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Abstract. In civil engineering, distinct mechanical properties and behaviors of structural
steel rods necessitate a novel approach to material modeling. This study extends the ap-
plication of recently proposed strain-hardening laws, originally developed for automo-
tive sheet metals, to several structural steel rods (CB240-T and CB300-T). Standard uniax-
ial tensile tests are conducted for each examined material to obtain experimental stress-
strain data. Various curve fitting methods are then employed to refine the parameters of
the strain-hardening laws, enabling accurate representation of the steel rods mechanical
behavior. Subsequently, these laws are implemented in Abaqus software for numerical
simulation of uniaxial tensile tests, facilitating the analyses of material response under
uniaxial tensile loading condition. Compared to the measured data, the predicted force-
displacement curves are in good agreement with the measurements until the tail of the
curves. The comparisons verify the ability and potential of the examined hardening law
for studying the post-necking behavior of structural steels. The outcomes provide a frame-
work for more precise characterization of structural steel materials.

Keywords: structure steel rods, hardening law, post-necking, finite element analysis, uni-
axial tensile test.

1. INTRODUCTION

Structural steel rods are widely used in building constructions and civil engineer-
ing due to their high strength and toughness. Plastic deformations induce the so-called
hardening behavior of steel rods that significantly affects material properties [1, 2]. Un-
derstanding this mechanical behavior plays a crucial role for ensuring the safety and
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reliability of structures. Therefore, accurate modeling of the hardening behavior of steel
rods is mandated to evaluate the collapse resistant capacity of structures. Traditionally,
material models for structural steel have relied on simple linear elastic or isotropic hard-
ening laws to simulate their behavior under stress. However, these models often fail to
capture the nonlinear and post-necking behaviors exhibited by steel rods, particularly
under extreme loading conditions [3, 4].

Descriptions of strain hardening behavior of steel materials have been investigated
for many years. The hardening responses are commonly characterized by true stress-
strain curves obtained from uniaxial tensile tests. Furthermore, the captured hardening
behavior is then reproduced mathematically by a hardening law. Many formulas have
been proposed to describe the hardening behavior of different steel materials, for ex-
ample, Ramberg and Osgood [5], Hollomon [6], Swift [7], Ludwigson [8]. Within each
formula, application of the hardening law for a wide variety of materials is a challenge,
although excellent results have been provided for specific materials. These formulas have
been extended in different ways to broaden their application in practical use [9–11]. These
extended formulas require more parameters to reproduce the hardening behavior of the
investigated materials. The act always increases the number of parameters involved to
the hardening law formulation, that raises difficulty in calibrating these parameters.

Recently, several formulas have been proposed by one of the authors to provide a
better description of the hardening behavior of automotive sheet metals [12, 13]. Ben-
efits of these proposed formulas, such as high flexibility within a requirement of four
parameters were demonstrated in previous studies for automotive aluminum alloy and
steel sheets [14,15]. It is worth noticing that the chemical components of structural steels
differ significantly from those of automotive materials. In detail, the percentage of car-
bon in the former is extremely higher than those of the latter. The difference leads to
phase-transform phenomenon which are frequently observed structural steels. Due to
the occurrence of phase transformations, the stress-strain curves of structural steels are
conventionally divided into different stages of deformation [16]. That makes describing
the hardening behavior of structural steels by a single function more difficult, in compar-
ing to automotive steels.

This study examines the potential of newly proposed hardening laws for several
structural steel rods including CB240-T and CB340-T materials. The rest of the paper
is structured as follows. Section 2 presents in detail the uniaxial tensile tests that were
conducted to achieve the experimental hardening behaviors of the tested materials. For-
mulations of the examined hardening laws are revisited in Section 3. Parameters of these
hardening laws are then identified by a common curve fitting method. Section 4 validates
the usefulness of the identified hardening laws in simulating the uniaxial tensile tests for
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all investigated materials. Section 5 summarizes and discusses the work’s perspectives
and limitations.

