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Abstract. This paper analyses free vibrations of framed nanostructures made of Function-
ally Graded Material (FGM) based on the Nonlocal Elastic Theory (NET) and the Dynamic
Stiffness Method (DSM). FGM characteristics vary nonlinearly throughout the height of
the beam element. The NET considers the nonlocal parameter that perfectly captured the
size effect of nanostructures. However, the NET makes nonlocal paradoxes in the bend-
ing and vibration behaviour of framed nanostructures with the free ends. To overcome
these phenomena, the nanostructure is modelled according to the Euler–Bernoulli beam
theory and the variational-consistent nonlocal boundary conditions have been derived.
The exact solutions of differential equations of motion and variational-consistent nonlocal
boundary conditions are found using the DSM. The influences of the nonlocal, material,
geometry parameters and Pasternak’s foundation on the free vibration are then analyzed.
It is shown that the study can be applied to other FGMs as well as more complicated
framed structures.

Keywords: FGM, nanobeam, DSM, variational-consistent boundary conditions, nondimen-
sional frequency.

1. INTRODUCTION

Functionally Graded Material (FGM) is an advanced composite material designed
to attain numerous superior thermal and mechanical properties, thereby enhancing the
functionality of numerous existing structures [1]. The FGM is widely utilised in many
fields, such as aerospace technology, chemistry, automobiles, electronics, optics, biomedi-
cal engineering, nuclear and mechanical engineering and so on. Micro/nano-sized struc-
tures such as plates, sheets and beams made of FGMs are also used in MEMS/NEMS
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devices to earn high sensitivity and desired performance [2–6]. Nanomechanical res-
onators, nanoscale mass sensors, electromechanical nanoactuators, nanoscale generators,
and nanoenergy harvesters are salient examples of these NEMS-based devices.

At the macroscale, the stress tensor at a particular point is a function of the strain
tensor at the same point according to classical elasticity theory. However, the classical
elasticity theory is unable to consider small-size effects at the micro/nanoscale because
the dimensions of the structures are equivalent to their inter-atomic distances. To ad-
dress the issue, Eringen proposed Nonlocal Elasticity Theory (NET) [7], which assumes
that the stress tensor depends not only on the strain tensor at one point but also on the
strain tensors at all surrounding points. Nowadays, the NET is widely used to research
micro/nanostructures made of homogeneous materials [8, 9] and FGM materials [10].

The governing equations to study bending, vibration and stability problems of ho-
mogeneous beams are established in [11]. Analytical and semi-analytical methods [12–
17], Finite Element Method (FEM) [18–26], Differential Transform Method (DTM) [27],
and Differential Quadrature Method (DQM) [28] are applied to study the bending, sta-
bility, and vibration of nanobeams made of homogeneous and FGM materials. It is worth
noting that the above methods are restricted to nanobeams. For complicated nanostruc-
tures such as multi-span beams, multi-stepped beams and nanoframes, FEM is applied
to analyze the bending, vibration and buckling of nanostructures. It has been observed
that the Finite Element Method (FEM) is an approximation technique that relies on the
selection or assumption of shape functions, regardless of the frequencies involved. Con-
sequently, FEM may not accurately capture high frequencies and mode shapes, even with
a refined element mesh and the utilization of more complex elements [29, 30]. The Dy-
namic Stiffness Method (DSM) is an excellent alternative method that addresses the afore-
mentioned limitation of FEM. It achieves this by utilizing frequency-dependent shape
functions derived from exact solutions of the vibration problem [31–34]. They can be jus-
tifiably regarded as exact because there are no assumptions made on route to describe
the displacement field. If there are any perceived assumptions, they are within the lim-
its of the governing differential equations of motion. Although these exact solutions are
not easily found for complicated structures, in possible cases, they help us find the ex-
act response of the structure, especially in a high-frequency range. Moreover, responses
of the structure obtained from DSM are not independent of the number and selection
of finite elements. Adhikari et al. [35] applied DSM to analyse the vibration of damped
nanorods [20], nanorods embedded in an elastic medium [36], and damped nanobeam
on an elastic foundation [37]. Recently, Taima et al. [38] used DSM to analyse the free
vibration of multi-stepped FGM Bernoulli-Euler nanobeams.

