υ f = υc = υ= 0.3 [11], ϑo = 0.0. The dimensionless natural frequencies are listed
in Table 1. As can be seen, the present results completely agree with those of Jafari and
Kiani [11].

The second validation is conducted for the porous sandwich beam which is com-
posed as steel/steel foam/steel. The free vibration of this beam type was performed by
Songsuwan et al. [9]. Material properties the skins and the core are E f = Ec = 200 GPa,
ρ f = ρc = 7850 kg/m3, υ f = υc = 0.3 [9]. The values of the first dimensionless frequency
with different values of L/h ratio are illustrated in Table 2. The data in Table 2 show
that the numerical results of the different sources are matched very well. The present re-
sults are slightly lower than those of other authors due the use of different beam theories.
The present study uses the quasi-3D beam model while Songsuwan et al. [9] used the
higher-order beam theory (HOBT) in their work.
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Table 1. Comparison of the first three dimensionless frequencies of a homogeneous beam

L/h Sources Theory Mode 1 Mode 2 Mode 3

2 Present Quasi-3D 7.4703 20.5256 34.3054
Jafari and Kiani [11] Quasi-3D 7.4703 20.5256 34.3054

5 Present Quasi-3D 9.2905 32.3474 62.0692
Jafari and Kiani [11] Quasi-3D 9.2905 32.3474 62.0692

10 Present Quasi-3D 9.7121 37.1619 78.4339
Jafari and Kiani [11] Quasi-3D 9.7121 37.1619 78.4339

Table 2. Comparison of the first dimensionless frequency ω̂1 = ω1L
√

ρc (1 − υ2
c ) /Ec

of the porous sandwich beam (ϑo = 0.5, hc/h f = 10)

L/h Sources Theories ω̂1 L/h Sources Theories ω̂1

20 Present Quasi-3D 0.1391 40 Present Quasi-3D 0.0699
[9] HOBT 0.1457 40 [9] HOBT 0.0732

30 Present Quasi-3D 0.0930 50 Present Quasi-3D 0.0559
[9] HOBT 0.0975 50 [9] HOBT 0.0586

The third validation is devoted to the time-dependent response of a solid and homo-
geneous beam with single layer by eliminating the two skin layers and setting eo = 0. The
beam is subjected to one moving load (without the excitation frequency) of magnitude
Qo and constant velocity v. Assuming the deflection and velocity of the system are equal
to zero at t = 0, and neglecting the structural damping. The analytical formulation of the
deflection for the simply-supported (SS) beam and based on the classical beam theory
can be presented as [20]

w (x, t) =
n

∑
i=1

1
ρbhL

× 2Qo

ω2
i − (iπv/L)2 ×

[
sin

(
iπvt

L

)
− iπv

ωL
i

sin
(
ωt

i
)]

× sin
(

iπx
L

)
,

ωi = i2π2
√

Eh2/ (12ρL4), i = 1, 2, ..., n
(24)

The deflection at the center of the beam versus the time is plotted in Fig. 2. The
dimensionless deflection is used as ŵ = 48Ebh3w/

(
12QoL3) for the presentation. For the

aim of validation, this deflection is calculated by two approaches: (a) by the analytical
formulation, i.e., Eq. (24); and (b) by the Navier solution, i.e., Eq. (20), with Newmark-β
method. The time step size is selected as 5 × 10−3 seconds. Parameters of the studied
case are L = 8 m, L/h = 40, v = 8 m/s. The width of the beam is unity. Material properties
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Fig. 2. Dimensionless time-dependent deflection at the center of an isotropic SS beam based on
the Navier solution and the analytical formulation

of the beam are: E = 70 GPa, ρ = 2702 kg/m3, υ = 0.3. It should be noted that the excitation
of the moving load is not included by setting sin(Ωt + ϕ) = 1.

As observed in Fig. 2, the deflections calculated by two approaches are in good agree-
ment, which confirms the reliability of the developed model.

4.2. Parametric study

In this part, the porous sandwich beam which is layered as Aluminum/Aluminum
foam/Aluminum is concerned. The length of the beam is L = 8 m, the width is unity,
and L/h = 40. Material properties are: E f = Ec = 70 GPa, ρ f = ρc = 2702 kg/m3, υ f = υc

= 0.3. For the Newmark integration, the initial deflection and initial velocity are equal to
zero, and the size of the time-step is 5 × 10−3 seconds. The dimensionless deflection is
defined as the third validation (ŵ (x, t) = 48Ebh3w (x, h/2, t) /12QoL3) and is used in the
presentation.