2. EXPERIMENT

The tested materials in this study are structural steel rods CB240-T and CB300-T
with diameters of 6 mm and 8 mm, respectively. These materials are widely used in civil
engineering and construction. Uniaxial tensile tests are conducted following the Viet-
namese standard TCVN 1651-1:2018 [17]. During experimental tests, a specimen which
is prepared with an initial length of 250 mm is pulled with a constant crosshead speed
of 3 mm/min until failure. The loads acting on the specimen are recorded by a load-
cell, while the displacement of an initial gauge length is recorded. Fig. 1 shows force-
displacement curves obtained from three tests conducted for each investigated material
to verify the repeatability. For both materials, the derived force-displacement curves and
maximum forces are in high agreements until the tail of the curves, where presents a
moderate difference in the data of Test 2 data (for CB240-T) and Test 3 data (for CB300-T)
comparing to other test samples. Thus, the curve obtained from the first test of each ex-
amined material is used to calculate the stress-strain curves, which are reported in Fig. 2.
It is seen that the yield points are approximately 8.3 MPa at 2.5 mm of displacement for
CB240-T and 13.2 MPa at 2.8 mm of displacement for CB300-T, respectively. Prior to this
point is the elastic region. Following this point is the hardening phase until the CB240-T
experiences maximum stresses of around 11.7 MPa at approximately 42.7 mm displace-
ment, and 21.7 MPa at 47.8 mm displacement for CB300-T, in line with the maximum
forces. Beyond this threshold, the mechanical behavior transitions into the post-necking
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Fig. 1. Force-displacement curves obtained from three uniaxial tensile tests for
two tested materials (a) CB240-T and (b) CB300-T
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region, which enables the rapid decrease of stress over a short relative displacement until
the fractures occur.

 3 
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Fig. 2. Stress-strain curves of the tested materials obtained from the uniaxial tensile test (a) CB240-T and 67 
(b) CB300-T 68 
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Fig. 2. Stress-strain curves of the tested materials obtained from the uniaxial tensile test
(a) CB240-T and (b) CB300-T

The stress-strain curve for a material is constructed by elongating the sample and
recording the stress variation with strain until the sample fractures. It is often presumed
that the cross-sectional area of the material remains constant throughout the entire defor-
mation process. However, this assumption is inaccurate as the actual area decreases dur-
ing deformation due to both elastic and plastic deformation. The curve originating from
the initial cross-sectional area and gauge length is termed the ‘engineering’ stress-strain
curve, also known as nominal stress-strain curve (i.e., continuous line in Fig. 2), while
the curve originating from the instantaneous cross-sectional area and length is termed
the ‘true’ stress-strain curve (i.e., dash line in Fig. 2). The detailed procedure to deter-
mine engineering stress-strain curves and true stress-strain curves can be found in the
Abaqus software manual [18]. An obvious observation is that the true stress-strain curve
consistently maintains or increases its value. This is attributed to the fact that the material
does not weaken. The decrease in the engineering stress is an illusion created because the
engineering stress does not consider the decreasing cross-sectional area of the sample.

3. CONSTITUTIVE MODEL

3.1. Hardening models

The most widely used hardening constitutive for steel materials is the model pro-
posed by Swift [5] of which the formulation is expressed as
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Swift: σ = c1 (c2 + ε)c3 , (1)

where σ is the flow stress, ε is the equivalent plastic strain, and c1 ∼ c3 are material
parameters that are needed to be identified. Although this model has been widely used
for many steel materials, it seems to be lack of the flexibility to reproduce the entire stress-
strain relationship for many sheet metals, especially in the post-necking regimes [19–
22]. Recently, Pham and Kim [12] proposed a multiplicative hardening law (labelled by
“Model 2”) for sheet metals expressed as the follows

Model 2: σ = c1 + c2 (1 − exp (−c2ε)) (0.002 + ε)c4 . (2)

Furthermore, improvements of the Swift hardening law were proposed [11]. Based
on these models (labelled by “Model 3” and “Model 4”), the flow stress can be calculated
as the follows

Model 3: σ = c1 (2 − exp (−c2ε) + c3ε)c4 , (3)

Model 4: σ = c1

1 +
c2 ε̄[

1 + (c3 ε̄)4
]1/c4

 . (4)

These proposed hardening laws contain four parameters. Their capacity in captur-
ing the hardening behavior of several automotive sheet metals has been proved in the
previous study [11].

3.2. Parameter identification

The most widely used method for parameter identification is numerical fitting. The
method is available in calculation packages such as Excel, Matlab, etc. In this calibration
method, a cost function is constructed based on the difference between the experimental
data and the hardening law’s predictions as follows

f =
N

∑
i=1

(
σ

exp
i − σ

pre
i

)2
, (5)

where σ
exp
i and σ

pre
i denote the experimental and predicted stresses, N denotes the num-

ber of total data. An optimization algorithm, such as general gradient decent, is applied
to determine parameters by minimizing the cost function. The goodness of the identified
hardening law is estimated by the coefficient of determination, of which formulation is
expressed as follows

R2 = 1 − ∑
(
σ

exp
i − σ

pre
i

)2

∑
(
σ

exp
i − µσ

)2 , (6)
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where µσ is the mean value of all experimental stresses. The aforementioned fitting
method is applied to identify parameters of all considering hardening laws for two tested
materials.