Although NET is widely used to research micro/nanostructures, the NET can cre-
ate some nonlocal paradoxes in the bending and vibration of nanobeams and nanoplates
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[39, 40]. For example, an incorrect stiffening phenomenon happens to a fundamental
frequency of nanostructures with free ends [40]. These paradoxes occur owing to the
inconsistent establishment of the boundary conditions for nanostructures. These incon-
sistent boundary conditions are obtained by simply replacing the classical force resul-
tants with the nonclassical force resultants in the equilibrium equations [41]. A correc-
tion of the boundary conditions is needed when applying the nonlocal model of Eringen
to nanostructures with free ends. There are many proposals to solve these paradoxes
such as Challamel et al. [42] proposed a discrete nanobeam model, Khodabakhshi and
Reddy [43] proposed a integro-differential model. Some authors established the cor-
rect nonlocal boundary conditions using variational formulations. Zhang et al. [44] used
the method of weighted residuals to obtain the boundary conditions for the buckling of
nonlocal Timoshenko homogeneous beams with simply supported ends. Yan et al. [45]
employed Galerkin method to receive correct nonlocal bending deflections of homoge-
neous nanostructures. Xu et al. [46] applied the weighted residual method to obtain
the variational-consistent boundary conditions for homogeneous nanobeams. Aria and
Friswell [26] utilised the weak form of equations of motion and applied FEM to analyse
the vibration of FGM nanobeams. Recently, Lien et al. [47] used the weak form of the
equation of motion to obtain the variational-consistent boundary conditions of the FGM
Timoshenko nanobeams.

To the best of the authors’ knowledge, a correction of the boundary conditions for
the nonlocal FGM nanobeams and nanostructures with free ends is a gap that must be
fulfilled. In this work, the variational-consistent nonlocal boundary conditions and the
exact solutions of differential equations of motion of FGM Euler-Bernoulli nanobeams
have been derived. This solution has overcome the nonlocal paradox of the fundamental
frequency of nanobeams and nanostructures with the free ends. From there, the changes
in the vibration frequencies of FGM framed nanostructures considering the material dis-
tribution profile, nonlocal effects and the Pasternak’s foundation are studied. A compre-
hensive investigation has been conducted to study the impact of nonlocal size effects,
material distribution profile, geometry, and Pasternak’s foundation parameters on the
vibration frequency of nanostructures with free ends.

2. A NONLOCAL FGM EULER–BERNOULLI NANOBEAM
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An FGM beam of the length L and rectangular cross section b´h rested on the Pasternak’s elastic 
foundation (Fig.1) is considered. Assuming the material properties of the FGM beam varies along 
the height following the power-law distribution (P-FGM) as follows [1] 
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Figure 1: A FGM nanobeam on a Pasternak’s elastic foundation 
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Fig. 1. A FGM nanobeam on a Pasternak’s elastic foundation
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A FGM beam of the length L and rectangular cross-section b× h rested on the Paster-
nak’s elastic foundation (Fig. 1) is considered. Assuming the material properties of the
FGM beam vary along the height following the power-law distribution (P-FGM) as fol-
lows [1]

{P(z)} = {Pb}+ {Pt − Pb}
(
z
/

h + 0.5
)n, −0.5h ≤ z ≤ 0.5h, (1)

where P stands for modulus of elastic modulus E, shear modulus G, and mass density
ρ, respectively; the subscripts t and b refer to the corresponding top and bottom layer
materials; n is the power law or volume fraction index; and z is the coordinates from the
mid-plane of the beam.