As the beam is subjected to moving loads, the deflection at a section changes over the
time. Fig. 3 plots the dimensionless maximum deflection at the sections along the beam
length (|ŵ|max (x/L)) with different values of porosity coefficient (eo) when the beam is
excited by two loads travelling in the opposite directions along the length. Two moving
harmonic loads with the same excitation frequency (Ω1 = Ω2 = 25 rad/s), and zero phase
angles (ϕ1 = ϕ2 = 0), but different velocities are concerned in this investigation. It can
be observed from the figure that when eo increases, the deflection increases because the
stiffness of the beam decreases; increasing v2 leads to reduce the maximum deflection.
Interestingly, in the cases of eo = 0.0 or eo = 0.8 combined with v2 = 4 m/s, the maximum
values of |ŵ|max (x/L)are not at the middle span of the beam.
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Fig. 4. Dimensionless time-dependent deflection at the center of the beam with different values
of the excitation frequency and moving load velocity (hc/h f = 8, L/h = 40, eo= 0.5, ϕ1 = ϕ2 = 0)

Fig. 4 depicts the dimensionless time-dependent deflection at the center of the beam
with two cases of the excitation frequency combined with three sets of moving load ve-
locities. We also examine the dynamic response of the beam for one second after all the
loads leave the beam (free vibration phase). As seen from the results in Fig. 4 when
v2 > v1, the oscillation amplitude decreases sharply (compared with the case v2 = v1)
after the moving load with v2 leaves the beam. This is because the beam then carries less
load. As expected, when the excitation frequency approaches the fundamental frequency
of the beam (Ω1 = Ω2 = 46.0 ≈ ω1 = 46.7347 rad/s), the resonance phenomenon occurs;
the oscillation amplitude increases rapidly and reaches very large deflection. Besides, in
the free vibration phase, the oscillation amplitude does not change.



Dynamic response of sandwich beam with porous core excited by two harmonic loads travelling in opposite directions 55

Fig. 5 aims to investigate the dynamic deflection in the resonance case (Ω1 = Ω2 =
46.0 ≈ ω1 = 46.7347 rad/s), but different phase angles and different velocities of the two
moving loads. Three sets of the phase angles (ϕ1 = ϕ2 = 0, ϕ1 = 0 and ϕ2 = π, ϕ1 = π and
ϕ2 = 0) combined with two sets of the moving load velocities (v1 = v2 = 2 m/s, v1 = 2
m/s and v2 = 8 m/s) are considered in the investigation. The figure shows that when the
two moving loads are in the same phase (ϕ1 = ϕ2 = 0), the beam is then in the resonance
situation with a very large dynamic deflection. However, in the other two cases (ϕ1 = 0
and ϕ2 = π, ϕ1 = π and ϕ2 = 0), the two moving loads always act in opposite directions
(in the antiphase) the oscillation amplitude is much smaller than the same phase in the
case of v1 ̸= v2 (see Fig. 5(b)) and the vibration is even eliminated in the case of v1 = v2

(see Fig. 5(a)). In addition, in the case v2 > v1 when the first load leaves the beam, the
resonance phenomenon occurs again; the oscillation amplitude increases rapidly.

Dynamic response of sandwich beam with porous core excited by two harmonic loads travelling in  
opposite directions 

9 

with the case v2 = v1) after the moving load with v2 leaves the beam. This is because the beam then 
carries less load. As expected, when the excitation frequency approaches the fundamental frequency of 

the beam (W1 = W2 = 46.0 » w1 = 46.7347 rad/s), the resonance phenomenon occurs; the oscillation 
amplitude increases rapidly and reaches very large deflection. Besides, in the free vibration phase, the 
oscillation amplitude does not change. 

Figure 5. Dimensionless time-dependent deflection at the center of the beam in the resonance case, but 
different phase angles and velocities of the moving loads (hc/hf = 8, L/h = 40, eo = 0.5). 

 Figure 5 aims to investigate the dynamic deflection in the resonance case (W1 = W2 = 46.0 » w1 
= 46.7347 rad/s), but different phase angles and different velocities of the two moving loads. Three sets 
of the phase angles (f1 = f2 = 0, f1 = 0 and f2 = p, f1 = p and f2 = 0) combined with two sets of the 
moving load velocities (v1 = v2 = 2 m/s, v1 = 2 m/s and v2 = 8 m/s) are considered in the investigation. 
The figure shows that when the two moving loads are in the same phase (f1 = f2 = 0), the beam is then 
in the resonance situation with a very large dynamic deflection. However, in the other two cases (f1 = 0 
and f2 = p, f1 = p and f2 = 0), the two moving loads always act in opposite directions (in the antiphase), 
the oscillation amplitude is much smaller than the same phase in the case of v1 ¹ v2 (see Figure 5 (b)) 
and the vibration is even eliminated in the case of v1 = v2 (see Figure 5 (a)). In addition, in the case v2 > 
v1, when the first load leaves the beam, the resonance phenomenon occurs again; the oscillation 
amplitude increases rapidly. 