3.3. Comparison

Table 1 reports parameters of the identified hardening laws for both two materials
along with the cost function and R2 coefficient. In addition, Fig. 3(a) and Fig. 4(a) il-
lustrate the flow curves of these materials predicted by the examined hardening laws in
comparison to the experimental data. Moreover, Fig. 3(b) and Fig. 4(b) depict the extrap-
olation of these hardening laws to an extensive strain range.

Table 1. Identification of hardening law’s parameters and their evaluation

Model c1 c2 c3 c4 f R2

CB240-T

Swift 781.13 MPa 0.0315 0.2651 - 84.9 MPa2 0.99993
Model 2 316.16 MPa 589.12 61.65 0.630 387.9 MPa2 0.99967
Model 3 312.73 MPa 9.03 15.18 0.333 84.0 MPa2 0.99993
Model 4 311.98 MPa 9.75 3.74 0.594 101.4 MPa2 0.99991

CB300-T

Swift 840.11 MPa 0.0278 0.290 - 232.2 MPa2 0.99982
Model 2 305.71 MPa 631.92 45.38 0.602 618.4 MPa2 0.99953
Model 3 300.0 MPa 10.32 4.18 0.601 31.3 MPa2 0.99998
Model 4 299.26 MPa 9.63 4.37 0.760 33.3 MPa2 0.99998
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ting results and (b) Extrapolation to a large strain range

According to Table 1, all considering hardening laws give good approximations for
the experimental data where the coefficient of determination, R2 is always higher than
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0.999. In the case of CB240-T materials, the highest cost function of 387.9 MPa2 and the
lowest R2 are observed by Swift model. Whereas the highest cost function of 618.4 MPa2

and the lowest R2 for CB300-T material is observed in the case of Model 2. Furthermore,
Model 3 and Model 4 yield extremely good cost functions and coefficient of determina-
tion for both two materials, especially compared to those of the others. The comparison
indicates the flexibility of these two hardening models for reproducing the hardening
behaviors of steel materials.  6 
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(a) Fitting results (b) Extrapolation to a large strain range

As seen in Fig. 3(a) and Fig. 4(a), all of these hardening laws present excellent approx-
imations for the experimental data up to around 0.25 of effective plastic strain, for both
CB240-T and CB300-T materials. However, their extrapolations to large strain ranges (i.e.,
beyond 0.3 of effective plastic strain) show significant deviations as shown in Fig. 3(b)
and Fig. 4(b). The stresses at the transition points are predicted at around 569 MPa for
CB240-T and 589 MPa for CB300-T, respectively. Model 2 always gives the highest pre-
dictions in large strain ranges; Model 4 gives the lowest predictions. The forecasts of
Model 3 and Swift are close together. A slight deviation is observed where the prediction
of Model 3 is foremost linear in the extensive strain ranges, while, those of Swift shows
a nonlinear curvature. The observation is explainable from the formulation of Model 3
where the contribution of the linear term (i.e. c3ε) exceeds those of the non-linear term
(i.e. exp (−c2ε)) in the large strain ranges.

4. FINITE ELEMENT ANALYSIS

A finite element model is developed in Abaqus/Explicit software [18] to simulate the
uniaxial tensile tests for both materials. Eight-node solid elements with reduced integra-
tion (C3D8R) with a total of 5168 elements are used to model the steel rods. The steel rods
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have a length of 250 mm with a diameter of 6mm for CB240-T and 8 mm for CB300-T, re-
spectively. Fig. 5 shows mesh generation on the FE specimen. The maximum mesh size is
not exceeded 2 mm. During simulations, one end of the rod is fixed and a constant veloc-
ity, replicating to the constant crosshead speed of 3 mm/min in experiments, is applied
to the another end. Mises yield function [18] is coupled with the identified hardening
laws (obtained from Section 3) to describe the plastic deformation of the tested materials.
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Fig. 6. Comparison between the predicted forces based on the examined hardening laws and
the measured data (a) CB240-T and (b) CB300-T