The displacements of the Euler–Bernoulli beam can be represented in the form as
follows

u(x, z, t) = u0(x, t)− (z− h0)w0,x(x, t), w(x, z, t) = w0(x, t), (2)

where u0(x, t), w0(x, t) are the longitudinal and transverse displacements of a point on
the neutral axis, respectively; h0 is the distance from the neutral axis to the x-axis. From
(2), we get the strain component

εxx = u0,x − (z− h0)w0,xx(x, t). (3)

Setting

(A11, A12, A22) =
∫
A

E(z)
(

1, z− h0, (z− h0)
2
)

dA,

(I11, I12, I22) =
∫
A

ρ(z)
(

1, z− h0, (z− h0)
2
)

dA,
(4)

where A11, A12, and A22 are the rigidities, and I11, I12, and I22 are the mass moments,
respectively. Ignoring the influence of the nonlocal parameter and axial displacement,
Eltaher [24] determined the neutral axis position from the condition that the axial force
at the cross-section vanishes. This leads to the condition A12 = 0 and h0 as follows

h0 =
n(RE − 1)h

2(n + 2)(n + RE)
, RE =

Et

Eb
. (5)

Using notations δT, δU and δϑ are the variation of the kinetic energy, the strain en-
ergy of the nanobeam and the elastic foundation, respectively, one can write as

δT =

L∫
0

[I11 (u̇0δu̇0 + ẇ0δẇ0)− I12 (u̇0δẇ0,x + ẇ0,xδu̇0) + I22ẇ0,xδẇ0,x]dx,

δU =

L∫
0

(Nδu0,x −Mδw0,xx)dx, δϑ =

L∫
0

(
Kww0δw0 + Kpw0,xδw0,x

)
dx,

(6)
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where N and M are the axial normal force and the bending moment, respectively

N =
∫
A

σxxdA, M =
∫
A

(z− h0) σxxdA, (7)

Kw, Kp are the stiffness of Pasternak’s elastic foundation. Applying Hamilton’s principle

δL = δ

T∫
0

Ldt =
T∫

0

(δT − δU − δϑ)dt = 0,

one can get the equations of motion

N,x = I11ü0 − I12ẅ0,x, M,xx − Kww0 + Kpw0,xx = I11ẅ0 + I12ü0,x − I22ẅ0,xx, (8)

and the corresponding boundary conditions

u0 = 0 or N = 0, w0 = 0 or Q = M,x − I12ü0 + I22ẅ0,x = 0, w0,x or M = 0. (9)

The nonlocal constitutive equations for nanobeams can be written in the form [7]

σxx − µσxx ,xx = Eεxx, µ = (e0a)2, (10)

where e0 is a constant of each material; a and l are internal and external characteristic
lengths, respectively; µ = e2

0a2 is a nonlocal parameter. Then

N − µN,xx = A11u0,x − A12w0,xx, M− µM,xx = A12u0,x − A22w0,xx. (11)

Substituting (11) into Eqs. (8), (9) leads to the equations of vibration

A11u0,xx − A12w0,xxx + µ (I11ü0,xx − I12ẅ0,xxx)− I11ü0 + I12ẅ0,x = 0,

A12u0,xxx − A22w0,xxxx + µ [I11ẅ0,xx + I12ü0,xxx − I22ẅ0,xxxx]− I11ẅ0

− I12ü0,x + I22ẅ0,xx − Kww0 + Kpw0,xx + µ
(
Kww0,xx − Kpw0,xxxx

)
= 0,

(12)

and the corresponding natural boundary conditions at the free ends

N = A11u0,x − A12w0,xx + µ (I11ü0,x − I12ẅ0,xx) = 0,

M = −
(

A22 + µKp
)

w0,xx + A12u0,x + µ (I11ẅ0 + I12ü0,x − I22ẅ0,xx + Kww) = 0,

Q = −
(

A22 + µKp
)

w0,xxx + A12u0,xx + µ
(

I11ẅ0,x + I12ü0,xx − I22ẅ0,xxx + Kww′x
)

− I12ü0 + I22ẅ0,x = 0.

(13)

It can be shown that the nonlocal equations (12) with the boundary conditions (13) are
not self-adjoint for nanostructures with free ends. It is worth noting that the resultants in
the expressions (13) are not variational–consistent. To overcome this nonlocal paradox,
the weak form of differential equations is obtained by multiplying Eqs. (12) by δu0, δw0,
respectively
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0 =

t1∫
t0

L∫
0

[A11u0,xx − A12w0,xxx − I11ü0 + I12ẅ0,x + µ (I11ü0,xx − I12ẅ0,xxx)]δu0dxdt

+

t1∫
t0

L∫
0

 A12u0,xxx − A22w0,xxxx − I11ẅ0 − I12ü0,x + I22ẅ0,xx
+µ (I11ẅ0,xx + I12ü0,xxx − I22ẅ0,xxxx)
−Kww0 + Kpw0,xx + µ

(
Kww0,xx − Kpw0,xxxx

)
δw0dxdt.