5. Conclusions 
The paper presents the dynamic response of a sandwich beam with a porous core excited by two 

harmonic loads travelling in opposite directions. The beam is composed of two isotropic face sheets and 
a porous core with symmetric porosity distribution. The quasi-3D shear deformation beam theory in 
conjunction with Hamilton's variational principle is utilized to derive the governing equations of motion. 
The Navier solution is used to obtain the explicit forms of the displacement field. The accuracy of the 
study is validated by comparing with existing results in the literature for specific cases. Effects of the 
velocity and excitation frequency of the moving loads on the deflection-time history are investigated 
and discussed. The numerical results reveal that (1) the dynamic deflection is strongly affected by the 
combined velocities of two moving loads; (2) in the case of the double-moving harmonic loads with the 
same amplitude Qo are in the antiphase, the resonance phenomenon cannot occur when the excitation 
frequency approaches the natural frequency of the beam.  

(a) v1 = 2 m/s, v2 = 2 m/s

Dynamic response of sandwich beam with porous core excited by two harmonic loads travelling in  
opposite directions 

9 

with the case v2 = v1) after the moving load with v2 leaves the beam. This is because the beam then 
carries less load. As expected, when the excitation frequency approaches the fundamental frequency of 

the beam (W1 = W2 = 46.0 » w1 = 46.7347 rad/s), the resonance phenomenon occurs; the oscillation 
amplitude increases rapidly and reaches very large deflection. Besides, in the free vibration phase, the 
oscillation amplitude does not change. 

Figure 5. Dimensionless time-dependent deflection at the center of the beam in the resonance case, but 
different phase angles and velocities of the moving loads (hc/hf = 8, L/h = 40, eo = 0.5). 

 Figure 5 aims to investigate the dynamic deflection in the resonance case (W1 = W2 = 46.0 » w1 
= 46.7347 rad/s), but different phase angles and different velocities of the two moving loads. Three sets 
of the phase angles (f1 = f2 = 0, f1 = 0 and f2 = p, f1 = p and f2 = 0) combined with two sets of the 
moving load velocities (v1 = v2 = 2 m/s, v1 = 2 m/s and v2 = 8 m/s) are considered in the investigation. 
The figure shows that when the two moving loads are in the same phase (f1 = f2 = 0), the beam is then 
in the resonance situation with a very large dynamic deflection. However, in the other two cases (f1 = 0 
and f2 = p, f1 = p and f2 = 0), the two moving loads always act in opposite directions (in the antiphase), 
the oscillation amplitude is much smaller than the same phase in the case of v1 ¹ v2 (see Figure 5 (b)) 
and the vibration is even eliminated in the case of v1 = v2 (see Figure 5 (a)). In addition, in the case v2 > 
v1, when the first load leaves the beam, the resonance phenomenon occurs again; the oscillation 
amplitude increases rapidly. 

5. Conclusions 
The paper presents the dynamic response of a sandwich beam with a porous core excited by two 

harmonic loads travelling in opposite directions. The beam is composed of two isotropic face sheets and 
a porous core with symmetric porosity distribution. The quasi-3D shear deformation beam theory in 
conjunction with Hamilton's variational principle is utilized to derive the governing equations of motion. 
The Navier solution is used to obtain the explicit forms of the displacement field. The accuracy of the 
study is validated by comparing with existing results in the literature for specific cases. Effects of the 
velocity and excitation frequency of the moving loads on the deflection-time history are investigated 
and discussed. The numerical results reveal that (1) the dynamic deflection is strongly affected by the 
combined velocities of two moving loads; (2) in the case of the double-moving harmonic loads with the 
same amplitude Qo are in the antiphase, the resonance phenomenon cannot occur when the excitation 
frequency approaches the natural frequency of the beam.  

(b) v1 = 2 m/s, v2 = 8 m/s

Fig. 5. Dimensionless time-dependent deflection at the center of the beam in the resonance case,
but different phase angles and velocities of the moving loads (hc/h f = 8, L/h = 40, eo= 0.5)

5. CONCLUSIONS

The paper presents the dynamic response of a sandwich beam with a porous core
excited by two harmonic loads travelling in opposite directions. The beam is composed
of two isotropic face sheets and a porous core with symmetric porosity distribution.
The quasi-3D shear deformation beam theory in conjunction with Hamilton’s variational
principle is utilized to derive the governing equations of motion. The Navier solution is
used to obtain the explicit forms of the displacement field. The accuracy of the study is
validated by comparing with existing results in the literature for specific cases. Effects of
the velocity and excitation frequency of the moving loads on the deflection-time history
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are investigated and discussed. The numerical results reveal that (1) the dynamic deflec-
tion is strongly affected by the combined velocities of two moving loads; (2) in the case
of the double-moving harmonic loads with the same amplitude Qo are in the antiphase,
the resonance phenomenon cannot occur when the excitation frequency approaches the
natural frequency of the beam.
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