After simulations, the predicted axial forces based on these hardening laws are com-
pared to the experimental data and reported in Fig. 6. The vertical line in this figure
indicates the measured crosshead displacement of the maximum loading force measured
in the experiments (i.e., 11.7 MPa at 42.7 mm displacement for CB240-T, and 21.7 MPa at
47.8 mm displacement for CB300-T). As seen in Fig. 6, all of these hardening laws yield
good predictions for axial loads up to the maximum force. It can be said that all hard-
ening laws adopted in this study are perfect applicable to the hardening behavior the
structural steel rods. Slight differences are observed at the tails of these curves (i.e., post-
necking behavior), where the predictions of Model 2 overestimate the experimental data
of the two materials. Swift and Model 3 give similar predictions during the entire load-
ing forces process, which are more or less comparable to the measured data of CB240-T
and CB-300-T, respectively. Model 4 provides excellent prediction for the experimental
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curves of the tested materials, especially for CB240-T rod. Comparisons clarify the po-
tential application of Model 3 and Model 4 in reproducing the hardening behavior of
structural steels.

5. CONCLUSIONS

This study examined the ability of four hardening laws in reproducing the harden-
ing behaviors of two steel rods. These hardening laws include a well-established model
proposed by Swift and three newly proposed models which were initially introduced for
automotive sheet metals. It is seen that all of these models are able to capture well the ex-
perimental data obtained from uniaxial tensile tests of CB240-T and CB300-T steel rods.
Comparison between simulated and measured loading forces during the testes pointed
out that the applications of Model 4 for the tested materials are very promising, while
predictions of Model 3 are mostly identical to those of Swift model in the current exami-
nations. Future studies on their applications for structural steels are deserved for further
investigations. However, the predictions of Model 2 seem to overestimate the experi-
mental data of two materials. Care should be taken in applying this model for different
structural steel materials, especially for predictions in the large strain ranges. Use of an
advanced calibration method may improve its accuracy of post-necking prediction.

Although the promising results and insights are provided by this study, several lim-
itations and assumptions can be drawn as following:

- The study focused on limited materials with two specific types of structural steel
rods (CB240-T and CB300-T). This requires additional calibration and validation on other
steel grades and structural steel plates to cover the structural steel in civil engineering;

- Uniaxial tensile tests were used to evaluate the performance of the hardening laws.
While this provides valuable data, variation of loading conditions such as compression,
combined loading, fatigue loading or cyclic loading on structural rods are often more
complex and must be taken into account in reality;

- The Von-Mises model used in the analysis assumes the material homogeneity and
the strain isotropy, which may not always be the case in practical scenarios. Hetero-
geneities in material properties, caused by factors such as manufacturing processes or
structural defects, have the potential to affect the accuracy of the predictions;

- The mesh size being used is assumed to be sufficient to capture the deformation of
the material in the large deformation zone (post-necking behavior);

- The analyses do not account for the strain rate sensitivity of structural steel rods,
where the material mechanical properties can vary depending on the rate at which it is
deformed.
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sheet metal materials using full field measurement. Journal of Materials Processing Technology,
238, (2016), pp. 315–324. https://doi.org/10.1016/j.jmatprotec.2016.07.036.

[21] S.-J. Park, B. C. Cerik, and J. Choung. Comparative study on ductile fracture prediction
of high-tensile strength marine structural steels. Ships and Offshore Structures, 15, (2020),
pp. S208–S219. https://doi.org/10.1080/17445302.2020.1743552.

[22] Z. Yao and W. Wang. Full-range strain-hardening behavior of structural steels: Experimental
identification and numerical simulation. Journal of Constructional Steel Research, 194, (2022).
https://doi.org/10.1016/j.jcsr.2022.107329.

https://doi.org/10.3390/met12040578
https://doi.org/10.1007/s00170-022-08698-z
https://doi.org/10.1007/s00170-022-08698-z
https://doi.org/10.1016/j.mechmat.2021.104031
https://doi.org/10.1016/j.measurement.2021.109407
https://doi.org/10.1016/j.marstruc.2018.08.004
https://doi.org/10.1016/j.jmatprotec.2016.07.036
https://doi.org/10.1080/17445302.2020.1743552
https://doi.org/10.1016/j.jcsr.2022.107329

	1. INTRODUCTION
	2. EXPERIMENT
	3. CONSTITUTIVE MODEL
	3.1. Hardening models
	3.2. Parameter identification
	3.3. Comparison

	4. FINITE ELEMENT ANALYSIS
	5. CONCLUSIONS
	DECLARATION OF COMPETING INTEREST
	ACKNOWLEDGMENT
	REFERENCES