(14)

Integrating by parts, the weak form of Eqs. (12) is rewritten as follows

0 =

t1∫
t0

L∫
0

[δT − δU − δϑ]dxdt +
t1∫

t0

[Nδu0 + Mδw0,x + Qδw0]

∣∣∣∣L
0
dt

+

L∫
0

[
(−I11u̇0 + µI11u̇0,xx + I12ẇ0,x − µI12ẇ0,xxx) δu0+
(−I12u̇0,x + µI12u̇0,xxx − I11ẇ0 + µI11ẇ0,xx + I22ẇ0,xx − µI22ẇ0,xxxx) δw0

]∣∣∣∣t1

t0

dx

+[(−µI11u̇0,x+µI12ẇ0,xx) δu0+(−µI12u̇0,xx−µI11ẇ0,x− I22ẇ0,x+µI22ẇ0,xxx) δw0]
∣∣∣t1

t0

∣∣∣∣L
0
,

(15)
where

N = A11u0,x − A12w0,xx + µ (I11ü0,x − I12ẅ0,xx) ,

M = (A22 + µKP)w0,xx,

Q = A12u0,xx + µI12ü0,xx + (KP + µKw)w0,x − (A22 + µKP)w0,xxx

+ µI11ẅ0,x + I22ẅ0,x − µI22ẅ0,xxx.

(16)

The variational-consistent boundary conditions are obtained as

u0 = 0 or A11u0,x − A12w0,xx + µ (I11ü0,x − I12ẅ0,xx) = 0,

w0,x = 0 or (A22 + µKP)w0,xx = 0,

w0 = 0 or A12u0,xx + µI12ü0,xx + (KP + µKw)w0,x − (A22 + µKP)w0,xxx

+ µI11ẅ0,x + I22ẅ0,x − µI22ẅ0,xxx = 0.

(17)

Eq. (15) provides all possible boundary conditions of the Euler-Bernoulli nanobeam.
The boundary conditions (17) are self-adjoint. Moreover, the boundary conditions (17)
are identical to the boundary conditions (13) for clamped, clamped-simply and simply
supported ends. So in the following only framed nanostructures with free ends are stud-
ied.

Setting

{U, W} =
∞∫
−∞

{u0(x, t), w0(x, t)} e−iωtdt, (18)
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and using the matrices and vectors

[A0] =

(
0 0
0 A22 − µ

(
I22ω2 − Kp

) ) , [A1] =

(
0 −

(
A12 − µI12ω2)

−
(

A12 − µI12ω2) 0

)
,

[A2] =

(
A11 − µI11ω2 0

0 I22ω2 − Kp + µ
(

I11ω2 − Kw
) ) ,

[A3] =

(
0 −I12ω2

−I12ω2 0

)
, [A4] =

(
I11ω2 0

0 −
(

I11ω2 − Kw
) ) , {z} =

{
U
W

}
,

(19)
then Eqs. (12) now can be described in the form of

[A0]

{
d4z
dx4

}
+ [A1]

{
d3z
dx3

}
+ [A2]

{
d2z
dx2

}
+ [A3]

{
dz
dx

}
+ [A4] {z} = {0} . (20)

Choosing the solutions of Eqs. (20) in the form of {z0} = {d} eλx leads to(
λ4 [A0] + λ3 [A1] + λ2 [A2] + λ [A3] + [A4]

)
{d} = {0} . (21)

Eq. (21) has non-zero solutions when the determinant is equal to 0. Expanding these
equations, we receive cubic equations of η = λ2

aη3 + bη2 + cη + d = 0, (22)

where

a = µ2
[(

I11 I22 − I2
12
)

ω4 − I11Kpω2
]
− µ

[
(A11 I22 − 2A12 I12 + A22 I11)ω2 − A11Kp

]
+ A11A22 − A2

12,

b = −µ
[
2
(

I11 I22 − I2
12
)
+ µI2

11
]

ω4 +
{

µ2 I11Kw + µ
[(

2kp + A11
)

I11
]

+A11 I22 − 2A12 I12 + A22 I11}ω2 − µA11Kw − A11Kp,

c =
(

I11 I22 − I2
12 + 2µI2

11
)

ω4 −
[
A11 + Kp + 2µKw I11

]
ω2 + A11Kw,

d = −I11ω2 (I11ω2 − Kw
)

.

(23)

The solutions of these cubic equations (22) are η1(ω), η2(ω), η3(ω). Using notations

λ1,4 = ±k1, λ2,5 = ±k2, λ3,6 = ±k3, k j =
√

ηj, j = 1, 2, 3 (24)

α1 = k1

(
A12 − µI12ω2) k2

1 + I12ω2

(A11 − µI11ω2) k2
1 + I11ω2 − Kw

= −α4. (25)

Similarly, α2 = −α5, α3 = −α6, the general solutions of Eqs. (20) are in the form as follows

{z0(x, ω)} = [Ψ] {C} , (26)

where {C} = (C1, ..., C6)
T is a constant vector, Ψ is the function matrix

Ψ =

[
α1ek1x α2ek2x α3ek3x −α1e−k1x −α2e−k2x −α3e−k3x

ek1x ek2x ek3x e−k1x e−k2x e−k3x

]
. (27)
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Setting

{z̃0(x, ω)} =
{

U(x, ω); W ′(x, ω); W(x, ω)
}T

=
[
Ψ̂ (x, ω)

]
{C} . (28)

The natural variational-consistent boundary conditions (17) can be rewritten in the form{
N M Q

}T
=
[
B̂F
]
{z̃0} , (29)

where
[
B̂F
]

, {z̃0} are matrices

[
B̂F
]
=

(A11 − µI11ω2) ∂x −
(

A12 − µI12ω2) ∂x 0
0

(
A22 + µKp

)
∂x 0(

A12 − µI12ω2) ∂2
x
[
Kp+µKw−(I22+µI11)ω2]−[A22−µI22ω2+µKp

]
∂2

x 0

 ,

{z̃0} =

 U
W ′

W

 .

(30)
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Consider an FGM nanobeam element with nodal displacements and forces as shown in Fig. 2: 
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Consider a FGM nanobeam element with nodal displacements and forces as shown
in Fig. 2 {

Ûe
}
= {U1, Θ1, W1, U2, Θ2, W2}T, {Pe} = {N1, M1, Q1, N2, M2, Q2}T, (31)

where

U1 = U(0, ω), Θ1 = W ′(0, ω), W1 = W(0, ω), U2 = U(L, ω), Θ2 = W ′(L, ω), W2 = W(L, ω),(
N1 M1 Q1

)T
= −

[
B̂F
] (

U1 Θ1 W1
)T,

(
N2 M2 Q2

)T
=
[
B̂F
] (

U2 Θ2 W2
)T.

(32)
Substituting Eq. (28) into Eq. (32) and eliminating vector {C} leads to

{Pe} =
[
K̂e(ω)

]
.
{

Ûe
}

, (33)
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where
[
K̂e
]

is the dynamic stiffness matrix of the FGM nanobeam element

[K̂e] =

[[
−B̂F

(
Ψ̂
)

x=0

][
B̂F
(
Ψ̂
)

x=L

] ] · [ [Ψ̂(0, ω)
][

Ψ̂(L, ω)
]]−1

. (34)

For a framed nanostructure, the total dynamic stiffness matrix K̂(ω) and the total
nodal force vector P̂ can be obtained by balancing the internal forces at every node of the
structure. Setting Û be the total DOF vector of the structure, the equation of motion of
framed structures conducted by the DSM, is[

K̂(ω)
]

.
{

Û
}
=
{

0̂
}

. (35)

Therefore, natural frequencies can be found from the following equation

det[K̂(ω)] = 0, (36)

and the mode shape relating to the natural frequency ωj is{
ϕj(x)

}
= C0

j

[
_

G
(
x, ωj

)] {
Ûj
}

, (37)

where

[Ĝ(x, ω)] = [G(x, ω)] ·
[

[G(0, ω)]
[G(L, ω)]

]−1

. (38)

3. RESULTS AND DISCUSSION

In this section, firstly, the calculated results are compared with the published results
to validate the proposed DSM. Afterwards, the proposed DSM is applied to analyse the
influence of the material, geometry, nonlocal, and Pasternak’s elastic foundation param-
eters on the first frequency of FGM-framed nanostructures with free ends.

3.1. Validation

Table 1 shows the calculated results of the nondimensional first frequency λ1 =

ω1.L2.
√

ρt A/Et I of a simply supported homogeneous beam with published results by
Reddy [11] according to the Euler–Bernoulli (EBT), the Timoshenko (TBT), the Reddy
(RBT) and Levinson (LBT) beam theory. The calculated results using 2 elements are in
good approximation (errors under 0.1%) with the analytical solutions of Reddy for dif-
ferent nonlocal parameters µ∗ = (e0a/h)2.

Table 2 shows the calculated results of the nondimensional first frequency of a FGM
cantilever nanobeam using 2 elements with the published results by Aria and Friswell
[26] which used 26 finite elements according to the Timoshenko beam theory. Good
agreements (errors < 1.6%) are received for different boundary conditions such as simply
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supported ends, clamped - simply supported, and clamped ends. The above comparisons
of calculated and published results validate the reliability of the proposed nonlocal DSM.

Table 1. The nondimensional first frequency of a simply supported nanobeam (L/h = 20)

µ∗ EBT [11] TBT [11] RBT [11] LBT [11] Present

0 9.8696 9.8381 9.8381 9.8433 9.8595
0.5 9.6347 9.6040 9.6040 9.6091 9.6248
1.0 9.4159 9.3858 9.3858 9.3908 9.4062
1.5 9.2113 9.1819 9.1819 9.1868 9.2018
2.0 9.0195 8.9907 8.9907 8.9955 9.0102
2.5 8.8392 8.8110 8.8110 8.8156 8.8301
3.0 8.6693 8.6416 8.6416 8.6462 8.6604
3.5 8.5088 8.4816 8.4816 8.4861 8.5001
4.0 8.3569 8.3302 8.3302 8.3347 8.3483
4.5 8.2129 8.1867 8.1867 8.1910 8.2045
5.0 8.0761 8.0503 8.0503 8.0546 8.0678

Table 2. The nondimensional first frequency of a FGM cantilever nanobeam

µ∗
n = 0.1 n = 0.5 n = 1 n = 2 n = 5

[26],
(TBT)

Present
(EBT)

[26]
(TBT)

Present
(EBT)

[26]
(TBT)

Present
(EBT)

[26]
(TBT)

Present
(EBT)

[26]
(TBT)

Present
(EBT)

L/h = 20

0 1.1886 1.1969 1.4052 1.4207 1.5010 1.5205 1.5941 1.6176 1.7169 1.7450
1 1.1818 1.1900 1.3971 1.4125 1.4924 1.5117 1.5850 1.6082 1.7070 1.7349
2 1.1751 1.1832 1.3891 1.4045 1.4839 1.5031 1.5759 1.5991 1.6973 1.7250
3 1.1684 1.1766 1.3813 1.3965 1.4755 1.4946 1.5671 1.5900 1.6878 1.7153
4 1.1619 1.1700 1.3736 1.3887 1.4673 1.4862 1.5583 1.5811 1.6783 1.7057
5 1.1555 1.1635 1.3660 1.3810 1.4592 1.4780 1.5497 1.5724 1.6690 1.6962

L/h = 100

0 1.1910 1.1975 1.4077 1.4214 1.5036 1.5213 1.5968 1.6183 1.7198 1.7458
1 1.1907 1.1972 1.4074 1.4211 1.5033 1.5209 1.5964 1.6180 1.7194 1.7454
2 1.1904 1.1970 1.4071 1.4208 1.5029 1.5205 1.5960 1.6176 1.7190 1.7450
3 1.1901 1.1967 1.4067 1.4205 1.5026 1.5202 1.5957 1.6173 1.7186 1.7446
4 1.1898 1.1964 1.4064 1.4201 1.5022 1.5198 1.5953 1.6168 1.7182 1.7442
5 1.1896 1.1961 1.4061 1.4198 1.5019 1.5195 1.5949 1.6165 1.7178 1.7438
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3.2. Case study

In this subsection, the calculated results for the three first nondimensional frequen-
cies will be presented for two cases:

a) The FGM cantilever nanobeam with geometric and material parameters: b = h =

1 nm, L = 20 nm, Et = 70 GPa, ρt = 2700 kg/m3; Eb = 393 GPa, ρb = 3960 kg/m3, vt =

vb = 0.3 [24] and Pasternak’s elastic foundation coefficients: kw = KwL4/EI = 0, ..., 40;
kp = KpL2/EI = 0, ..., 20 will be studied.

b) The FGM portal nanostructure with clamped-free ends and above geometric, ma-
terial parameters will be studied.

8 

finite elements according to the Timoshenko beam theory. The good agreements (errors < 1.6%) are
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Figs. 3(a)–(c) show the change of three first nondimensional frequencies of the FGM
cantilever nanobeam with different nonlocal coefficients µ∗ in the case of the length L =

20h. Figs. 4(a)–(d) show the change of three first nondimensional frequencies of the FGM
portal nanostructure with different nonlocal coefficients µ∗ in the case of the length L =

10h. Volume fraction indexes are n = 0, ..., 50 and elastic foundation coefficients are
kw = kp = 0 in both cases. It is shown that as the volume fraction index increases, there
is a significant increase in the nondimensional frequencies, especially when the volume
fraction index is under 10. It is noticed that the nonlocal parameter influences the higher
frequencies more considerably than the lower ones. The same conclusions are met for
the nanobeams and framed nanostructures with other boundary conditions: clamped
ends, clamped-free, clamped-simply supported. In the following studies, only cantilever
nanobeams are investigated for the sake of simplicity.
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Figs. 5(a)–(c) show the change of three first nondimensional frequencies of the FGM
cantilever nanobeam with different nonlocal coefficients µ∗ and ratios L/h = 20, ..., 100
in the case of the volume fraction index n = 2 and the elastic foundation coefficients kw =

kp = 0. As the ratio L/h increases, there is a significant increase in the nondimensional
frequencies, especially when the ratio L/h is in a range of 20-50. It is noticed that the
nonlocal parameter influences the higher frequencies more considerably than the lower
ones.

10 
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Fig. 5. Change of first three nondimensional frequencies of the FGM cantilever nanobeam with
different nonlocal parameters µ∗ and ratios L/h in the case of the volume fraction index n = 2

and elastic foundation coefficients kw = kp = 0

Figs. 6(a)–(c) show the change of three first nondimensional frequencies of the FGM
cantilever nanobeam with different nonlocal coefficients µ∗ and Winkler’s elastic foun-
dation coefficients kw = 0, ..., 40 in the case of the length L = 20h, the volume fraction
index n = 2 and the Pasternak’s foundation coefficient kp = 0. It is shown that two first
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frequencies increase significantly while the third frequency increases slowly. Moreover,
the nonlocal parameter influences on the higher frequencies more considerably than the
lower ones.
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Fig. 6. Changes of first three nondimensional frequencies of the FGM cantilever nanobeam with
different nonlocal parameters µ∗ and Winkler’s elastic foundation coefficients kw in the case of

the volume fraction index n = 2 and the Pasternak’s foundation coefficient kp = 0

Figs. 7(a)–(c) show the change of three first nondimensional frequencies of the FGM
cantilever nanobeam with different nonlocal coefficients µ∗ and Pasternak’s elastic foun-
dation coefficients kp = 0, ..., 20 in the case of the length L = 20h, the volume fraction
index n = 2 and the Winkler’s foundation coefficient kw = 0. As the Pasternak’s elastic
foundation coefficient increases, there is a significant increase in the nondimensional fre-
quencies. Simultaneously, the nonlocal parameter influences the higher frequencies more
considerably than the lower ones.
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kp=0,...,20 in the case of the length L=20h, the volume fraction index n=2 and the Winkler’s 
foundation coefficient kw=0. As the Pasternak’s elastic foundation coefficient increases, there is a 
significant increases in the nondimensional frequencies. Simultaneously, the nonlocal parameter 
influences on the higher frequencies more considerably than the lower ones. 

4. Conclusions 
In the present article, a nonlocal DSM is proposed to analyse the free vibration of FGM framed 

nanostructures on a Pasternak’s foundation based on NET and Euler-Bernoulli beam theory. The
DSM help us find exactly the frequencies and mode shapes, especially in high frequency range, by 
using frequency-dependent shape functions that are an exact solution of the vibration problem in the
frequency domain. This nonlocal DSM has overcome the stiffening phenomena of the fundamental
frequency of nanobeams and nanostructures with the free ends by using the variational-consistent 
boundary conditions. Comparisons between calculated results and published results validate the
reliability of the proposed nonlocal DSM. 

Thence, the influence of nonlocal, materials, geometric and Pasternak’s elastic foundations
parameters on the fisrt three nondimensional frequencies of FGM framed nanostructures with free
ends is investigated. The calculated results show that three first nondimensional frequencies of the
FGM nanobeam increase significantly when the volume fraction index is under 10 or the ratio L/h 
in a range of 20-50. When the elastic foundation coefficient increases, two first nondimensional 
frequencies increase significantly while the third frequency increases slowly. In all cases
investigated, the nonlocal parameter influences on the higher frequencies more considerably than 
the lower ones. 

All the mentioned notices are useful for vibration analysis in FGM framed nanostructures. The
study can be applied to more complicated framed nanostructures. 
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using frequency-dependent shape functions that are an exact solution of the vibration problem in the
frequency domain. This nonlocal DSM has overcome the stiffening phenomena of the fundamental
frequency of nanobeams and nanostructures with the free ends by using the variational-consistent 
boundary conditions. Comparisons between calculated results and published results validate the
reliability of the proposed nonlocal DSM. 

Thence, the influence of nonlocal, materials, geometric and Pasternak’s elastic foundations
parameters on the fisrt three nondimensional frequencies of FGM framed nanostructures with free
ends is investigated. The calculated results show that three first nondimensional frequencies of the
FGM nanobeam increase significantly when the volume fraction index is under 10 or the ratio L/h 
in a range of 20-50. When the elastic foundation coefficient increases, two first nondimensional 
frequencies increase significantly while the third frequency increases slowly. In all cases
investigated, the nonlocal parameter influences on the higher frequencies more considerably than 
the lower ones. 

All the mentioned notices are useful for vibration analysis in FGM framed nanostructures. The
study can be applied to more complicated framed nanostructures. 
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Fig. 7. Changes of first three nondimensional frequencies of the FGM cantilever nanobeam with
different nonlocal parameters µ∗ and Pasternak’s elastic foundation coefficients kp in the case of

the volume fraction index n = 2 and the Winkler’s elastic foundation coefficient kw = 0

4. CONCLUSIONS

In the present article, a nonlocal DSM is proposed to analyse the free vibration
of FGM framed nanostructures on a Pasternak’s foundation based on NET and Euler-
Bernoulli beam theory. The DSM helps us find exactly the frequencies and mode shapes,
especially in the high-frequency range, by using frequency-dependent shape functions
that are an exact solution of the vibration problem in the frequency domain. This non-
local DSM has overcome the stiffening phenomena of the fundamental frequency of
nanobeams and nanostructures with the free ends by using the variational-consistent
boundary conditions. Comparisons between calculated results and published results val-
idate the reliability of the proposed nonlocal DSM.
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The influence of nonlocal, materials, geometric and Pasternak’s elastic foundations
parameters on the first three nondimensional frequencies of FGM framed nanostructures
with free ends is investigated. The calculated results show that the three first nondimen-
sional frequencies of the FGM nanobeam increase significantly when the volume fraction
index is under 10 or the ratio L/h is in a range of 20-50. When the elastic foundation co-
efficient increases, the two first nondimensional frequencies increase significantly while
the third frequency increases slowly. In all cases investigated, the nonlocal parameter
influences the higher frequencies more considerably than the lower ones.

All the mentioned notices are useful for vibration analysis in FGM framed nanos-
tructures. The study can be applied to more complicated framed nanostructures.
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